Divergence form operators on fractal-like domains

Martin T. Barlow!
Department of Mathematics
University of British Columbia
Vancouver, V6T 172
Canada

and

Richard F. Bass?®
Department of Mathematics
University of Connecticut
Storrs, CT 06269
U.S.A.

Abstract. We consider elliptic operators £ in divergence form on certain domains in R?
with fractal volume growth. The domains we look at are pre-Sierpinski carpets, which are
derived from higher dimensional Sierpinski carpets. We prove a Harnack inequality for non-
negative £- harmonic functions on these domains and establish upper and lower bounds for
the corresponding heat equation.

Keywords. Harnack inequality, divergence form, Sierpinski carpet, fractals, heat equation,
elliptic operators, fundamental solution, diffusions

AMS Subject Classifications. Primary: 35J15; Secondary: 60J60, 60J35

! Research partially supported by a NSERC (Canada) grant.
2 Research partially supported by NSF Grant DMS 9700721.

1



1. Introduction.

In recent years there has been interest in the connection between differential inequalities,
such as Poincaré inequalities and Sobolev inequalities, and global properties of the heat kernel,
such as a parabolic Harnack inequality or pointwise bounds. The spaces considered can be
manifolds, graphs, or domains in R?. For work in this area see, for example, [Gr], [D], [AC],

[St].

To give a flavor of what is known, let M be a non-compact complete connected Rie-
mannian manifold, with bounded geometry. Let A be the Laplace-Beltrami operator on M,
d(x,y) the Riemannian metric, B(z,r) the ball of radius r centered at z, V (z,r) the volume
of B(z,r), and p(t,z,y) the heat kernel on M. Then the following are equivalent (see [Gr],
[SC):

(A1) M satisfies the Poincaré inequality

inf/ |f—al? < c1r2/ Vi
@ JB(z,r) B(z,r)

and a volume doubling condition.

(A2) The parabolic Harnack inequality holds on M for solutions to the heat equation 0u/0t =
Au.

(A3) The heat kernel p(t, z, y) satisfies the bounds

caV (i, 1) e oM/ < p(t, ,y) < caV (@, t1/2)em s/,

See also [D] for a similar statement for graphs. The hardest part of this equivalence is
the derivation of the parabolic Harnack inequality from (A1). The argument used in [Gr] and
[SC] is a generalization of Moser’s argument [M1], [M2].

This equivalence is intimately related to Moser’s parabolic Harnack inequality for solu-

tions to the heat equation
ou

Fri

where L is a uniformly elliptic operator in divergence form given by

Lu,

Lf(z)= _i %(aij(ﬂ?)%f) (z)

and the domain is R?. Recall that the Laplace-Beltrami operator for a manifold is given in
local coordinates by a scalar function times an operator of the form £. All proofs of Moser’s
parabolic Harnack inequality use in an essential way the fact that the energy forms for the
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Laplacian and for £, given by Ea(f, f) = [pa [VF|? and E£(f, f) = Jga Vf-aV f, respectively,
are comparable.

A parallel set of activity has been the investigation of heat kernel bounds on fractal sets.
These sets exhibit two differences from the cases discussed above:

(B1) Since the local structure is non-Euclidean, it is necessary to do some work to prove the
existence of a suitable ‘Laplacian’ operator.
(B2) These sets exhibit different space-time scaling properties than RY.

While (B1) may suggest that the results on heat kernels on fractals are special to that
context, this is not the case. Given any regular fractal F' it is possible to define a graph,
manifold, or domain in R¢ with a global structure which mimics the local structure of F.
Following [O] we will call these ‘pre-fractals’. The regularity of F' means that the volume
doubling condition holds for these spaces. One expects that the long time behavior of the
heat kernel on a pre-fractal will be similar to the short-time behavior on the fractal F', and
this has been verified in certain cases — see [J], [BB4].

Since a pre-fractal manifold is a manifold, any general analysis of heat kernels on mani-
folds has to include this case. Further, pre-fractal manifolds may provide useful examples of
certain extremal situations — see [BCGJ.

For a sufficiently regular pre-fractal, such as the pre-carpets considered in [BB3], a
Poincaré inequality holds and takes the form

inf/ If—al* < crd’”/ IVF2, r>1. (1.1)
¢ JB(z,r) B(z,r)

Here d,, > 2 is a constant (called the ‘walk dimension’) which governs the long range space-
time scaling of the space. For R% one has d,, = 2. One explanation for the anomalous
scaling in (1.1) can be given by reformulating the inequality in variational terms: consider
the problem of maximizing

/|f|2 subject to/f:O, / IVF|? = 1.
B B B(z,r)

The holes in the pre-fractal allow one to make |f| large without paying a big penalty in terms
of energy.

The results in [BB3] are based on an elliptic Harnack inequality for A-harmonic functions
satisfying Neumann boundary conditions, which was proved by a probabilistic argument and
which used very strongly the symmetry of the space and the operator A. The standard
parabolic Harnack inequality contains explicit information on the space-time scaling of the
heat kernel, and it is shown in [BB3] that it fails for pre-carpets whenever d,, # 2. However,
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it is proved in [BB3, Sect. 7] that a modified parabolic Harnack inequality holds for solutions
to the heat equation on pre-carpets.

It is natural to ask whether these results can be extended to uniformly elliptic diver-
gence form operators. However, the standard techniques used to prove Harnack inequalities,
such as Moser iteration [M1], or the Nash-Davies-Fabes-Stroock method [FS] both encounter
difficulties in the pre-fractal context. This is essentially because of the ‘anomalous’ scaling
in the Poincaré inequality (1.1), which means that ‘minimum energy’ functions are very far
from being approximately linear.

In this paper we consider one particular class of pre-fractals, domains in R¢ which are
pre-Sierpinski carpets, and do prove a parabolic Harnack inequality of the Moser type. We
expect that these methods will prove useful in investigating the connection between Poincaré
and Harnack inequalities for more general spaces of pre-fractal type.

We also obtain estimates on the fundamental solution of the corresponding heat equation.
The bounds are quite different from those for the heat equation on R?. In the latter case,
Aronson’s bounds tell us that the fundamental solution p(¢,z,y) to Ou/0t = Lu on R? is
comparable to
et~ Y2 exp(—ca|z — y|2/t).

More precisely, there exist constants cy,cg,c3,cq such that p(t,z,y) is bounded above by
c1t~ %2 exp(—cz|z — y|?/t) and bounded below by c3t~%2 exp(—c4|z — y|?/t) for all z,y,t. In
contrast, for the heat equation on a pre-Sierpinski carpet, there exist constants d,, > 2 and
ds depending on the pre-Sierpinski carpet such that for all ¢ > 1 such that |z — y| < ¢ the
fundamental solution ¢(t,z,y) is comparable to

et~/ exp (o (L)Y, (1.2

Sierpinski carpets are the fractal subsets of R? formed by the following procedure. Let
d > 2 and let Fy = [0, 1]%. Let I+ > 3 be an integer and divide Fy into (I#)? equal subcubes.
Next remove a symmetric pattern of subcubes from Fj and call what remains F;. Now repeat
the procedure: divide each subcube that is contained in Fi into (% equal parts, remove the
same symmetric pattern from each as was done to obtain F; from Fj, and call what remains
F». Continuing in this way we obtain a decreasing sequence of (closed) subsets of [0, 1]%. Let
F = N2 oFn; we call F a Sierpinski carpet or simply, a carpet. The standard Sierpinski
carpet (see [Sie]) is the carpet for which d = 2, Iz = 3, and F} consists of Fj minus the
central square. If d = 3, I = 3, and F; consists of F; minus the 7 subcubes that do not
share an edge with Fp, we obtain the Menger sponge; see [Man], p. 145 for a picture.

The domains we will consider are what are known as pre-carpets — see [O]. These are the
sets P = USZ ol F,,. (Here and throughout this paper we write A\G = {Az : x € G}). Note
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that P C RZ, and that P N [0,I%]¢ consists of [0,!%]¢ with a number of (possibly adjacent)
cubical holes removed, of sides varying from 1 to l}_l. If I' is the interior of P, then I' is a
(non-empty) domain in R? with a piecewise linear boundary. We may regard pre-carpets as
idealized models of a region with obstacles of many different sizes. The set P is not a fractal,
since the interior of P is a non-empty domain in R?. However, if we write V (x, R) for the
volume of the intersection of P with the Euclidean ball of radius R centered at x, then P has
‘fractal volume growth’ in the sense that there exists « € (1,d) such that

aR* <V(z,R) < cR*, z€P,R>1.
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Figure 1: (Part of) a pre-carpet. The small squares have side length 1.

Let £ be the divergence form operator
d

£1@) = 3 (w50 1) @)

1,j=1
where the matrix a;;(x) is bounded, measurable, and symmetric for each z, and satisfies the
uniform ellipticity condition

d
AEP <) Giaig(2)g < A€, zeP, (1.3)

i,j=1



with 0 < A; < A2 < oo. We will assume the a;; are smooth, but our estimates will not
depend on the smoothness of the a;;. A function f is £-harmonic on a subdomain D of P if
Lf = 0 there and the conormal derivative of f is 0 almost everywhere on D N9P. For further
information on diffusions with conormal reflection, see [PW].

The main result of this paper is the following elliptic Harnack inequality for £-harmonic
functions. For z, y € P write y(x,y) for the (Euclidean) length of the shortest path in P
connecting z and y, and let B, (z,r) ={y € P :v(z,y) < r}.

Theorem 1.1. Letz € P, R > 0 and suppose f is nonnegative and L-harmonic in B(z,2R).
There exists c1, not depending on x, R or f, such that

f(z) <cifly) for z,ye€ B,(z,R). (1.4)

A crucial point is that ¢; does not depend on R for otherwise this result is an easy consequence
of the standard Moser’s Harnack inequality. In a previous paper [BB3] we proved Theorem
1.1 in the case £ = %A, using a probabilistic coupling argument. This Harnack inequality
was then the key step in obtaining bounds on the fundamental solution to the heat equation

on P: a
u
— A 1.
ot s (1.5)

where v has Neumann boundary conditions on 0P.
The arguments here do not replace those in [BB3]: we need various properties of the
solutions to (1.5) (and the diffusion process W associated with them) to prove Theorem 1.1.

Our proof of Theorem 1.1 uses a variation of the Moser technique. The main difficulty is
in finding suitable ‘cut-off’ functions. The classical arguments rely on the existence of suitable
‘cut-off’ functions with bounded gradient. The results of Kusuoka [K] for the Sierpinski gasket
suggest that such functions do not exist in the carpet case, and that, while they do exist in the
pre-carpet case, scaling of the right order will not hold. The key step is to prove a weighted
Sobolev inequality, where the LP norm is with respect to an energy measure for the precarpet,
rather than Lebesgue measure. This then allows us to use cut-off functions derived from the
potentials associated with the operator A on P. We prove this Sobolev inequality by first
using Dirichlet form techniques to obtain a weighted Poincaré inequality, then to derive a
weighted Nash inequality, and finally from this we obtain the weighted Sobolev inequality.

As in [BB3], once we have an elliptic Harnack inequality it is the solutions of the asso-
ciated heat equation 0u/0t = Lu on P. See Theorem 5.3 for a precise statement.

The layout of this paper is as follows. Section 2 introduces the notation we will use to-
gether with a few basic facts. Section 3 contains the proof of the weighted Sobolev inequality.
We prove Theorem 1.1 in Section 4: the key iteration argument is given in Proposition 4.2.
The heat kernel bounds are derived in Section 5.



2. Notation and preliminaries.

We begin by setting up our notation. We use the letter ¢ with subscripts to denote con-
stants which depend only on the dimension d and the carpet . We renumber the constants
for each lemma, proposition, theorem, and corollary. We use the notation A < B to mean
c1A < B < ¢y A, where ¢; are as above.

Let d > 2, Fy = [0,1]%, and let I € N, Iz > 3 be fixed. For n € Z let S,, be the collection
of closed cubes of side length [ ™ with vertices in I7"Z%. For A C R?, set

Sn(A)={S:5C A, S €S,}.

For § € §,,, let Ug be the orientation preserving affine map which maps Fy onto S.

We now define a decreasing sequence (F,,) of closed subsets of Fj. Let 1 < mx < ldF
be an integer, and let F; be the union of mg distinct elements of S;(Fp). We impose the
following conditions on Fi:

Hypotheses 2.1.
(H1) (Symmetry) F is preserved by all the isometries of the unit cube Fy.

(H2) (Connectedness) The interior of Fy is connected, and contains a path connecting the
hyperplanes {x; = 0} and {z; = 1}.

(H3) (Non-diagonality) Let B be a cube in Fy which is the union of 2¢ distinct elements of
S1. (So B has side length 217"). Then if the interior of Fy N B is non-empty, it is
connected.

(H4) (Borders included) F; contains the line segment {x : 0 < x1 < 1,29 = ... = zg = 0}.

Of these, (H1) and (H2) are essential, while (H3) and (H4) could be weakened somewhat.
See the discussion in [BB3].

We may think of F; as being derived from F, by removing the interiors of {% — mz
squares in 81 (Fp). Given Fy, Fy is obtained by removing the same pattern from each of the
squares in S1(F7). Iterating, we obtain a sequence (F,,), where F), is the union of m/. squares
in S, (Fop). Formally, we define

Fon= | W)= (J ¥s(Fn), n>1

We call the set F = N>2F, a Sierpinski carpet.
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Set -
P =JI5F.
r=0

We call P the pre-carpet (see [O]). We define the unbounded scaled pre-carpet Py by

Py =I17NP = U I"NF,, N2>0.
r=0

Until the end of Section 4 we will fix N > 0, and work on the scaled pre-carpet Py. Any
dependence of constants on N will be given explicitly.

We will require a certain amount of notation to describe various subsets of Py. Let S
be the set of cubes in R? of side length 207" which are unions of 24 cubes in S,,. For z € Py
let Q(x) be the cube in S} with center closest to z. (We use some procedure to break ties.)
Set Dy, (z) = Q(z) N Pn.

If z = (21,...,24) is a point in R?, write ||z|;~ = maxi<;<q|zi|. For z,y € Py let
d(z,y) denote the length of the shortest path (i.e., geodesic) in Py connecting z and vy,
where the length of the path is measured in terms of the [*° norm. We have

m
d(z,y) = li (f{ i a1l i o = &, By = U, |85 — Ti1 |1 < 6, T; € })
('7" y) 61—I>I(l) m ZZ_%HJ"Z Ty 1Hl Lo L, Tm =Y sz T; 1Hl x Pn
We write B(z,r) = {y € Pn : d(z,y) < r}. Note that the boundary of B(z,r) is a finite
union of flat surfaces orthogonal to the axes. We write diam (A) for the diameter of A in the
metric d, and dist (A, B) for the distance between the sets A and B. Then notation z - y is
used for the standard inner product in R%.

For A C R? we write A°, cl(A), A° for the usual interior, closure and complement of A,
respectively. Let D be a relatively open set in Py (in the metric d). We write 9, D for the
relative boundary of D in Py, and 0,D for the boundary of D in R?. Set 8,D = 8.D — 9,D.
We use the subscripts a,e,r as mnemonics for ‘absorbing’, ‘everywhere’, and ‘reflecting’,
respectively. If S € §,, for some n € Z, and S° NPy is non-empty we call S NPy a special
Pn cube. Note that if ) is any special Py cube of side length [2" then @ is isomorphic to
17" FN_y, where we write F_; = [0,1]%, k > 1. If B = B(z,r) then we define B* = B(z, 2r).
Let I = SNPy be a special Py cube. Write S’ for the cube with side length 3 times that of
S with the same center as S and faces parallel to those of S. Let I* = ¢l ((S' NPn)°).

Let Q C R? be a cube with edges parallel to the axes. We call any set of the form QN Py
a Pn-cube. Note that Py cubes do not have to be connected.

We define the resistance constant R,, by

R;lzinf{/ \Vf|2dx:f:00na:1:O,leon:vlzl?_-}.
InF,
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Thus R, is the resistance between two opposite faces of the set I%F,,. It is known (see [BB3],
[McG]) that there exists a constant pz and constants ci, ¢y such that

c1pF < Ry < copy.

Let tx = (mz)(pr). We define the fractal dimension, dimension of the walk, and spectral
dimension of F by

dy =logmgz/loglyr,

dw = logtr/loglr,

ds = 2dy/dy, = 2logmz/logtr.

dy is the Hausdorff dimension (and also the packing dimension ) of F. We remark (see [BB3,
Remark 5.4]) that we have d,, > 2. We will also use

12
¢ = _tﬂ; =12, (2.1)
Since d,, > 2 we have ( < 1. Let
- mr _ ldf_d
R=—"7 = F .

i

This is the Lebesgue measure of F7; we have k < 1.

Let |A| denote the Lebesgue measure of a Borel set A. If () is a special Py cube of side
length s =" then it is easy to check that

Q| = s®, ifsgl;_-N,
kbt ifs Zly__-N.

As the ball B(z,r) contains a special Py cube of side length s > ¢17, and can be covered by
co or fewer special Py cubes of side length s € [r,rlx) we deduce that

_ | if r < l]__-N
B ={ N SN (22

Note that this implies that Lebesgue measure on Py has the volume doubling property:

|B(z,2r)| < c¢1|B(z,r)|, r>0.

Let W; be Brownian motion on Py with normal reflection on the boundary of Py . Define
VN = W((™Nt). Then Y,V is a process on Py with generator 3¢~V A, and Green function
that is ¢!V times that of W;.



If D is a domain in Py (so D C Py, D is connected and relatively open in Py) write
up(x,y) for the Green function of Y~ on D. Then up is symmetric, continuous except on
the diagonal {x = y} and satisfies

%AUD(xvy):_CNéw(y)a x,yGD
in the distributional sense, where 6, is point mass at z. If D is suitably regular (such as a

Pn-cube or a ball) then we have up(z,y) — 0 as y — 0,D; we extend up to Py X Py by
taking it to be zero oftf D x D.

Let D be a domain in Py, and A C D. Define
TD

U($,A, D) = / uD(xay)dy:]Ew/ 1A(Y9N)d57

A 0

here 7p = inf{s > 0: YN € D°}. Note that U is monotone in A and D: if AC A’ C D C D’
then
U(z,A,D)<U(z,A",D) <U(z,A", D"). (2.3)

Define the function
_frde ifr > l]_,-N,

Y(r) = { : —N
CNr2 ifr <77
Note that we can also write ¢(r) = r&w v (Nr2,

Lemma 2.2. Let B be either a special Py cube of side length r or a ball B(zg,r). Then

(a) U(z,B,B) < c19(r) for z € Py,
(b) U(z,B*, B*) > cotp(r) for x € B.
(c) U(z,B,B*) > c3y(r) for z € B.

(d) If 3t < s < t then

U(z, B(zo, s), B(xo,t)) > catp(t — s) for © € B(xo, s).
Proof. (a) and (b) follow from the estimates on hitting times of sets in [BB3], Proposition
9.9.
(c) We just do the case when B = B(xg, r); the result for special Py cubes is very similar. Let
By = B(z,7/2). Using the Markov property of Y~ and writing Ty = inf{t > 0: Y,V € B;},
7 =inf{t > 0: YN ¢ B*}, we have for z € B,

U(z,B,B*) >P*(Ty < 1) iené U(y, B, B*)
) 1
>PH(Ty < 7) ieng U(y,B(y,r/Q),B(y,r/2))
y 1

> 5P (T1 < 7)9(r/2).
Here we used (2.3) and (b) to obtain the final line. It follows from the estimates on the

transition density of Y~ given in [BB3], Section 6, that there exists cg > 0 such that P* (T} <
T) > cg. Since P(r/2) > crp(r), (c) follows.
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(d) Let y € B(zo,s). We can find a point z on the geodesic connecting y and zy such that
y € B(z,t —s) C B(xo,s). Then B(z,2(t — s)) C B(xo,t), so, using (2.3),

cs(t —s) < Ul(y,B(z,t—s),B(z,2(t —s)) < Ul(y, B(xo, s), B(xo,1)).
U

The following result generalizes Theorem 5.3 of [BB1]. Since there is an error in the
proof of that result, we give details of the proof.

Lemma 2.3. There exist constants ci, # > 0 such that if D is a Py-cube with side length
less than l% and A is a Borel subset of D

|U(z, A, D) —U(y, A,D)| < ci|z —y|?, =z,y€D. (2.4)
Proof. Let f =14 and write

Upf(z) = /D up (,9)f (y)dy = U(z, A, D).

For B C Py let
g = inf{t > 0: Y} € B}

be the first exit time of Y from B.
By a proof almost identical with that of Theorem 5.2 of [BB1], there exist constants cs,
B1 > 0 such that if D is a Py-cube with side length less than l;_-, then
E*7p < cod(z,0,D)P, =z € D. (2.5)
Fix z, y € D. If 4d(z, y)*/? > dist (z,0,D), then
Upf(z) = Upf(y)| < B°Tp + B/ 7p < cad(w, y)/?
by (2.5), and the theorem is proved in this case..

Now look at the case where 4d(z,y)'/? < dist (z,0,D). Let 6 = 4d(z,y)"/? and let
B = B(z,d). Then B C D and if z € B, then 75 < 7p. So by the strong Markov property

Upf(z) = E / "N+ E / "y (2.6)
0 B
= F? /TB fYMdt+EUp f(Y)Y), z€B.
0
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The function z — E*Up f(Y,Y) is harmonic in B. The elliptic Harnack inequality for
Y™ (see Theorems 4.2 and 4.3 of [BB3]) implies there exist constants c4, 32 such that for
z',y' € B(z,6/2)

d(z',y')
1)

B Up f(YY) — B Upf (V)] < s (A2 U fl. 27)

By (2.5) we have
Upf(2)| < [|fllcB*7D < ¢5,  z€D,

and -
]EZ/ FOYMNYdt < ||flloE? 7B < cdP. (2.8)
0

Combining (2.6), (2.7) with 2’ = z and y' = y, and (2.8) with z first equal to  and then
equal to y, we obtain our result in this case also. [l

There is a Poincaré inequality for Py which may be stated in the following form.

Lemma 2.4. Let B be either a special Py cube of side length r or a ball of radius r, and
let I = B or I = B*. Suppose the gradient of f is square integrable over I. Then, writing

fI = ‘I‘_lfjf;
/ = il < crp(r)cN / VI (2.9)
I I

Proof. If N =0 and I = D, (z) for some n < 0 then this is Proposition 7.10 of [BB3]. The
case N = 0 and I = D, (x) with n > 0 is the usual Poincaré inequality in R?. The same
argument as in [BB3] also proves this for special Py cubes. The case with N > 1 follows
easily by scaling.

To obtain (2.9) when I is a ball we use the argument of Jerison [J], Section 5. We write
$(Dp(x)) for the diameter (in the metric d) of the set D, (x): we have s(D,(z)) < [". Then
it is quite straightforward to find a Whitney decomposition F = {D; = D, (z;),i > 1} of I
with the following properties:

The sets Df are pairwise disjoint,

I =U;Dp,_o(xi),

Foreach y € I, #{i:y € Dy,_4(x;)} < ca,
1% < dist (w4, 0,1)/5(Dy, (z5)) <12, i>1.

Then, working with the sets D; rather than balls, the remainder of Jerison’s argument
follows, with only minor changes, to give (2.9) for balls. d
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3. Sobolev and other inequalities.

We continue to work on Pp, and will mention explicitly any dependence on N in our
estimates.

For the remainder of this section we fix two Py-cubes Q(h) C Q(k) such that h =
diam (Q(h)) < k = diam (Q(k)) < 1%. Set

r(z) = U(z,Q(h),Q(k)), x € Py,
y=1+¢N|Vrp

Note that 7 = 0 off Q(k), 7 is strictly positive on Q(h), and 3Ar = —(Nlgp)-

Lemma 3.1. (a) r satisfies the bound

r(z) < ey, z € Pn.

(b) There exists ca such that

/ Vr? < etV |Q(R)] sup [rl-
Q(k) Q(k)

Proof. (a) is immediate from Lemma 2.2, and the fact that (k) is contained in a ball of
radius {%. For (b) note that r = 0 on 9,Q(k) and 8r/dn = 0 on 9,Q(k). So by Green’s first
identity in the domain Q(k),

/ Vr|? = —/ rAr = 2N r1Qn)-
Q(k) Q(k) Q(k)

The result is now immediate. O

We will need the following elementary lemma.

Lemma 3.2. Let 2,9,z > 0. If z < ¢1(2'/22"/? 4+ 4), then

Tz < 2cy+ 4c%z.

Proof. If © < 2ciy, we are done. If & > 2ciy, then c1z'/22Y/2 > z — c1y > z/2, so
2clz1/2 > zl/2, O

We begin by proving a weighted Poincaré inequality.
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Proposition 3.3. Let Q(h),Q(k),r be as in Lemma 3.1. Let I be either a special Py cube
of side length s or a ball of radius s. Suppose f and its gradient are square integrable over
I*. There exists ¢; > 0 such that

[ rwee < ([ 1vit+ o [ ).

Proof. Let ¢ =U (-, I,I*), and write ®¢ = inf; ¢, ®; = sup;« ¢. By Lemma 2.2 we have

c2t)(s) <@g < @1 < c31h(s).

Write
A= [ f2o?|Vrf,
I*
B= / 2V,
c=/[ f?
I*
D= [ f*Vel,
I*
E= [ |Vf.
I*
Then

/f2\Vr|2 < (iI}f(p)_Z/f2|Vr\2<p2 < @aZA.
I I

We begin by bounding A. Choose zg € I. If I* ¢ Q(k), set ¥ = r. If I* C Q(k), set
7 =r —r(xp). In either case we see that there exists a point in I* at which 7 is zero. Also,
Vr = Vr, which is 0 off Q(k). Set

R =supr.
I*

By Lemma 2.3 |7(z) — 7(y)| < ca|z — y|P if 2,y € I*, and therefore R < c5sP.
We write

A:/ f2€02|vr‘2:/ f2(‘02|v7f:‘2:/ f2g02‘v;,:‘2
I* I* Q(k)

=1 P A>F?) — fRO°TAT, (3.1)
Q) Q)

where in the last line we used the identity |Vu|? = 1 Au? — uAw.
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Now consider the first term on the right hand side of (3.1). If I* ¢ Q(k), then (72)/0n =
27(07/0n) = 2r(dr/0n), which is 0 on 9,Q(k) and 8,Q(k). If I* C Q(k), then d(72)/On =
27(07/0n) = 27(0r/0n) is 0 on 8,Q(k) and f2¢? is 0 on 9,Q(k). So by Green’s first identity,

PPOAG) = / V(2 ().
Q(k) Q(k)

Thus
A=-3 [ VPV - [ P
Q(k) Q(k)

<\ VEPAVE)| + RN [ 1
-

Q(k)

<4 f%(W)FW\M\ f(Vf)(wQ)W?McGRcN@% |

Q(k) Q(k)
<a( [ pemwre) ([ rver)
([ f”\W|2<P2) (o) v erevae
< ¢7(R?A)Y2(DY? + BY?) 4 ¢ R¢N 92C.
As DY/? + BY/2 < 2(B 4+ D)2, by Lemma 3.2
A < cgR*(B + D) + cs¢NR®C.

We now bound D. We have
D= [ el =1 [ rawh- [ Poae
I I I
Since d(p?)/0n = 2¢(d¢)/On is 0 on O, I* and 0 on 9,1*, by Green’s first identity

PPA@)=— [ V(f)V(e?).

I* I*

Since |A¢| is bounded by 2¢Y on I'*, then | [ PoAp| < co(N®,C. So

Dg‘ V(V(@?)] + cocN o 0

_4‘ F(VS) gngo‘-i—q;( ®,C

2 2 2 2 1/2 N
<4 /f vol) ([ @vse) T s ecac
S Clo(D1/2B1/2 + CN(blC)
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Using Lemma 3.2 again we conclude that
D < ¢ (B+¢Ne,0).
Finally, as B < ®?F, we deduce that
A < c;pR?OIE + c15¢N (RO} + R?®1)C.
Since 1(s) < c135”, and R < c145° we have,

/f2\V7'|2 S (136214. S 615(@1/¢0)282ﬂE + 615<N(@1/¢0)252ﬂ¢1_10.
I

Using the bounds above on ®; the conclusion follows .

Corollary 3.4. Let f, I, and I* be as in Proposition 3.3.
(a) Then if fr. = I*|"" [,. f,

[ =gy s e [ v

(b) Further,
2
2 —N 28 V 2 I—l ]
[ rv<acys [ vpeein=([ i)

Proof. Applying Proposition 3.3 to f — f;« we deduce

[ =spvet e ([ 1viP o [ (- pe)?).

By the Poincaré inequality Lemma 2.4 we have

/I(f —fr)? < /1*(f — f1:)? < caCNep(s) /I i

Substituting the second inequality of (3.4) into (3.3),
[ = 1p1vrp < e [ vst
I I
Since ¥ (s) < cgs? we obtain (a) by adding (3.4) and (3.5).

(b) Now let b= [, f~v/ [;~7. Then

/If27=/l(f—b)27+b2/17
=/I(f—b)27+ (/I’Y)_l(/lf7)2-
< [y ( [ 1)

Combining (3.2) and (3.6) completes the proof.

We can obtain a sharper result if we just consider special Py cubes.
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Corollary 3.5. Let I be a special Py cube. Then

[ rrve <t ([ 1952+ o [ 1), (37)
[ rv<acye [rvpein=(f i) (33)

Proof. Note that the left-hand sides of (3.7) and (3.8) do not depend on the values of f
outside I. Recall that I* is the union of the (3¢ or fewer) special Py-cubes of side length s
touching I; extend f to a function f on I* by reflection. Then

pest[p [ vir<s [jose,
I I I I
and (3.7) and (3.8) now follow from Proposition 3.3 and Corollary 3.4(b) for f. O

Next we proceed to a Nash inequality for special Py cubes. Because the Laplacian is
not a symmetric operator with respect to -, we cannot use the method in [SC].

Proposition 3.6. Let J be a special Py cube with side length s < l%. Suppose the gradient
of f is square integrable over J and [ 7 f?y < co. Then

/ 2y < ¢y max ( Ads /(B +ds) B8/ (2B+ds) | Ad/(26+d) (0N B)2B/(26+d)>
J

A= [vsees [P m=w([110)

Proof. The result is trivial if A = 0, so we may assume A > 0. Let ¢ € (0,s). We can find
a covering of J by special Py cubes I; of side length between ¢/l and ¢ such that J = UI;,
and the I? are disjoint. Note that |I;| < s™Vt% Atd. Set 1o(t) = =% v (kNt~%). We apply
Corollaries 3.4 and 3.5 and sum. So

/Jf27=zi:/hf27
< czt%‘C—NZ/' V§? +c22.|1¢|‘1(/4 |f|7)2

< gtV /|Vf|2+C3wo /Iflv

< cat®® A + c51ho(t) B. (3.9)

where

17



If t > s then (possibly adjusting the constant c4), the inequality (3.9) is trivial. If we now
choose tg so that tgﬂ A = 1g(to) B, then we have that

o (BAYCEYAD, i > 1T
T L (KN B/AYV @D if 1 <IN,

Now let ¢t =ty and substitute in (3.9) to conclude the proof. O

Next is a preliminary version of a weighted Sobolev inequality. Again the lack of sym-
metry of the Laplacian with respect to v necessitates new methods.

Proposition 3.7. Let J be a special Py cube with side length s < 1. Let f be as above.
Then for any R € (2,2 + 23/d) there exists ¢;(R) < oo such that

(7 [115) " ccm e [wrpenys [ ] G

Proof. Since |V(fT)| < |[Vf| a.e. and |f| < fT + f—, it suffices to consider nonnegative f.
Write

Ao = e [ ppen s [ B = (7 [ 1)

Multiplying f by Ag(f)~%/2, it is enough to prove

H_N/ By <a if Ag(f) = 1. (3.11)
J

Set,

Prn = H_N/ -
{f>2n}nJ
Then

Pn <po < KN /
{r>13nJ

Let fn = (f A2"F1) — (f A2"); note that f, < 2", that f, = 2" on JN{f > 2"}, and that
fn=0o0n {f < 2"}. Therefore

KN / fny = n_N/ Iny < K/_N/ y2" = 2%py, (3'12)
J {fz2n}inJ {f>2n}nJ

iy < K‘N/ 2y < s A(f) < 1.
J

while

KJ_N/ fs'y > n_N/ fs'y > H_N/ ,f'y = 22"pn+1. (3.13)
J {f22m3nJ {F22n 1300
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Since [, 27 < [, f2v and [ [Vfal? < [, V]2, we have Ao(fa) < Ao(f). So, from
(3.13) we deduce

P < 2—2(n—1)m—N8—2B/ fﬁ’?’
J
<4-272MAg(fn) <4277,

Applying Proposition 3.6 to f, we have, using the fact that Ag(f) <1,

/ fsfy < ¢y max ((H_N(fjfnry)2)2ﬂ/(23+df)7 (fan7)2ﬁ/(2ﬂ+d)>
J

— ¢, max ((K;N)2ﬂ/(2/3+df) Bo(f,))P/28+dn) | (5N)28/B+d) g ( fn)ﬁ/(2/3+d)>’

and so
/i_N / f72L’Y S Co IMax (Bo(f'n,)'B/(2B+df)’ Bo(fn)’B/(2ﬂ+d)) ‘
J

Using (3.12) and (3.13) we obtain
2" prus1 < cgmax ((2pa) Y/ CPHID, (27p,) /P4, (3.14)

Since 2"p, < 4 and dy < d, both the terms on the right hand side of (3.14) are dominated
by c4(27p,,)2P/(26+d)  Therefore

Prn+1 < 04(2_")(2'B+2d)/(25+d) (pn)2B/(2B+d).

Elementary calculations now verify that p, < a2 where § = 2(8+d)/d and a = ¢5 > 1,
is a constant depending only on c4, 8 and d.

Since
n‘N/ [f1Ry < ey 2" pn,
J n=0
we deduce (3.11) (with a constant depending on R) for any R € (2,2 + 28/d). O

We can modify slightly the final term in (3.10).

Corollary 3.8. Let J be a special Pn cube of side s < l%. Let f and its gradient be square
integrable over J. Then for any R € (2,2 + 28/d) there exists c1(R) < oo such that

(H_N/J|f|R’Y>1/R§C1(R) [C—NK—N/J|Vf‘2+Kl—NS—dwLf2]1/2. (3.15)
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Proof. We have, using Corollary 3.5, and the fact that 28 < 2 < d,,

Pry=[ P+ [ 2 vr?
J J J
S/Jf2+62C_N82’3/J\Vf|2+63825_dw/Jf2

< ea Vs / [VFI? + 5~ / 12
J J
The result now follows from substituting this in the last term of (3.10). O

We now fix R € (2,24 28/d).

Theorem 3.9. Let (Q C Py be the union of a finite number of disjoint special Py cubes
each of side length s < 1%. Let f and its gradient be square integrable over Q. Then

‘[ 717) " < e (®) [ [ s st [ g ERNCR)

Proof. If J; are the cubes with UJ; = @ then, applying Corollary 3.8 to each of the J;,
M
R RTEES Sl M
Q@ i=1 Ji
M R/2
<a o (cVe [ use st [ )
i=1 Ji Ji

If p>1and z; >0 then ) z¥ < (3 =z;)P. So

M
W [t <l [ wse s |

R/2
i=1 Ji fz})

Ny /|Vf|2+s “r /Qf2)R/2-

4. Harnack inequality.

In this section we prove Theorem 1.1. We look at the operator £ = ZZ j=10i(aij(z)0;),
where the a;; are bounded, strictly elliptic, and smooth. On the boundaries of Py we
impose conormal reflection. We will show the Harnack inequality for nonnegative £-harmonic
functions with bounds that do not depend on the smoothness of the a;;.

The following result is proved exactly as in Moser [M1], Lemma 4.
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Proposition 4.1. Let D C Py be a domain in Py, and suppose wu is L-harmonic in D,
v =uF, where k € R, k # 1/2, and 0 is supported in D°. Suppose the gradient of ) is square
integrable over D. Then

2k \2
21V 2ds < Vnl202de.
/1)77| Y dx_q(%—l) /D| Al de

Now let u be £-harmonic and non-negative in Py N[0, l#]%; we assume u # 0. The usual
Harnack inequality in R?, combined with the connectedness hypothesis (H2) implies that u
and u~! are continuous and bounded (by a constant c(u, N, ¢) depending on u, N and €) on
Pn N [0,17 — €]? for every ¢ > 0. By Proposition 4.1, the gradient of powers of u will be
square integrable over bounded subsets of Py .

Let yo =1 and y, =1 — Zle lj__-i for 1 <k < o0, and set

Qe =[0,ye]* N PN, 0<k<o0.

Since [z > 3, then yoo > % Note that each . is a Py-cube and is the union of at most l’;_-df
special Py cubes each of side length l]__-k. Note also that dist (Qx+1, PN — Qk) = l]__-(k+1).

Proposition 4.2. Let v be either u or u~'. There exists ¢; such that if 0 < q < 2, then

sup v2? < cm_N/ (N Vve? +v29).
Qoo 0

Proof. For 0 < k < oo let
ri = U(", Qr+1, Q) i =14+ V|V

Let f = uP, where p € R, p # % Applying Theorem 3.9 we have, writing S = R/2,
CNVE?+ lgfﬂ)dw n_N/ fﬂ. (4.1)

1/8
(H—N/ f257k+1) < ¢ [H—N/
Qr41 Qr+1 Qr+1

We start with the first term on the right-hand side of (4.1). If 2 € Qg1 then there exists
a special Py cube I of side ly__-k_1 such that z € I C Qgy1. Then I* C Qg, so by Lemma
2.2(c) we have rg > c;:,l}_-kdw on Q1. Hence

5N / CNIVF < cqnN¢—N 2 / V1|22
Qr+1 Q

k+1

— — 2kd,,
< cq NN / IV f|*rh

Qk
2p 2 o
S 65(7> K NC Nl;_lcdw f2‘vrk|2
(2p—1) Qx
2p 2 _N2kd 2
<cs (7 \% 1) K l v f Yk - (42)
(2p - 1) d Qk
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Here we used Proposition 4.1 in the third line. If c5 is taken large enough, the right hand
term in (4.2) also dominates the final term in (4.1). Therefore,

(H—N/Q f25’7k+1) 1/8 < 66((21)2721) v 1>2l§-'kdw (H_N/Q f2’Yk>- (4.3)

Choose ¢’ > 0 such that inf,,cz [¢'S™ — %\ > ¢y > 0. Suppose first that go = ¢’'S~* for
some ¢. Let p, = 2¢oS™ for n > 0, and write

1/p
\I/k:[m_N/ vp’wk] k.
k

Note that pry1/2S = pr/2. Applying (4.3) to f = vPk+1/(25) = yPr/2 we have
1/5
\I}ilr-f/s — (K)_N/ ’Upk+1’7’k+1)
Qr+1

< cglyFdw (n_N/ vp""yk>: cgl b yPk
Qk
or y
Pk
\I/k_|_1 < <Cgl§_1€d“’> Y.

Hence for every m

m

log ¥, <log ¥y + Zp,zl log(cglardw). (4.4)

k=1

As the sum in (4.4) converges, and supg_, v < limsup,, , ., ¥m, we have

1/(2490)
supv < cg (m_N/ v2q°70) b . (4.5)
Qoo 0]

Now let ¢ € (0,2). We can take gy = ¢'S™% < ¢q. Then by Hoélder’s inequality, and Lemma

3.1
q0/q 1-qo/q q0/4
/ 0?0y < (/ 1)2‘170) ’ (/ 70) i < 010(/ Uzq’Yo) .
Qo 0 Qo Qo

sup v?? < 011/ v*%yp.
Qo 0

Thus

By Corollary 3.5 this implies

sup v?? < cmn_N/ (N |V + 029).
Qoo 0

O

In the argument above we were tied to the cubes Qi since we needed to use Theorem
3.9. However, in the remainder of this section it will be more convenient to use the balls
B(z,r). An easy covering argument gives us
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Corollary 4.3. Let u > 0 be L-harmonic in B(zg,3). There exists ¢, independent of u and
xo, such that for0 < g<2andv=wuorv=u"!

sup 024 < cln_N/ (N V|2 + v29). (4.6)
B(zg,1) B(z0,2)

We now follow the ideas of Moser [M2] to link the L norms of u and u~!. Fix zy € Px,
and write B(r) = B(zg,7). Let u > 0 be L-harmonic in B(zg,4). v is either u or u™!.

Corollary 4.4. Let 1/2 < s <t < 4 and let 7o = U(-, B(8), B(t)), st = 1+ (N |Vr2,|.
Then if 0 < g < %,

sup v24 < ¢ (t — s) T T gTN / vy
B(s) B(t)

Proof. Let 0 = 1(t — s), s’ = s+ 26. By Corollary 4.3 and scaling, if B(z,36) C B(4) then

sup 029 < cor N(Ngdw—ds / |Vve|? 4 cyf™% K‘,_N/ 024, (4.7)
B(x,0) B(z,26) B(x,20)

We can cover B(s) by a collection of balls B(z;,20) C B(s') such that no point in B(s') is
contained in more than cz of these balls. So by (4.7)

sup v29 < eq V¢ Ngde—ds / (Vol|? + ca0~ &_N/ 024, (4.8)
B(s) B(s') B(s')

By Lemma 2.2(d) 75 > c40% on B(s'). Since r,; is supported on B(t)°, we have by Propo-
sition 4.1,

C_N/ |Vvq|2 < g NP 20w / \Vvq|27'§t
B(s") B(s')

<N [ ot
B(t

g N [ (T

B(t)
< 079_2dw/ 029y
B(t)
Combining this with (4.8) and noting that # < 1 completes the proof. O

Now let w = logu. We will need the following estimate.

23



Proposition 4.5. Suppose h € [1/2,2] and w = logu. There exists ¢; such that
N[ 9P < alB)
B(h)

Proof. Again, this is essentially Moser’s proof. Let ¢ = U(-, B(h), B(2h)), and note that by
Lemma 2.2 ¢ > co on B(h). So

/ IVl < 03/¢2|Vw|2.
B(h)

We write )
0:/%Eu:—/V(¢2/u)-aVU
—/(2§V¢-aVU— u—jVu-aVu)
= _2/¢V¢-aV'w—|—/¢2Vw-an.
S0

/¢ V|2 < c4‘/¢v¢ an‘ <es /|V¢| /¢ \vw|

Dividing and squaring,
[ #1vul < [1va?,

and by Lemma 3.1, (=% [ |V¢|? < c7|B(h)|. O

For 2 < h <4, let a(h) = WlhnfB(h)w
Corollary 4.6. Let % <s<t<1. Then
/ Vst < can?
{w-a@I>a0Be) AT

Proof. Note first that
/ Vst S / Vst -
{lw—a(2)|>A}NB(s) {lw—a(2)[>A}NB(1)
By Chebyshev’s inequality,

/ st | [ — a(2)?e
{lw—a(2)|>A}NB(1) {lw—a(2)|>A}NB(1)

< A_2/ lw — a(2)[*yse-
B(1)
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Now apply Corollary 3.4(a) with Q(h) = B(s), Q(k) = B(t), I = B(1) and I* = B(2); we
have

/ (- a(2) 75 < ¢V [ [Vul?,
B(1) B(2)

and by Proposition 4.5 this is bounded by c3x? . O

Without loss of generality, let us multiply u by a constant so that f B(2) logv = «(2) =0.
Recall that v is either u or u~! and define

¢(h) = sup logwv.
B(h)
Lemma 4.7. If% <s<t<1, then
o(s) < Fo(t) + cr(t — s) 74w, (4.9)

Proof. Fix t and write ¢ for ¢(t). Let ca > e satisfy ca = 6logca. If ¢(t) < co then as ¢(-) is
increasing
p(s) < o(t) < Fo(t) + g2,
so that (4.9) holds provided ¢; > ¢y /4.
Now suppose ¢ > co. From Lemma 3.1(b) we see that [ B(t) Vst < csk. By Corollary
4.6 and the fact that v? < eP? on B(t),

/ /Uzp’)/st :/ Uzp'Yst +/ UZp'Yst
B(t) B(t)N{logv>p/2} B(t)n{logv<ep/2}

< 62p¢/ Vst + epcp/ Vst
B(t)N{logv>p/2} B(t)n{logv<y/2}
4eacye®P?
%,{N + ew/ Vst
¥ B(t)

2pp
<cs (6—2 + ep‘p)k;N.
Y
Let p = %loggo, so that eP? = @2 As ¢ > co we have p < (2/c3)logcs = % So
/ vy < 2c5ePP RN .
B(t)
Therefore by Corollary 4.4,

1 2
v(s) = — log[sup v°P

1
L eyt [ )
2p B(t)

1
om log [07(t — 5) 74w ew] .

IN

IN
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So

1log(cr(t — )4~ %)

2 log ¢ )
Without loss of generality we may take c; larger than cp. If o(t) > c7(t — )74 ~%w then
by (4.10) ¢(s) < 3¢(t), and (4.9) is satisfied. If, on the other hand, ¢(t) < ¢7(t — ) ™4 ~dw,
then since ¢(s) < p(t), we have (4.9) satisfied with ¢; = c7. O

o(s) < 50(t) |1+ (4.10)

We can now prove the Harnack inequality.

Theorem 4.8. There exists ¢ such that if u is nonnegative and L-harmonic in B(3), then
Supp(1/2) 4

. < cr-
1nfB(1/2) u

Proof. We know that u is continuous and bounded in B(2); we need to show we can bound
the ratio of the supremum of u to the infimum of u in B(1/2) by a constant not depending
on u. Multiplying v by a constant we can assume fB(2) logu = a(2) = 0. First let v = w.

Choose t; =1 —(1/(j + 2)), so that to = 1/2 and t; 1 1. Then by Lemma 4.7, writing
0=ds+ dy,

o(to) < 3¢(t1) + c2(t1 — to)™?
< (3)20(t2) + calts —to) =% + Bea(ta — t1) 77
<
< (D)me(tn) + 5 21 (3)ica(ts — tima) ™7,
for any n > 0. Since ¢(t,,) < ¢(1) < oo, and

(%)iCQ(ti — ti_l)_e =c3 < 00,

o

=1
we obtain
sup logu < c3.
B(1/2)
Now let v = u~!; logv = — logu so we still have fB(2) logv = 0. The same argument as

above now implies sup B(1/2) logv < c3, or

inf 1 > —c3.
sl o8 2 e

Combining we deduce

e < inf u< sup u<e®,
B(1/2) B(1/2)

which is what we wanted to prove. O

Theorem 1.1 follows from Theorem 4.8 by a scaling and covering argument.

Standard arguments now yield
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Corollary 4.9. Suppose D C E are open subsets of P. There exists ¢; depending only on
the ratio of dist (0,D, 0, F) to the diameter of D such that if u is nonnegative and harmonic
in E, then

u(@) < cruly),  zy€D.

5. Heat kernel estimates.

In this section we study the fundamental solutions ¢(t, z,y) of the heat equation in P:

ou

5 (z,t) = Lu(x,t),

where u has conormal reflection on 9P. In probabilistic terms (¢, z,y) is the transition
density of the diffusion X on P with generator £. We continue to assume the a;; are smooth,
although our bounds will not depend on the smoothness.

Let D be a domain in P. Let uz p(z,y) be the Green function for £ for the process
killed on exiting D and let ua p be the corresponding Green function for reflecting Brownian
motion in D killed on hitting 0,D. Let Cz p(A) and Ca p(A) be the capacities of a set
A C D with respect to £ and A respectively. We have

ngD(A):inf{/ Vf-aVf:f=0ondP—-D,f=1 onA}
D
Ca,p(A) = inf{/ IVf2:f=00ndP—D,f=1on A}.
D
It is immediate from these definitions that

AMCa.p(A) <Crp(A) < XCa.p(A), (5.1)

where A;, A2 depend only on the bounds on the matrix a in (1.3).

Let Y be either of the processes W or X. We write up, Cp for the Green’s functions and
capacities for Y, and 7p for the exit time of Y from D. We define Upu(z) = [up(z,y)p(dy).

Lemma 5.1. Letz € P, R >0, D = B(z, R), and B, = B(z,27"R) for n > 0. Then

612|Bn|CD(Bn)_1 S]Ew’rp S C2Z|Bn|CD(Bn)_1- (52)
n=1

n=1

Proof. Note first that up(z,-) is continuous and harmonic on D — {z}, and is zero on
{y : d(z,y) = R} = 0,D. So by the maximum principle it follows that up(z,-) attains its
maximum on B,,_; — B,, at a point z, with d(z, z,) = 27 "R.
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Let p, be the capacitary measure for B,,. Thus Cp(B,) = u,(B,) and Upu, < 1 on
D, and equals 1 on B,,. We know that p,, is concentrated on 0B,,. We have

| = Uppn (z) = /_ wp (@, 2) i (d2) < up(z, 2)Cp (Br). (5.3)

n

Now up(zy,.) is harmonic in By, 11, so by the Harnack inequality Corollary 4.9 we have
up(2Zn,y) X up(2n,x) on By,yi. Therefore

1> Uppin+ti(zn) = /_ up (Y, 2n) in+1(dy) > csup(2n, z)Cp(Brt1)- (5.4)

n

Now write A, = B(z,,2 ™*YR). Note that A, C B, — Bpy1, so that the sets A, are
disjoint. The estimate (2.2) implies that A,,, B, and B,_1 all have comparable volume. By
Corollary 4.9 we have up(z,y) <X up(z, z,) on A,.

Using these estimates we have

EwTD:/ up(z,y)dy
D
> Z/ up(z,y)dy
n=1 An

(o] (o)
> [ up(z)dy > e Y |BalCo(Ba)
n=1"4n n=1

Also,
E*rp = / up (z,y)dy
nz::l Bn—l_Bn
< cg / up (T, 2n)dy
’l’; Bn—l_Bn

o0
< ¢ Z |Bn_1|UD(-77, Zn)

n=1
o0 o0
<1 Y [Bnt1|Cp(Bns1) ' < er Y [Bm|Cp(Bm) ™"
n=1 m=1

O

Let 75 be the time for the process X; associated to £ to exit D, and let 75 be the
analogous time for the Brownian motion W; on P to exit D. Recall from Section 2 the
definition 4 (r) = r%» v (Nr?, and from Lemma 2.2 that if D = B(xg, R) then

E®r5. < c1(R), z € D*, E®75. > cotp(R), € D.

We have the same bounds for the exit times of X.
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Corollary 5.2. There exist ¢y, co such that
E*75. < c1¢(R), =z € D*,
E*75. > catp(R), w € D.

Proof. This is immediate from Lemma 5.1 and the comparison for capacities given by (5.1).
O

Theorem 5.3. Let q(t,z,y) denote the transition densities for X;. There exist ci,...,cg €
(0,00) such that if z,y € P and
(a) t > max(1, |z — y|), then

T — y|%w\ 1/(dw—1)
-t (= () )

)

— y|%w \ 1/(dw—1)
<q(t,z,y) < 03t_d5/2 exp ( - C4<%) )
(b) ift <1, then

cst™ % exp(—cslz — y|*/t) < q(t, z,y) < crt™Y? exp(—cs|z — y[*/t).
(c) ift > 1, |z —y|>t, then

est™ /% exp(—cs|z — y|*/t) < q(t, 7, y) < crt™%/* exp(—cs|z — y|?/1).

Proof. The upper bound follows the proof in [BB3], Section 6, exactly, using Corollary 5.2.
The lower bound is done as follows:

Just as in [BB3], (6.23), we have ¢(t,x,z) > cot~%/2 for t > 1. Let D be a P-cube of
side length t% and let gp(t,z,y) denote the transition densities for X; killed on exiting D.
X is a symmetric process, so there is an eigenvalue expansion for ¢p:

ap(t,z,y) = Z e i ()i (y)-

As in [BB2], Section 7, we deduce (6.21) and (6.22) of [BB3|. Since ¢(t,z,y) > qp(t,z,y),
we argue as in [BB3], Theorem 6.9, and derive the lower bound. O

We also have a parabolic Harnack inequality for P. The statement and proof are the
same as in [BB3|, Theorem 7.12.

Remark. Using the results of this section we can construct a diffusion process on F corre-
sponding to £. As in [BB1], Section 5, we use Corollary 5.2 to obtain a tightness estimate.
The Harnack inequality, following [BB1], Section 5, implies that A-resolvents are Hdolder
continuous. We first take a subsequence as in [BB1], Section 6 to construct a process cor-
responding to £ on F when the a;; are smooth. In the case when the a;; are not smooth,
we take a7, smooth satisfying the same bound and uniform ellipticity as the a;; and take a
limit. It is then straightforward, as in [BB3] Section 6, to derive heat kernel bounds and a
parabolic Harnack inequality for this process.
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