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Finally, 

Il I lirn s u ~ , , . , ~ ~ ~ n - ~ T ( n R ~ ( A  )\nR;(A )) 

I lim ~up,,~rnax~, ,& 1 n-dT(nB) I 

I v maxB,,& I B I I ~ r ( d l / ~ / m ) ,a.s. 

where we used the fact that #9??;was finite and the analogue of (2) for the 
partial-sum process T. 

Summing, we have from (3) 

lim s u p , , , , ~ ~ ~ I  n-dS(nA) - I A I p I I( I p I + ~ ) r ( d l / ~ / m ) ,a.s. 

Letting m + concludes the proof. O 

3. Remarks. 

1. Suppose we are given a sequence of sets B, such that I B, I +w, as in the 
first paragraph of the introduction. Let A, = n-lB,, and let d = (A,). If d 
satisfies the hypothesis of Theorem 1and I A, I is bounded away from 0, then 

2. Without further conditions on d,one cannot say much about the necessity 
of E I Xj I < w, as the following trivial example shows. Let d = 1, let d consist 
of the single set A = (xo], where no is irrational. Then S(nA) = 0 for all n, no 
matter what the distribution of Xj is. 

3. By requiring E I Xj I log+ I Xj I d-l < w, Theorem 1can be extended to allow 
n -+ w in more than one way. That is, one considers lirn supAEd1S(n.A)/II n 11 -

I A 11, where n = (nl, . . . ,  nd), I l  n ( 1  = nlan2.. . . nd and n .  A = ((nlyl, . .. , 
ndyd): (yl, . . . ,yd) EA], and the limits over n are as in Smythe (1973). To prove 
the extension, replace the use of Kolmogorov's strong law in the proof of (1) by 
the use of Smythe's strong law. 

4. In Pyke (1983) and Bass and Pyke (1984), it was necessary to consider a 
smoothed version of the partial sum process. In both cases, S(nA) was replaced 
by 

$,(A) = Cj l ( j  - 1 , j l  n nAIXj. 

Only minor modifications are needed to the proof of Theorem 1 to make it 
applicable to this case as well. 

5. Theorem 1and the above remark suggest that one could formulate a more 
general uniform strong law. That is, let XI, X2 .. . be an infinite sequence of iid 
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random variables. For each n, let Anbe a subset of 11 = {(al,. . .): EL1 I ai I < w], 
and let 

It may be verified that Theorem 1and its extension given in Remark 4 are special 
cases of this general formulation. It would be of interest to find the most general 
conditions on the An's so that Dn +0, as .  as n +m. 
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