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Abstract

We consider diffusions corresponding to the generator
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T € Ri, for continuous ;, bz : R(_i,'_ — R with 7Y; nonnegative. We show uniqueness for the corresponding
martingale problem under certain non-degeneracy conditions on bz', 7Yi and present a counter-example when these
conditions are not satisfied. As a special case, we establish uniqueness in law for some classes of super-Markov chains

with state dependent branching rates and spatial motions.

1. Introduction
Let

i, b; : ]Rilr — R, be continuous functions and each ~; be strictly positive. (1.1)

We consider the operator £ on C?(R%) defined by

d

We also consider the diffusion X; associated to L£; this is the process on R‘fr that solves the
stochastic differential equation

dX; = \/2X}v(X)dB; + b;(X¢)dt, X} >0, i=1,...,d, (1.3)
where B; is a standard d-dimensional Brownian motion. The purpose of this paper is to prove

uniqueness of the martingale problem for the operator £. As is well known, this is equivalent
to proving weak uniqueness (i.e., uniqueness in law) to the solution of (1.3).
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Let Q = C(Ry,R%), let X¢(w) = w(t) be the usual coordinate functions, let F be the
Borel o-field on €2, and let F; be the canonical right-continuous filtration on (2, F). If v is a

probability on R%, we say P is a solution to the martingale problem for £ with initial law v
(or MP(v, L)) if

P(Xo € ) =v(-), and N/ = f(X;) — f(Xo) —/O Lf(X,)ds

is an Fy-martingale under P for each f € CZ(R%,R).

(1.4)

We say that an R‘fr—valued process (Y, t > 0) with a.s. continuous paths is a solution to
the martingale problem for £ if its probability law is a solution in the above sense. Y (or its
law) is a strong Markov solution if, in addition, it is a strong Markov process with respect to
FY =Ngsto(Yy,r < 5). Add 9 to R? as a discrete “cemetery” point.

Theorem 1.1. Let L be as in (1.2) and suppose (1.1) holds. Assume that for alli =1,...,d,

Here is our main result. Let ||z| = max;=1, 4

bi(z) >0, x€dRL, (1.5)
[bi(a) [ <CO+all),  weRL (L6)
(a) For any initial law v, there exists a unique solution to the martingale problem for L.

(b) If P* is the solution in (a) with initial law d,, then (P* X;) is a strong Markov process,
and for any bounded measurable function f on Ri, its resolvent

s =B ([ e ar),

is a continuous function of x.

The following corollary of Theorem 1.1 is relevant for applications to superprocesses. Let
TO = To(X) = inf{t Z 0: Xt = 0}

Corollary 1.2. Assume (1.1) and (1.6), and let L be as in (1.2).
(a) If for some C > 0,
bi(z) > —Cux; on ORL — {0}, (1.7)

then for every initial law there is a solution PP to the martingale problem for L and
P(X (- ANTp) € ) is unique.
(b) If, in addition to (1.6) and (1.7),

d
> bi(x) =0 on RY, (1.8)

i=1
then there is a unique solution to the martingale problem for L.

Note that (1.7) implies that b;(z) > 0 if z; =0 and = # 0.
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The degeneracy of the diffusion coefficients on the boundary means that one cannot apply
the results of [SV79] directly to establish uniqueness for the martingale problem (1.4). Unique-
ness of the martingale problem is of course equivalent to uniqueness in law for solutions (in
le_) to the stochastic differential equation (1.3), and would follow from pathwise uniqueness.
However, the presence of the square root in (1.3) means that the coefficients are not Lipschitz,
the standard condition for pathwise uniqueness. In the special case where v;(z) = 7;(z;) de-
pends only on x;, each \/x;v;(x;) is Holder continuous of order %, and each b; is Lipschitz
continuous, pathwise uniqueness can be proved by a well-known local time argument (see
[YWT1] or Sec. V.40 of [RW8T7]). However, this method fails in general, and even in the case
when ~;, b; are smooth and bounded away from zero, pathwise uniqueness for (1.3) remains
an open question. (See [S00] for a related but special case where pathwise uniqueness can be
established.) Therefore we needed to develop new techniques to handle (1.4).

Our principal reason for studying this problem comes from the theory of superprocesses
with state dependent interactions. A superprocess on a state space E is a diffusion taking
values in the space Mp(E) of finite measures on E. To describe it more precisely consider
a conservative generator A of a Hunt process £ on F, a bounded continuous drift function
g : E — R, and a bounded continuous branching rate 2y : E — Ry. Write pu(yp) for [ odpu,
and let D(A) denote the domain of A. The Dawson-Watanabe superprocess with drift g,
branching rate 2v, and spatial motion A is the Mp(FE)-valued diffusion X whose law on
C(Ry,Mp(F)) is characterized by the law of Xy and the following martingale problem: for
each ¢ € D(A)

X,() = Xolp) + / X.((A+ g)p)ds + Mi(e), (MP)x,

where M;(y) is a continuous martingale with square function (M (¢)): = fot X(2vp?)ds. See
[D93] and [P01] for this and further background on superprocesses.

These processes arise as the large population (IV), small mass (1/N) limit of a system
of branching &-processes. At y € E each particle branches with rate N+(y) and produces a
random number of offspring with mean 1+¢(y)/N and variance approaching 1 as N — oo. The
independent behaviour of the individual particles makes these models amenable to detailed
mathematical study and is the key fact underlying the usual exponential duality proof of
uniqueness in (M P)x,. From the perspective of potential biological applications it is clearly
desirable to have the individuals in the population interact through the drift g, spatial motion
A, or branching rate 2v. One could allow these quantities to depend on the current state
X; and hence introduce g : Mp(FE) x E — R, v : Mp(E) x E — R4 and state dependent
generators (A,),cn, (k) defined on a common domain, D. It is not hard to see that, under
appropriate continuity conditions, the interactive analogues of the above branching particle
systems in which b, v and A are replaced by their state dependent analogues produce a tight
sequence of processes whose limit points will satisfy, for each ¢ € D,

Xi(0) = Xo(p) + / X ((Ax. +g(X.)0)ds + Mi(p), (IMP)y,

where M;(p) is a continuous martingale with (M (p)); = f(f X, (29(Xs)p?)ds. The question
then is: Are solutions to (/M P)x, unique in law?
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In the case when = is constant, uniqueness can be proved for a wide class of g and A —
see [D78], [P92], [P95], [PO1], [DK99] and [K98|. The change of measure technique in [D78]
allows one to assume g = 0 in quite general settings, and we will do so below. The case when
v depends on X is much harder, although weak uniqueness has been proved in some special
cases by duality methods — see [M98] and [DEFMPXO00].

In the Fleming-Viot setting [DM95] established uniqueness in the martingale problem for
some state-dependent sampling (i.e. branching) rates which are very close to constant. They
used the Stroock-Varadhan perturbation technique in an infinite dimensional setting (using
completely different methods than those in this work). However, the strength of their norms
meant that it was not possible to localize and so obtain a general uniqueness result. Athreya
and Tribe [AT00] used a particle dual to calculate the moments for the solutions of a class of
parabolic stochastic PDEs, some of which could be interpreted as examples of (IMP) with a
purely local branching interaction, £ = R and Af = f”/2. These duality arguments can be
used to show uniqueness for certain degenerate stochastic differential equations as well, though
under rather strict conditions on ~; and b;.

If the state space E is the finite set {1,...,d} then (IMP) reduces to the d-dimensional
stochastic differential equation in the following example.

Example 1 (Super-Markov Chains). When E = {1,...,d} is finite uniqueness in law for a
class of the interactive branching mechanisms described above follows from our main result.
By [D78] we may assume that the drift ¢ = 0. In this setting Mp(E) = R% and one easily
sees that (IM P)x, reduces to (1.4) where

x):ijqji(m), z = (21,...,24) € RL, (1.9)

and so
d 2f d
Z |:xf)/z Z jq]’L )] (1'10)
=1 =1

Here g;;(z) is the jump rate from site j to site ¢ in when the population is x, and ~;(z) is the
corresponding branching rate at site .

Corollary 1.3. Let g;; : Ri — R, fori,j=1,...,d, be bounded, continuous and satisfy

Y qij(x)=0, i=1,....d, zeRY, (1.11)
¢ij(x) >0 for all i # j, z€RY, (1.12)
qij(x) > 0 for all i # j, if v; =0 and x # 0, j=1,...,d. (1.13)

If £ is given by (1.10), then there exists a unique solution for the martingale problem for L.

Proof. We apply Corollary 1.2 with b;(z) = Zj:1 xjq;i(x). Clearly (1.1) and (1.6) hold, and
(1.8) is immediate from (1.11). To verify (1.7), note that if C' > sup, ||gii||cc and z; > 0, then

bi(x) > x;iqii(x) > —Cux;.
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On the other hand if x; = 0, then gj;(z) > 0 for all j # ¢ by (1.12) and so b;(z) > 0 unless
x = 0. This verifies (1.7) in either case. Corollary 1.2 (b) now gives the desired result. O

Remark 1.4. By using a stopping argument as in the proof of Corollary 1.2(a), (see Section
7), one can weaken the non-degeneracy condition on v; in (1.1) to v;(z) > 0 for non-zero
T € Ri.

Conditions (1.11) and (1.12) simply assert that (g;;(-)) is a state dependent generator
of a chain. Unfortunately, however, (1.13) rules out such simple chains as nearest neighbour
random walks on {1,...,d}. One might hope that the condition (1.5) could be replaced by

bi(xz) >0, for all i, x € ORY, (1.14)

but this is not possible in general — we give a one-dimensional counter-example in Section
8. See, however, [BP01], which considers the case b;(z) > 0 on RY with v; and b; Holder
continuous.

Example 2 (Generalized Mutually Catalytic Branching). Assume qu : Ri —Rforl1<14,57<
d are bounded and continuous, and for each k < K, (¢f;(x)) is the generator of a Markov chain

on {1,...,d} (ie., (1.11) and (1.12) hold for each ¢*) and (1.13) holds for each of these K
generators. Let vy ; : Rf — (0,00) be continuous for i =1,...,d and k = 1,..., K. Consider
the system of stochastic differential equations in Ri for1<i:<d, 1<k<K,

dX;" = ZX Tah (X dt+\/%k,z‘(th’i;---7Xf<’i)Xf’idBf’i~ (1.15)

Here XF = (X', ..., X%, and BY, ..., BX:? are Kd independent one-dimensional Brown-
ian motions. ThlS represents K populations undergoing state dependent migration on d sites
where the branching rate of the kth population at site 7 is a function (v ;) of the mass of the
K populations at the same site ¢. The intuition is that the presence of the different types at
a site effects the branching of the other types at the site.

We claim that Corollary 1.2 (and its proof) gives uniqueness in law for the solutions of
(1.15). By a result of Krylov it suffices to prove uniqueness of strong Markov solutions starting
from an arbitrary constant initial condition (see Theorem 12.2.4 of [SV79] and its proof which
applies equally well to diffusions in le_). Note first that for some C > 0,

bkyi(xl,... Zm ’Jqu ) > —Czhtif oF £ 0.

This follows exactly as in Corollary 1.3. Now let T* = inf{t : X} = 0} and T = ming<x T*.
As in the proof of Corollary 1.2 X (- A T') is unique in law. Since the total mass of each
population is a non-negative local martingale it will stick at zero when it hits zero. Hence
after time T one population is identically zero and the other K — 1 will satisfy a martingale
problem of the same type. The obvious induction now gives uniqueness in law of X (7" + -).
Piecing the solution together we obtain uniqueness in law of X, as required.
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The standard mutually catalytic branching model (see [DP98]) has K = 2, the branching
rate of each type is given by the amount of the other type at the site, and so

'71,1'(371’1'7-%271') — 5132’i, ,7271.(3:1,1',1;2,1') =

1,i
For this model and constant (g;;) uniqueness in law can be proved by duality, but the ar-
gument does not extend to more general branching rates. The nondegeneracy condition we
have imposed on the v; ; unfortunately excludes this model from those covered by our result.
However, for more than two types (see Fleischmann and Xiong [FX00]) the result above seems
to be the first uniqueness result which allows branching rate of one type to depend on the
other types at the site.

Example 3 (Stepping Stone Models). Assume g¢;; : [0,1]% — R for 1 < i,j < d are bounded

continuous and for each x, (¢;;(x)) is the generator of a Markov chain on {1,...,d} such that
d
Z ¢ij(x) = 0 for all x, (1.16)
i=1
and
¢ij(xz) > 0 for all ¢ # j whenever z; =0 or 1. (1.17)
For i =1,...,d, let 7; be a strictly positive continuous function on [0, 1]¢. Then Corollary 1.2

implies that for any fixed X, € [0,1]¢, there is a solution {X;,t > 0} € [0, 1]¢ of

d
dXi = 3" X} qu(Xo)dt + [ %(X)X[(1 - X})dB] (1.18)
j=1
that is unique in law. Here again B?, i = 1,...,d are independent one-dimensional Brownian

motions. X, represents the proportion of the population with a given genotype at site , g;;(-)
is the state-dependent migration rate from state i to state j and 7;(-) is the state-dependent
sampling rate at site i. Existence of solutions is standard.

Uniqueness is a local result in that it suffices to show each starting point has a neigh-
bourhood on which the coefficients equal other coefficients for which uniqueness holds. This
follows as in the well-known Stroock-Varadhan localization result on R? (see Theorem 6.6.1
of [SV79] or Theorem VI.3.4 in [B97]). For starting points in the interior of [0,1]? we may
change the diffusion coefficient outside a small open ball so that it is uniformly elliptic and
then apply standard results from [SV79]. For initial points z in 9]0, 1]¢ satisfying max z; < 1,
local uniqueness is clear from Corollary 1.3. If x is in the boundary with some coordinates
equal to 1, we want to make the transformation taking X; to 1 — X} for those i where x; = 1.
We do this by setting ¥;(y) = 1 —y if z; = 1 and ;(y) = y otherwise. We then perform the
transformation (y1,...,y4) — (¥1(y1),...,%a(ya)). After this transformation we have reduced
the problem to the situation where the starting point satisfies maxx; < 1.

The interested reader may now combine the previous two examples to obtain uniqueness
in law for a multi-type stepping stone model in which each type migrates according to its own
state dependent ()-matrix and the sampling rate at each site may depend on the proportion
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of each of the types at the particular site. This last example was motivated by recent work of
Greven, Klenke, and Wakolbinger [GKW99].

In Section 2 we give an overview of the proof of Theorem 1.1. Section 3 contains the
necessary resolvent bounds, while Section 4 establishes key properties of the zeros of Bessel
functions which are needed in Section 3. Section 5 and Section 6 deal with norm-finiteness and
continuity of the resolvent respectively. Theorem 1.1 and Corollary 1.2 are proved in Section
7, and in Section 8 we give the one-dimensional counterexample which shows that we cannot
weaken the condition b; > 0 on 8Ri. Constants which appear in the statements of Lemmas
(and propositions), say Lemma 5.2 are denoted by c¢5 5. Elsewhere in the paper, ¢, ¢; denote
constants whose value may change from line to line.

Acknowledgment. We thank D. Dawson for a number of helpful conversations on the unique-
ness problem for interactive branching. We also thank the referee for a very careful reading of
the paper.

2. Overview of proof

In this section we give an outline of the proof of Theorem 1.1, and state the main results
that we will need. Since existence of a solution to the martingale problem for £ is relatively
straightforward (see Section 7), we concentrate here on uniqueness.

If X is a process in ]Ri and B C R?, write

Tp=inf{t >0: X, € B}, 7p=inf{t >0:X; € B},

for the first hitting times of B and B¢. We will sometimes use the notation 75(X), Tp(X)
when the process X is not clear from the context. Fix M > 0, and define the upper boundary
of [0, M]? by

U=Upy={(z1,...,29) €[0,M]?: 2y V---Vag= M}

Let 7ar = Tjo,m)e. If v is a probability on [0, M )4, we say that a continuous Ri U {0}-valued
process X is a solution to the stopped martingale problem for (£, [0, M)9) with initial law v,
(or SMP(v,L,[0,M)%)) if Xo has law v, X; = 8 for t > 7y, and for each f € CZ([0, M]?)

the process Nt’;\(TM_) is a continuous martingale. (Here N/ is as in (1.4) and Nt];\(TM_) equals
N/ ittt > I

0% = {w e C(Ry,RYU{0}) : whenever 0 < s < t, w(s) = 0 implies w(t) = d}
and F? is its Borel o-field, then we also say that the law of X on (72, F?) is a solution of the
stopped martingale problem for (£, [0, M%) with initial law v.

A localisation argument, similar to that in [SV79] or [B97], (see Section 7) reduces the
proof of Theorem 1.1 to the following case.

Proposition 2.1. For any ¢ > 0 there is a K = K(e,d) so that if b;(-), vi(-), 1 <i < d are
as in (1.1), and there exist constants b9 > 0, 49 > 0, ¢ > 0 such that

17 = bi( oo < CE)™Y 7Y = 7)o < (2K)7F, i=1,....d, (2.1)
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5§bz(l’)7’%(l’),b?,’y? §5717 Z’eR_d’_, Z:]-uvd7 (22)
bi(z) _ bi(y) € i

2 > + —, x,2yeRY, 1=1,...,d, 2.3

vi@) = vly) 2 i 23)

then uniqueness of solutions holds for M P(L,v) for any law v on R%.

Most of the remainder of this paper will be concerned with proving Proposition 2.1. Let

d

2
£07(@) = S g 2w+ W ) (2.4
7 1 1

=1

Note that £° is the generator of a process whose components are independent scaled copies
of the square of a Bessel process of dimension 2b? /79 (see Sec. V.48 of [RWS87]). We write Y
for this process killed (i.e. set equal to the cemetery state 0) at time Ty. Analytically this
means we impose zero boundary conditions on U. Set b° = (b7,...0%) and 1° = (7?,...79).

Let Ry = Rgoﬁo denote the resolvent of this killed process Y. The measure on [0, M]¢ which

0 0
makes £° with these boundary conditions formally self-adjoint is p(dz) = Hle :cgbi /i )_ldxi.

We write L? for L?([0, M]%, ;1) and || - ||z will denote the associated norm, hence suppressing
dependence on (b°,~) in our notation.

Those familiar with the localization technique (and those not) may find (2.3) rather
puzzling. It arises because, unlike the Brownian case, the natural reference measures y depend
on the constants (b°,~°). It is used in the proof of Proposition 2.3 below and more specifically
in the proof of Lemma 5.3.

We now give the key perturbation estimate needed to carry out the Stroock-Varadhan
argument. This result introduces the constant K (e, d) needed in Proposition 2.1. Set

3 = C3([0, M]*) = {f € C*([0, M]) : flu = O}.
Proposition 2.2. There exists a dense subspace Dy C L?([0, M]¢, 1) with
Rx(Dy) C Dy C C3 (2.5)

satisfying the properties below. For each € > 0 there exists K = K (e,d), independent of M,
o _.0
such that if e < b?,%o < e~ then (recall Ry = le\ ),
2

d
9 0
>~ (w55 Batll, + 5 Bafll,) < KIflls for all A >0 and f € Dy. (2.6)

1=

In particular the operators x;(9*/0x2)Ry and (9/0z;) Ry extend uniquely to bounded opera-
tors on L? satisfying (2.6) for all f € L?.

Using Theorem 12.2.4 of [SV79], we will see that uniqueness in general will follow if we
can prove uniqueness for Borel strong Markov solutions of the stopped martingale problem for
any M. So let (X¢,P}), k = 1,2, be two Borel strong Markov processes, such that for each x
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the probability P¢ is a solution to the stopped martingale problem for (£, [0, M)%) started at
z. Let

00 Ty
SEf@) =B [ e NpCode—B; [ e Npan k=12
0 0

where the process X; is killed (set equal to d) upon exiting [0, M)? and f(d) = 0. Some
elementary stochastic calculus (see Section 7) shows that for f in Dy,

SEf(z) = Raf(z) + SY(L — LORAf(z),  k=1,2. (2.7)
We want to use a perturbation argument in L2, but sup{|S¥f(z)| : ||f]l2 < 1} will not be
finite in general; in fact |R) f(x)| can be infinite even if || f||2 < 0o. So we integrate (2.7) with

respect to the measure v(dr) = p(x)u(dr) for p € L?, take the difference for k = 1,2, and
obtain

[(8i=Sr@mtdn) = [ (85 - SHL - LR f(a)o(da).
Set 6 = sup{| [(S) — S3)f(z)v(dz)|: || fll2 < 1}. Using Proposition 2.2 and (2.1), we obtain
7
[ (8= shs@wian)| < 11
Taking the supremum over f € C2([0, M]?¢) such that || f|2 < 1, we obtain

0 <

oD

. (2.8)

To eliminate the possibility that § = oo we apply the following proposition.

Proposition 2.3. Let X be a solution of SMP(v, L, [0, M)%), where v(dx) = p(x)du(z) for
some p € L*([0, M]%, p). Set Sxf =E [;° e f(X;) dt, where f(8) = 0. If there are constants
e >0, b, Y satisfying (2.1), (2.2), and (2.3), then for all A > 0

2||p
sup{[af1 1 £l < 1 < 2022 o
This implies that § < oo, and so we conclude from (2.8) that § = 0. It follows that

S%\ f(z) = S3f(x) for almost every z. To extend this to equality everywhere, we prove that
S f are continuous.

Proposition 2.4. Assume v; and b; are as in Theorem 1.1. Let M € (0,00] and assume
{P* : x € [0, M)* U {0}} is a collection of probabilities on (29, F?) such that:

(i) For each x € [0, M)%, P* is a solution of the stopped martingale problem for (L, [0, M)?)
with initial law 6, and w(-) = 0 P%-a.s.,

(ii) (P*, X;) is a Borel strong Markov process.

Then for any bounded measurable function f on [0, M)%, and any A > 0,

Sy /(@) = B /0 Y F(Xdt)
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is a continuous function in x € [0, M)%.

Note that if M = oo, solutions to the stopped martingale problem for (£, [0, M)?) are
just solutions to the martingale problem for £. This Proposition allows us to conclude that
Skf(z) = S3f(x) for every z. It is then standard to deduce from this the uniqueness of the
solution to the martingale problem.

We say a few words about the proofs of Propositions 2.2, 2.3, and 2.4. To get the estimates
we need for Proposition 2.2, we first consider the case of one dimension in Section 3. We look
at an eigenfunction decomposition of L2, and an explicit calculation shows that if Vy is the
resolvent operator for a one-dimensional scaled squared Bessel process, then d(V))/dz is a
bounded operator on L?. This entails some detailed estimates of Bessel functions and their
zeros, which is done in Section 4. To handle the d-dimensional estimates, we use the fact that
the transition density for the process corresponding to £° factors into a product of transition
densities for one dimensional processes and some eigenvalue analysis. After we have a bound
on the first derivatives, a bound on z;0%(R)y)/0z2 is easily achieved using some more eigenvalue
calculations and the diagonal form of the diffusion matrix.

The proof of Proposition 2.3, given in Section 5, is similar to the proof in [SV79] of the
analogous estimate. We “freeze” the coefficients of (1.3) at a finite number of fixed times, and
prove finiteness of the corresponding resolvent. Combining this with a uniform estimate on the
resolvent obtained from Proposition 2.2, and using an analogue of (2.7), we then obtain bounds
independent of the approximation, which allows us to take a limit. Some care must be taken
here because, unlike the uniformly elliptic setting, the natural reference measures depend on
the “frozen” coefficients. This complication leads to the odd-looking condition (2.3).

Proposition 2.4 is proved in Section 6. Its analogue for uniformly elliptic diffusions is a
well-known result of Krylov and Safonov (see e.g., Section V.7, p. 116 of [B97]). The proof
uses the classical Girsanov theorem, scaling and the result of Krylov and Safonov to prove
that X; enters certain sets with positive probability.

In Section 7 we carry out the details of the argument described above.

Remark 2.5. One should note that the above approach also simplifies the analytic part of
the classical results of Stroock and Varadhan on uniformly elliptic diffusions [SV79]. Instead
of using L? estimates in the analogue of Proposition 2.2, which require some difficult estimates
for singular operators, one can get by with much simpler L? estimates which follow easily from
Parseval’s equality — see for example Appendix A.0 and A.1 in [SV79]. The price for this
is that one must use Krylov selection to reduce uniqueness to the Markovian setting and the
Krylov-Safonov results to obtain continuity of the resolvent operators. Both of these, however,
have nice probabilistic proofs.

3. Resolvent Bounds
Fix M > 0, let b,y € (0,00), and let
Af(z) =~af'(z) +bf'(x), xel0,M], fe DA,

be the infinitesimal generator of a scaled squared Bessel diffusion killed when it hits M. In
this section v and b are constants and do not depend on x. Let

oo —1)™(x a+2m
Jalz) = mZ::O (m!lf)‘(a(-l—/jl)—i- e v=0 (3:1)
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be the Bessel function of the first kind with parameter a > —1, and let
wi = wi (') be the kth positive zero of Jy_1(+) for ¥’ > 0, k € N. (3.2)

Proposition 3.1. Let b’ = b/~, and set

Jy—1(w A
- b,1< Vi) z € [0, M]. (3.3)
M2 =D72 | Ty (wp) |

Then oy (x) is in C*([0, M]) with o, (M) = 0, ¢ satisfies

or(z)

Atpk = —)\kgok on [O,M], (3.4)
where )
YWy
A = —2 .

and {¢y, : k € N} is a complete orthonormal basis in L?([0, M], =¥ ~dz).

Proof. Using (3.1) one can see that ¢, € C?([0, M]). The definition of wy guarantees that
vr(M) = 0. A direct calculation shows that ¢y, satisfies (3.4); perhaps the easiest way to see
this is to write ¢ as a power series using (3.1) and perform the differentiations term by term.
The fact that the o) are orthonormal follows from the fact that {\/Z—ZJb/_l(wkz)/]Jb/ (wg)] :
k € N} is a complete orthonormal system in L?([0, 1]),dz) ([H71], p. 264) and the change of
variables z = /x/M. To check completeness, suppose f € L([0, M ],xb/_ldx) is orthogonal

to all of the ¢. By the change of variables z = \/2/M the function F(z) = f(22M)z"~1 can
be seen to belong to L?([0,1],2dz) and to be orthogonal to Jy_1(wgz) in this space for all
k. Since {Jy_1(wgz)} is a complete basis in L?([0,1], 2z dz), then F(z) = 0 a.e., which implies
that f(x) =0 a.e. O

We will need three technical lemmas on Bessel functions and their zeros. We defer the
proofs of Lemmas 3.2, 3.3, and 3.4 to the next section.

Lemma 3.2. For each ¢ > 0 there exists c3.o depending only on e such that for any b €
[e2,e72 and all 1 < j < k,

1
‘/ Ty (wiz) Ty (w;2) 2~ dz| < es.0(w; /wy)? /Y.
0

Lemma 3.3. For each € > 0 there exists ¢33 > 0 depending only on € such that for b’ €
[€2,672] and all k € N,
wy, > c3.3k.

Lemma 3.4. For each € > 0 there exists ¢34 > 0 depending only on ¢ such that for b’ €
[e2,e72] and all k € N,

[Ty (wi)] > cs.4w;, 2.

We will also need the following classical analysis result—see Theorem 318 in [HLP34]. As
it is neat, short and fun, we give an alternate proof.

11



11
Proposition 3.5. Suppose v > 0 and K(j,k) = 1(j<x)j" 2k 2 Y. Then
> lagllarl K k) < (v A1/2)70) " fag]?.
1<j<k<oo j=1

Proof. As the left side is clearly decreasing in v it suffices to consider v < 1/2. Fix N for the
moment and consider the bounded linear operator Ky on ¢? defined by

KN(j, ki) = K(], k)l(kSN) and (KNa)j = Zzozl KN(j, k:)ak Let K;;](]’ k) = KN(]{I,]) and
note

(KA KNG k) = > Kx(,m)Kn(m k) =Y Kn(m, j)Kn(m, k)

10

Jnk 11 11
- Z m’” 2572 " Ym T 2kT2 T Ve
m=1
1, Sk 1
SQ—(J/\k)2J 2 Vg2 Vl(jvng)
14
1 . .

In the next to last inequality we have used the fact that v < 1/2. If x = (z1,22,...) € 22, let
y = (Jz1], |x2],...). We have

(K3 Ewx)] < (K En)y)s < 5o (K5 + Kn)y)s,

SO
IENEN)xlle < o (KNI + BN DYl = K]l

Hence
. 1
K = K& KNl < 7l

which implies |[Ky|| < L. Let b; = |a;|. By Cauchy-Schwarz,
S gl las KGik) = i (Kb < bl Knblles < bl = - ol
1<j<k<N j
Now let N — oo. U

Now let V) denote the resolvent associated with the generator A. Set b = b/v. The

L2([0, M], 2" ~'dzx) norm will be denoted by || - ||2. Let D = D(b,~) be the dense subspace in
L? consisting of finite linear combinations of the eigenfunctions (. Note that the constant
c3.¢ in the next result does not depend on M.

12



Proposition 3.6. For each € > 0 there exists c3 g > 0 depending only on ¢ such that if
b, € [e,e71], then

av;
iup”%‘b < cs¢|fllz2 forall f eD.
>0

Proof. Let b,y € [e,e71], so that b’ = b/~ € [¢2,e72]. From p. 45 of [W44] we have

d / p
E(’Z—(b _1)Jb’—1(z)> = ).

From this and (3.3) we have

er(z) = mjb/ (wir/z/ M)z /2.

This implies that if f = 2?:1 arpr then, since Vipr = (A 4+ A\p) " Loor,

1
de - Sy (w/z M~ 2)
A Z)\+)\ o (x Z)\f;k(wkb Wi/ T b/>,

2M ‘ Jb/(wk) ’ x 2

where the )\, are as in (3.4). Hence

M
/ |dvAf(>| R
0

1 1
1<j k<N (A+A5) /\+/\k) 4M?2 | Jb’(wk)Jb'( ) |
(A WEW; 2dz
- Jor ( Jp
Z 4M2()\+)\j)()\—|—)\k) | Jb’(wk)Jb/ wj ‘/ b ’LUkZ) b (wj ) >

1<j,k<N

In the last line we substituted z = /x /M.
Set v =" A (1/4) and use Lemmas 3.2, 3.3 and 3.4 to conclude that for some constants
which depend only on ¢,

d ) |ajl|ag|w; w? wj\Y
Izl < e 2. M2()\+)\j)()\+)\k)<w_k>

1<j<k<N
ja |k w2 wp
ajllak|w; w W
=a ) (MA+Jw)(M)\i w)< j)
1<j<k<N k
wy_%
< Y ol lanl (—L7)
j<k<N wy,
laj] |a| O 2
<cz Y kufﬁ—jrugu cs Y lagl. (3.6)
i<k<N J<N

13



Here we used Proposition 3.5 in the final line. Since ||f||3 = > |a;|* this completes the proof.
U

We now show that the one-dimensional result, Proposition 3.6, is all we need to handle

the hlgher dimensional situation. Let b9,~Y € (0,00) fori =1,...,d, fix M > 0, let p;(dx;) =
xf "da;, where b, = b9 /~?. Define p(dz) = Hf;l:1 J;?i_ld:vi. Let ||-||2 denote the L2([0, M9, u)
norm.

Set
0? 0 .
Al @) =g @+ @, ee ML 1S4
J

for f € C2([0, M]¢) such that f(x) = 0 whenever z € Up;. We will also need
Ajf(@) =jaf"(z) + b5 f'(z), 2 €[0,M]

for f € C%([0,M]) with f(M) = 0. Thus A; is the operator A; considered as an operator
in one dimension. Let Vf be the resolvent for A;. For each j let {gpi : k € N} be the
complete orthonormal system of eigenfunctions for A; on L?([0, M], uj(dx)) and let )\i be the
corresponding eigenvalues. If k = (ki,...,kq), then ox(x1,...,24) = H;i 1 gai (x;) defines a

complete orthonormal system in L2([0, M]%, ). Let A(k) = Zj 1 )\ . Recall that

0p % 00/
=1 7

and therefore
L%, = —A(K)px. (3.8)

Proof of Proposition 2.2. Recall that R} is the resolvent of the operator £° with zero boundary
conditions on Uj,;. Set

Do = {Z axpk : ax 7 0 for only finitely many k}. (3.9)
k

Since Rypx = (A + A(k)) Lok, we have Ry(Do) C Do C CZ.
We begin by proving that

8R>\ f

H2 < czelfllz forall f € Dy. (3.10)

We will do the case 7 = 1; the proof for other j is exactly the same. Suppose



Set

g(ajl;kQM . '7kd) = Z akgpllijl(xl)'
ki=1

Set o(k) = A}, + -+ )\gd. We have

N N
Vi oao9(@iska, o ka) = ) ax Ok (T1) = Y T P (@)
— AL, F AL AL k1:1A+A(k)

It follows that

N
N
- Z Qpig('j’?)"'ngd(xd)(v)\l—f—a(k)(g(';k)%"'7kd)))(x1)7
ka,..., kq=1

and hence that

OR\f al d
A 2 ... d — 1 .
axl ( ) N 2 k:dZI Pk (1132) Pl (l’d) dz, (V)\+U(k) (g( ) k?a SRR kd)>)<x1)
If m=(mq,...,myg),

/ Z Z 901«2(“32)%%2(902) wkd(wd)wmd(md)

ka,....kq=1 ma,...,

0
||3—331ka||%2(“) =

\

d

9 d%l(vmk)(g(-;kz, k) @) =Vl gy (952, ) (1)

X pro(dwz) - - - pra(dzq)pr (dry).

Since [ of, (x4)h,, (xi)pi(dz;) = 1 if k; = m; and 0 otherwise,

0
I R I3 = 5 / - Va0 (0 o B))) () P )

ka,..., kqa=1
d 2
= Z ||d_l‘1(v>\+a(k)( ('MkQ;"‘akd)))”LQ(ul)
-
N
< 3.6 Z lg(; k27"'akd)H%2(ul)7
ko,....,kq=1
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using Proposition 3.6. But

N
gk, k) ) = |l Z axk, 720y = D lancl®.

ki=1 ki=1

Therefore

o N N
Ha—le,\fH% < c36 Z Z lax | = cs.6] f1|3,

koyeokg=1k1=1

and so (3.10) is proved.
If f = Zk axpk € Dy, then

j

R
AR\ f = Zak)\ n )\(k) P,
and so .
|A;BAS I3 = 3 af (L)z <> @t =113 (3.11)
JAUA 2 — ” k Y + )\(k) — - k — 2 .
Finally, note that for f € Dy,
P Raf@) = S AR pe) - 5L Ry po)
Y R0 A 0 9. twJT);
dx3 o V) O
the proposition therefore follows by the bounds (3.10) and (3.11). O

4. Bessel functions and their zeros

In this section we prove Lemmas 3.2-3.4. Each is standard for a fixed ¥, but we need
estimates that are uniform over b’ € [e,e71]. We first prove

Lemma 4.1. Let J, denote the Bessel function of the first kind with parameter b’ > —

(a) Jy(x) < 1&?{,?1) exp(Q(b,+1)> for all z > 0.
(b) For any € > 0 there is a c4.1(¢) such that for all =1 < b’ < g~2

2
Jy (x) =4/ — cos(z — b'w/2 — 7/4) + Ey () where |Ey ()| < ¢y 1272 for all x > 1.

Proof. (a) follows from the series expansion of Jy (see (1) on p. 44 of [W44]).
(b) This is a very simple case of the asymptotic expansions on p. 206 of [W44]. We let
() =z(x+1)...(x+n—1) and {z} be the least integer k > z. Define

i (¥) = (1) (/2 L2 )m1/2 4 U)o

ml2m
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Choose the smallest positive integer p so that 2p > e72 — 1/2. Then (1) on p. 206 of [W44]
gives (for —1 < b’ <e7?)

2 br  w , _ bVrm 7 ,
Jy (x) = — (Cos(a: -5 - Z)P(x,b ) — sin(x — 5 = Z)Q(w, b )) )
where
p—1
P(z,t) =) agm(t)z™?™ + Ryp(V, ),
m=0
p—1
Q1) = 3" azmsr (W)~ ™D 4 Ry (0, 2),
m=0
and

|Ry (b, )| < |ag(b')|z~7 for ¢ = 2p or 2p + 1.
This shows that (b) holds with

2 brw , _ br  w ,
By (z) = %<Cos(x -5 — DP@Y) = 1) —sinz — - - )Q(@,b )).
The above bounds now give the required bound on Ejy (x). g

Proof of Lemma 3.2. Let v =V A i and combine the bounds in Lemma 4.1 to see that for
g2 <Y <eg?

Y

Jy (:L‘) < C()xyl(xgl) + Clx_l/gl(w>1)7

where ¢y and ¢y are constants depending only on . This implies that for j < k,

1
dz
[tz
0 z
1

1
oy Wy d
g/ * cg(wkwj)”zQ”_ldz—l—/ ’ cocl(wkz)_%(wjz)”;
0

1

—}—c%/ (ijk)_l/Qz_zdz

< c§(2v) " Hw; Jwr)” + coer(1/2 — v) T H(w; fwi)” + cF (w; /wy) '

< [03(252 A1/2)7 + degey + c%] (w;/wg)”.

Proof of Lemma 3.3. First consider k£ = 1. Note that
S (w/2)°™ 1y

f(b’,w) = Jb/,l(w)/wblfl = Z(—l)mm

m=

17



is a jointly continuous function of (b',w) € (0,00) x [0, 00). Since

inf  f(¥,0)= inf 2"YT@W) ' =n>0, (4.1)

e2<bh/'<g—2 e2<bh’'<e—2
by uniform continuity there exists 6 > 0 depending only on ¢ such that

(b/7w)e[5121’1572]><[076] f( ,UJ) = 7’]/

This implies
inf  wy(b) > 4. (4.2)

e2<h/ <e—2

Let N(R,V') be the number of zeros of Jyy_; in [0, R]. We claim that

sup N(R,b') < oo for all R > 0. (4.3)

e2<b/<eg—2

If this is false there is a sequence {b/,} in [e?,e72] which converges to by such that the number
of zeros of f(b),,-) in [0, R] approaches co. Now the series defining f(?’,-) shows that we may
extend it to an analytic function in the complex plane for each v’ > 0. Moreover as n — oo,
f(b,,-) converges to f(bg,-) uniformly on compact subsets in the complex plane. Rouché’s
Theorem now shows that the number of zeros of f(b],-) inside a smooth simple closed curve
on which f(bg,-) does not vanish approaches the number of zeros of f(bg,-) inside the same
curve. This implies that f(bg,-) has infinitely many zeros in [0, R] which is impossible for a
non-constant analytic function.

We claim that there exist R,co > 0 depending only on e such that if w/, (b’) is the nth
largest zero of Jy—1 in (R, o0], then

wl (b') > con  for all b € [¢%,67%] and all n € N. (4.4)

Let I, = [(b' —1)7/24+7/24+nm, (b —1)7/2+7+n~]. It follows from Lemma 4.1(b) that there
is an R > 0 depending only on ¢ so that all the zeros of Jy_; are included in U2, I, U [0, R].
Suppose Jp—1 has two zeros in I, N (R, 00). Since the zeros of Jy_1 and Jy are interleaved
(see p. 479 of [W44]), this means J, must have a zero in I,,. Now on I,,,

| Ty (z)| = |\/gcos(x —0'r/2 —7/4) + Ey(x)]

| % sin(x — (b — 1)7/2 — 7/4) + Eyp ()]

(mx) Y% — cy1273% > ()2 /2> 0,

v

where the last line holds if we take R sufficiently large (depending only on ¢). This contradic-
tion proves that J, —; has at most one zero in I,, N (R,00). (It is in fact easy to use Lemma
4.1(b) to see it has exactly one zero in this interval but we will not need this.) This implies
that

w (b)) > —1)7/2 4+ 7/2 + nm,

18



and so (4.4) is proved.
Now use (4.3) to obtain an integer N depending on ¢ which bounds the number of zeros
of Jy—1 in [0, R] for all b’ € [¢?,e72]. Therefore (4.4) implies that

Wpen () > w (b)) > con > (n+ N) for all n € N. (4.5)

€o
N +1
For n < N note that (4.2) implies that for all ¥’ € [¢2,¢72],

J

N>§>—n
wp (b)) >0 N

This and (4.5) complete the proof. O

Proof of Lemma 3.4. Let i/ € [¢2,e72] and assume w, (V') > R > 1, where R depending only
on ¢ will be chosen below. By Lemma 4.1(b) we have

2 V-1
0=Jy_1(wy,) = — cos(wy, — % — Z) + Ep 1 (wy)
and so, as wy, > 1, Lemma 4.1(b) implies
b — ) e _
| cos(wy, — % ) |< 5 j,l = cow,, ' (4.6)

Use the equality cos(z — 7/2) = sinx to see that for w, (V') > R>1 and b’ € [¢2,e72]

-1
| Ty ()| = )Q/an sin ( w,, — 5 ¢’ =r %) + Ey (wy,)
1
> 1— cw,? - —3/2 > . 4.7
> \/m}n\/ ciw cyqw, %% > N (4.7)

We have chosen R large enough so that the last inequality holds, and in the next to last
inequality we have used (4.6) and Lemma 4.1(b).

Assume next that b’ is as above and w,,(b') < R. Implicit in the normalization in (3.3)
(or see p. 258 of [H]) is the fact that

Y

1 Wn
L Ty (wn)? :/0 2JE (wpz)dz = w,f/o uJy _1(u)? du.

Therefore
wi (b/ )

2y (w,)? > R_Z/o uy 1 (u)? du

0
_ ’_ J/, (u) 2
2 20’ -1 Jb' -1

19
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In the last line § = 0(¢) is as in (4.2). If pisasin (4.1) then (4.1) shows that (Jy_q (u)/u? ~1)2 >
n?/4 for (V',u) € [€2,672] x [0,8]. So (4.8) now implies

i
[y (wn)| = R0 > efe) = ofe)Vaw, /2

(the last by (4.2)). This together with (4.7) gives the required lower bound. O

5. Finiteness of resolvents

In this Section we prove Proposition 2.3. Our strategy is to approximate X; by processes
X7 of the form (5.1) below, obtain the analogue of Proposition 2.3 for these processes, and
then pass to the limit; cf. [SV79], Theorem 7.1.4. One complication that arises here and that
is not present in the work of Stroock and Varadhan is the following. In order to ensure that
1Sy f| < oo for f € L? we must start the process with an initial distribution that is absolutely
continuous with respect to the measure p. This requires us to show that the distribution of
X[ at each of the times [s], is also absolutely continuous with respect to p; this is used in
Lemma 5.3.

Let £ be given by (1.2), M > 0, and assume X is a solution of the stopped martingale
problem for (£, [0, M)%) with initial distribution v on [0, M)?. Recall that we write 7 = 73/
for the first time | X|| = M and if f : [0, M]? — R we set f(9) = 0 and let

S)\f = E(/ G_Atf(Xt)dt>
0
be the resolvent operator associated with X. Let

1Sxl[w = sup{[Sxfl: [ f]l2 < 1}

We may assume there is a d-dimensional (F;)-Brownian motion By = (B}, ... B%) such
that

t t
X! :X8+/ V27 (X)X de,—}—/ bi(Xs)ds fort<Tandi=1,...,d.
0 0

Let 7;(0) = 7Y, b;(9) = b?, and define X, = 9 for s < 0. Set [s], = ([ns] — 1)/n, and
approximate X by the unique solution of

t t
X;“:ngu/ \/2%-(X[S]n)XS”’ZdB§+/ bi(X(g, )ds, t >0and i=1,...,d. (5.1)
0 0

Note that for 7 > 0 on [%, %] and conditional on Fj/,, X" = (Xm1 ..., X™9) has generator
of the form (3.7) but with 7 and ) replaced by the random coefficients ~;(X(j_1)/n) and
bi(X(j—1)/n) (which will equal these constants for j = 0 or j large enough), respectively. With
this in mind, one sees that pathwise uniqueness in the above equation for X" is immediate

from the classical result in [YWT71]. Note also that, unlike X, X]* # 0 for all ¢t > 0.
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Lemma 5.1. For any T > 0, sup,.pa, | X{* — X¢|| L0 asn — .

Proof. Since the b; and 7; are bounded on [0, M]9, it is routine to show that the sequence
{(X"(-A(r=)), X(-A(r=)), B) : n € N} is tight in C(Ry,R%)? x C(R,,R%). Let (X, X, B)
denote any weak limit point. Then standard arguments (e.g. see [Ke84] ) show that on an
appropriate filtered space (2, F, F;,P), B is an F;-Brownian motion and (X°°, X, B) satisfies
fori=1,...,d

| e e
Xt A (7)) = Xi 4+ / 29 (X)X dBT + / bi(X,)ds
0 0

. ) tA(T—) ) tA(T—)
X'(tA(T—)) =Xy + V27 (X)X dB;—I—/ bi(Xs)ds.
0 0

Using the inequality vz —/y < o —yfor 0 <y <z, we can bound the local time at zero
of X°°" — X" (see [RY91]) by

tAT - :
Lipr (X0 = X7) = 15%151/0 29 (Xs) (\ X" = VX)L yooii_xic(0.0)) 48

tAT
3 _1 7‘ ] o
< 2[00 lim /O (X5 = X)L xeoi_xic(0,e)) 95

tAT
<2l [ Loy ds =0

By Tanaka’s formula this means that E(|Xf:&i_) - XZ/\(T—)D =0 and so X*° = X as. It
follows that sup, 7, [| X — X0, and hence also converges to 0 in probability. O

Now let T,, = inf{t : | X[*|| = M}, set

v — Xr o ift<T,
1o ift>T,,

and let ST f = E( IS f(Y e dt) be the resolvent associated with Y™ (with the fixed initial

law v), where as usual f(9) = 0. We will prove Proposition 2.3 by obtaining an upper bound
on ||SY|l, = sup{|SYf| : || fll2 < 1} which is uniform in n.

Let £° be as in (3.7) for 82,4 > 0 as in the statement of Proposition 2.3, let X7
be a solution to the stopped martingale problem for (£, [0, M)?), denote the corresponding

0 ;0 0 0_ 0 ;0
resolvent operators by R} b and recall p(dz) = []° 2%/" " dz;. The notation | R3 s

;=1 "1
will refer to the norm as an operator on L2([0, M ]‘%, p). A trivial eigenfunction expansion
shows that

||R10’b0’|2 < A for all 42,0° € (0, 00)¢ and \ > 0. (5.2)

030
Lemma 5.2. For any ¢ > 0 there exists ¢5 o = ¢5.2(8) such that if q; b (z,y) is the transition
density of X7**" with respect to u and t > 4, v >6, and 671 > b0 /4P > 4, then

ObO
2! 7 lloo < 5.2
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Proof. 1t suffices to consider d = 1 since g, °:0° factors into the product of its one-dimensional
marginals. It also suffices to show the required bound holds for the corresponding transition
density, pzo’bo(x,y), of the process which is not killed upon exiting [0, M). Dropping the
superscript zeros, and using the above notation for these unkilled processes, we note first that
%X? b s equal in law to X22%/7 and so is the square of a Bessel process of dimension 2b/~. If

a=b/y—1,and ho(2) =D, an, then (see p. 411 of [RY91])

0 ;0
i () = ()" exp(— (@ + y) /vt ha(wy /47 E).
The fact that sup,s>_14s .cjo,x] fta(2) < 0o for any §, K > 0 now implies the result. O

Lemma 5.3. Assume v(dx) = p(z)u(dz) for some p € L?(p). Suppose (2.2) and (2.3) hold.
Then [|SY||, < oo for each A > 0, n > 1.

Proof. Set v* = ¥(X(1—1)/n), V¥ = b(X(r-1)/n), and p(dy) = T], %(-b?/ﬁ)_ld% for £ >

0. Let f be a non-negative function in L?(x) and let IE‘””(f(X”k’bk)) denote the (random)
expectation with respect to the solution of the stopped martingale problem for (£, [0, M)%),
with initial law &, where (v%,8°) = (v*, %) are now random. By the definition of S¥ we have,

Sif =Y B (Exy, ( /01/n Mt ) )

k>0
0,0 ©o k 1k
< / R f(@)pla)dp(x) + e MEE(RY T £ Fe-1)/m)
k=1
<ALzl
oo k ok k—1 pk—1
F e / B f@)al), " (K @i (d)) (5:3)
k=1

Ic—l,bk—l

where (5.2) is used in the last line and ¢ (0,-) = 0 by definition. Now use Lemma

n
5.2 and (2.2) to bound the (random) transition density in the above summation and conclude

that the expectation in the above summation is at most

B ([ 1 fw (o)
d d
- an(</ R}k’bkf(flf)QMk(d:r)>l/2 </[O » sz;—(b?/vf) Hx?(bfl/vfl_ndm)l/z)
) i=1 =1

d
— 2(bF L /R bk /4 EY—1 1/2
< Cn>\ 1||f||2E<</[OM]dez( Y R B VLT dl’) > (54)
) 1=1

In the first inequality we have used Hoélder’s inequality and in the second we have used (5.2).
Now use (2.2) and (2.3) to see that




and hence (5.4) is at most

o d B 1/2
@M‘th(/ AII@EQ)1+IIx? yu) .
[07M} =1 =1

We use this bound in (5.3) to conclude that

Svf < A Mlollz + A e(n, e, M) £l

The required result follows by applying the above to the positive and negative parts of an
arbitrary function in L?(u). O

Proof of Proposition 2.3. Using the notation f;; = % f/0x?, define

LY f(x) Z% Joi fii(z) + bi(y) fiz), f € C*(RY),

so that in particular £ f = £Of, and let BW f(z) = (LW — L£O)f(z). If f € C?([0, M]%),
flu =0, and f(9) = 0, then by Itd’s lemma,

t
FOP) = F(¥0) + N [ £ pyas

where Ntf is a martingale. The above is clear for ¢ < 7 but then follows for all ¢ > 0 because
our assumption on f implies that f(Y; ) = 0 and so both sides vanish for ¢ > 7. Therefore
if A >0,

Sif=E( / Pt [£(Xo0)+ / t LD £y ds] at
0

:A‘lE(f(Xo))+)\_1E</ e s L(X(s] ”f(Y“)ds) (5.5)

0

Recall the definition of Dy from (3.9), and write Ryg for Rzo’bog. Let ¢ € Dy. Since
(A — LY Ryg = g, we have

LY Ryg=BYRy\g+ LRyg = BY Ry\g + ARxg — g. (5.6)

Now set f = Ryg in (5.5): using (5.6) we have
ST (Rag) = E(Rag(Xo)) + ]E(/ e LX) Ry g(v)ds)
0

= E(Rxg(Xo)) + E(/ B(X([S}”)RAQ(YS”)e_“dS) + ASY(Rag) — S¥g.
0
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Therefore by (2.1) we have

5391 = \E(me» +E( /0 T BN Ry (i) as )|

<1 [ matwptamian+ e[ [ZY’” Rag)a (V)] + (Rag)s (V7))

< llplloA" gl + <2K>*1||ss||y(z les(Raghiillz + I (Rrg)ill2),
1

where (5.2) is used in the last line. By (2.2) we may apply Proposition 2.2 and conclude that
for all g € Dy,
[Sxgl < A7 pllallgllz + (2E) THISK L K lgll2

= A" ollallgllz + 31183l llgl2-

Since S¥ is a bounded linear functional on L? by Lemma 5.3 and Dy is dense in L?, we see that
1%, < (1S%lw + [lpll2A™!. Lemma 5.3 implies that [|S%|, < co and so the above implies

2[lpll2
.

1SX Il < (5.7)

By Lemma 5.1 and by taking a subsequence, if necessary, we may assume

sup || X7 — X[ “o.

t<TAN

This implies liminf 7,, > 7 a.s. and therefore lim,,_,., Y,* = X, for all 0 < s < 7. Therefore,
Fatou’s Lemma and (5.7) show that for f € C([0, M]?),

. eom 2
Sx(171) < tmint $5.(11)) < 20202 g,

The above inequality now follows easily for all f € L2. O

6. Continuity of resolvents

In this section we prove Proposition 2.4. The main step in the argument (in Theorem 6.4)
is the prove the continuity of harmonic functions for the process X. This is done by adapting
an argument of Krylov and Safonov. All the difficulty is at the boundary; if X, € OR? then
we have to control the behaviour of X as it leaves the boundary. Using a comparison with
Bessel processes (Lemma 6.2) we show X leaves the boundary sufficiently rapidly so that the
other components of X do not change much. Once X has left 6’Ri we can use the estimates of
Krylov and Safonov (extended in Proposition 6.1 to diffusions with bounded drift) to deduce
an oscillation bound, which is then used to imply the continuity of harmonic functions.

The Lebesgue measure of a Borel set G will be denoted by |G|. Recall that T and
T are the first hitting times of G and G¢, respectively. A closed box is a set of the form
[a1,b1] X -+ X [ag, ba]. We use Int(Q) to denote the interior of Q.
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Proposition 6.1. Let Qy and Q1 be closed boxes in R? with Q; C Int(Qq). Let Y satisfy
the stochastic differential equation

dY; = o;(Y1)dBj + 3;(Y)dt, i=1,...,d, (6.1)

where B is a d-dimensional Brownian motion, o; and (3; are functions on R?, the a; are
continuous and the (3; are Borel. Let {PY,y € R?} be the laws of Y with Yy = y. Suppose
there exists A > 0 such that

M <ai(y) <X 1Bi(y) <A, yeRL (6.2)

Let G C Qo with |G| > %|QO|. Then there exists a constant p; > 0, depending only on d, Q,
Q1 and X\ such that
PY(Tq < 1g,) >p1 forally € Q.

Proof. Let QY denote the unique solution to the martingale problem corresponding to the
stochastic differential equation

dY) = a;(Y)dB!, i=1,...,d.

Since the «; are continuous and uniformly elliptic, both PY and QY are uniquely defined by
[SV79]. The Girsanov theorem tells us that the Radon-Nikodym density of QY with respect
to PY on ‘Ft/\TQo equals

et
My —exp (32| HiaB: - [ HiPas).
— Jo 0

where the H' are adapted processes with |[H!| < A2,
By the theorem of Krylov and Safonov (see, e.g., [B97], Theorem V.7.4) there exists py > 0
(depending only on d, A\, @;) such that

QYT <19,) >p2 forallye Q.

Also, by the Dubins-Schwarz theorem ([B95], Theorem 1.5.11) there exists ¢t > 0 sufficiently
large so that
QY(rg, >t) < %pg for all y € Q1.

Therefore if F' = {T¢ < 7¢q, < t}, we have QY(F) > %pg for ally € Q1. So, writing T = tA7g,,
Ips S QY(F) = BY1pMyp < PY(F)Y2ELMZ)Y? for all y € Q.

Since E4 M2 < exp(2dA*t), the result now follows. O

Remarks. 1. Since this result only concerns the behaviour of the process Y up to its first

exit from @, we only need assume that Y satisfies (6.1) for 0 <t < 7, (Y).

2. As the proof of Proposition 6.1 is invariant under translations in R, the constant p; =

p1(d, A, Qo, Q1) can be chosen so that it is not affected by a translation of the boxes @Q;.
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Lemma 6.2. Let H and J be predictable processes satistying, for some constant 1 < kK < 0o
milgHsgm, mingsgm, s > 0.

Let B be a Brownian motion and let V satisfy, for some vy > 0,

¢ ¢
Vi =g +/ H\/2VydBg + / Jsds.
0 0

Let tg > 0, and S be a random variable uniformly distributed on [%to,to], independent of B,
H and J. Then for each € > 0 there exists a constant § > 0, depending only on tg, Kk and ¢,
such that

P(Vs <9) <e. (6.3)

Proof. Let Ay = f; HZ2ds and o; be the inverse of A. For any process X we write X, = Xo,-
Note that we have the bounds

K2t < Ay < K%, kT3 < oy < K2

The process V satisfies, for a Brownian motion B’,

t t
Vi =vo+/ \/ 2VsdB;+/ JsH; 2ds.
0 0
Let U be defined by
t t
U = / 2U,dB., + / Kk 3ds;
0 0

then as k3 < J,H;2 by a comparison theorem (see Theorem V.43.1 in [RW87]) we have
U <Viforallt > 0. Set Uy = Un,. Write p(s) = (2/t0)1(s,/2,t,)(s) for the density of S. Since
S is independent of U and A we have, for any A > 0

P(Vs <A) <P(Us < A) =P(Ua, <N

) / 1o (T, )p(s)ds
0

= E/ 1[0,)\](&75)[)(0})]?;2dt
0
t0R2 ~
< K?E / Lo (T0)(2/t0)dt.
to/2h§2

The process U starts at 0 and has transition density q; * as in Lemma 5.2 with respect to u,
with d =1, v =1 and b = k3. Therefore

A toh}2 _ _
P(Vs ) < 6 t0) [ o [ gt 0, s (6.4)
0 t0/2li2
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The integral (6.4) converges to 0 as A — 0 by Lemma 5.2, and so, taking J small enough we
have proved (6.3). O

Remark 6.3. Write Ty; = inf{t : V; > M}, and T}, = inf{t : U, > M}. Then we have, using
the comparison between U and V above, that Ty < h?T},. Since a squared Bessel process
with a positive parameter has integrable hitting times, we obtain

ETy; < h*ETy,; < h?e(h™3, M) < .

Definition. Assume Dj is a domain in ]Ri and ((P*)zep,u{ay, X¢) is a Borel strong Markov

process taking values in DoU{d}. If D is open in Dy, a Borel function h : D — R is X-harmonic
in D if h(X(t A7p)) is a PP-martingale for every x € Dj.

Theorem 6.4. Suppose that M € (0,00], and ((P*,z € [0, M)?), X;) satisfies the hypotheses
of Proposition 2.4. Let D be open in [0, M )¢, and h be a bounded X -harmonic function in D.
Then h is continuous on D.

Proof. Tt is enough to prove that h is continuous at each z € D. If z € (0, M), then by
changing the diffusion coefficients outside of a small ball B, centered at z, we may assume
that h is X’-harmonic on B where X’ is a diffusion with bounded, continuous, and uniformly
elliptic diffusion coefficients. It is then well-known that h is continuous on B — see [B97],
Theorem V.7.5.

Now let z € aRi N D; by permuting the axes if necessary we can assume that z =
(#1,+-,2k,0,...,0) where 0 < k < dand z; >0 fori < k. (If =0 then & = 0: this is covered
in the calculations below, but some of the estimates required for the general mixed case are
not needed.) Choose ¢ € (0, 1), and for n > 0, set

k

Rn(ZJ)) = H[ZZ - qna Z4 + qn] X [7]7 n + q2n]d—]€.
i=1

Choose N = N(z) so that Ry(z,0) C D and 2¢" < min(z1,...2;). The hypotheses on b; and
~v; imply that there exists a constant e = €(z) > 0, (depending on z) such that

g1 < bi(z) < 51_1, g1 <i(x) < 51_1, x € Ry(2,0), 1<i<d.

If D' € D let Osc (D', h) = sup{|h(x) — h(y)| : x,y € D'}. To prove that h is continuous
at z it is enough to prove that there exists p = p(z) < 1 such that

Osc (Ry42(2,0),h) < pOsc (R, (2,0),h), n > N(z). (6.5)

Fix n > N(z). By looking at c1h + co for suitable ¢; and ¢, we may assume supp h =1
and infg, h = 0. Define ¢ : RT — Ri by ¥(x) = (¢ "x1, ..., ¢ "Wk, ¢ Tt 1, - @ 2 Ty).
Note that if w,, = ¥(2) then ¥(Rptm(2,0)) = Ry (wy,,0). For any function g : R4 — R
write G(y) = g(¢¥ ™ (y)). Let Yi = ¢(Xgony), PY() = P¥ W(Y € .), and P? = P?; then
(Pv,y € (0, M)?) U {8}),Y) is a Borel strong Markov process, and & is Y-harmonic in
R()(wn,O).
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We use 7., T' for the exit and hitting times of the process Y. To prove (6.5) we only need
consider Y up to the time o = Tg(x, 0. The process Y satisfies

dY} = ¢"*\2¥j5(V))dB] + ¢"bi(Ye)dt, i<k, 0<t<o (6.6)
dY; = \/2Yi7,(Y)dB! + b;(Y)dt, k+1<i<d, 0<t<o (6.7)

Here B is a d-dimensional Brownian motion. For i < k, set o;(y) = ¢"/2(2y:9:(y))"/2. Then
since for x € R, (z,0),
520 <zi—q" <x <z +q" < 2z,

we have %q*”zi <wy; <2¢ "z for y € Ro(wy,,0). Thus
(2612)Y2 < ai(y) < (2e7'2)Y2%,  y € Ro(wy,,0), i<k (6.8)

The k-dimensional process on Ry(w,,,0) defined by (6.6) therefore has uniformly elliptic diffu-
sion coefficients, but with the ellipticity bounds depending on z. To prove (6.5) it is sufficient
to prove

-~

Osc (Ra(wy, 0), k) < pOsc (Ro(wn,0), ), (6.9)

for a constant p = p(z) < 1. We do this by, first, finding > 0 such that Y hits R (w,,2n)
with high probability, and then using Proposition 6.1 to handle the behaviour of Y in the
cubes Ry (wp,2n) C Ro(wn,n).

Standard estimates for semimartingales imply that there exists ¢ty > 0, depending only on
z and €1(z), such that

PY(max sup [Yi., —Y§|>3(a—¢*) <1 y€ Ra(wn,0). (6.10)
1<i<k 0<s<tg
This controls the oscillation of the process (Y',...,Y*). We now look at (Y**1 ... Y?).
Define processes 71 for k+ 1 <17 < d by setting 7; = Yt’ for t < o, and

Yy =\ 2V 3i(Yo)dB] +by(Y,)dt, t> o

So V' satisfies the hypotheses of Lemma 6.2 with k = 51(,2);1, and therefore there exists
1/2 > n =n(z) > 0 small enough so that if S is independent of ¥ and is uniformly distributed
on [to/?, to] then

PY( min Y, >3 . .
P (kril%ldYS >2n) >4, y € Ra(w,,0) (6.11)

Write 7; = 7R, (w,,0)(Y), 7 = 0,1, and T} = Tg, (w,, 27 (Y). From (6.10) and (6.11) we obtain

-~

PY(Ty <71) >3, y€ Ra(wn,0). (6.12)

Now let Qf = Ro(wn,n), Qf = Ri(wn,2n), and G = {y € Qf : h(y) > 3}: replacing h by
1 — h if necessary we can assume |G| > 3|Qf|. Use (6.8) for i < k, and for i > k note that on

Q8.
Vyidi(y) =V 2m(y) = e/n
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to see that the coefficients of (6.6), (6.7), restricted to Qf, satisfy the hypotheses (6.2) of
Proposition 6.1 with a A which may depend on z but is independent of n.

Using Proposition 6.1 and the remarks following we deduce that there exists a constant
p3 > 0, depending on z but not n, such that

PY(TG < Tro(wn.m) > D3y Y € Ra(wn,2n). (6.13)
So for y € Ra(wy,0), (6.12), (6.13) and the strong Markov property imply

I/Esy(TG < 7'0) > Eyl(Tl<Tl)@YT1 (TG < 7'0) > %pg.

Thus if y € Ra(wy,0), the Y-harmonicity of h on Ry(wy,,0) gives

/};(y) = I/E\:’y};(YvTG/\To) > ]/Eyl(TG<To)/ﬁ(YTG) > ip?)'

So, taking p =1 — ipg and recalling that Osc (Ro(wy, 0),/}2) = 1, we have proved (6.9). O

Proof of Proposition 2.4. Fix A > 0, and a bounded Borel measurable function f: we can
assume || f||oc = 1. Let B(z,d) denote the set of points in R% within a distance § of z € RY.
Fix z € [0, M)? and ¢ > 0, and choose § > 0 so that B = B(z,d) C [0, M)?. We claim that
we can choose § > 0 sufficiently small so that

sup EY7p < e. (6.14)
yeB

If z € (0, M)%, then we can take § so that B(x,d) is bounded away from OR% and so the
diffusion coefficients are uniformly elliptic on B(x,d). A simple application of the Dubins-
Schwarz theorem (see Theorem 1.5.11 of [B95]) now gives the required §. If z € OR%, then we
can argue as in Remark 6.3 to bound the left-hand side of (6.14) by the mean hitting time of
0 by a squared Bessel process with some positive parameter starting at 0. This can be made
arbitrarily small by making § small by dominated convergence and so (6.14) is proved in either
case.

Let D = B(z,9). For x € D set
hp(l') Z]EmS)\f(XTD).

Note that as Sy f(z) < A™!, hp is bounded, and since it is X-harmonic in D, hp is continuous
in D by Theorem 6.4. If y € D we have

Sy f(y) = BV / e F(Xy)ds + EYe 2 Sy f(X ).
0
Therefore
1Sxf(y) — hp(y)| < EY7p + A1EY(1 — e P) < 2BY7p < 2, (6.15)

where (6.14) is used in the last line. By the continuity of hp we can choose 0 < ¢’ < § so
that y € B(x,¢") implies that |hp(y) — hp(z)] < e. This together with (6.15) shows that
|Sxf(z) — Sxf(y)| < 5e if y € B(x,d"), and hence Sy f is continuous at z. O
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7. Proof of main theorem

Proof of Proposition 2.1. Let P;, i = 1,2 be distinct solutions to M P(v,L). A standard
argument (see p. 136 of [B97]) shows that for v-a.a. x, the regular conditional probability
Pi( - |Xo = x) solves M P(d,,L) and so it is enough to consider v = §,. The construction
in Theorem 12.2.4 of [SV79] (Krylov’s Markov selection theorem) now gives a pair of Borel
strong Markov processes (QF, X;), i = 1,2, so that Q7 solves M P(d,,L) for each = € ]Ri,
and Q7° # Q3° for some x(. Here we are applying this result in the positive orthant rather
than R? but one can extend the coefficients to all of R? by replacing z; with :L‘j' and note that
solutions starting in the orthant must remain there by a comparison argument as in the proof
of Lemma 6.2. Recall that ), is the exit time from [0, M)? and let

- Xt, if t < ™
Yt_{a ift > 7. (7.1)

Then Y is a Borel measurable function of X because 7, is the hitting time of a closed set by
a continuous path X (it is the increasing limit of a sequence of hitting times of open sets).
If P(-) = Q*(Y € -), and P? is point mass at the trivial path, then (P¥ X;) is a Borel
strong Markov process for i = 1,2. This follows as in Section III.3 of [BG68], but universal
completions can be avoided by the Borel measurability noted above. It is also clear that P¥
solves SM P(6,, L, [0, M)?) for each z € [0, M) and that we may take M sufficiently large to
ensure P7° # P5°. To obtain a contradiction and hence complete the proof we now show that
these Borel strong Markov solutions to the stopped martingale problem must coincide.

First consider an initial law v(dx) = p(x)du(z) for some p € L?(u). Extend any function
f on [0, M]? to [0, M]¢ U O by setting f(9) = 0. Recall that C? is the set of functions in
C?([0, M]%) such that f(x) = 0 if x € Ups. Let Dy be defined as in (3.9). For f € C2 we have
by It6’s formula

f(Xy) = f(Xo) +/0 cf(Xs)ds+Nth(TM_), (7.2)

where the last term is an F;*-martingale under each P?. Note that as f(X,,,_) = 0 both sides
of (7.2) are zero for t > 7. Let

Sif= /S’;f(a:) v(dx) = /Ei (/ e"\tf(Xt)dt)u(da:).
0
Taking expectations and integrating (7.2) we have,
NS, f = /fdu +ShLf = /fdu + (L — LOYf + ShLOf. (7.3)

Let g € Dy, and set f = Ryg. Then f € Dy by Proposition 3.1, and rearranging (7.3) by using
the fact that (A — LO)Ryg = g, we get

—k —k
S\ g = /RAg(m)du(:ﬁ) + 85(£ — L% Ryg.
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Hence, writing Wg(z) = (£ — L°)Rxg(z), we have
(S) —S3)g = (S) — S2)Wyg for all g € Dy. (7.4)

Apply Proposition 2.2, and (2.1) to see that for g € Dy,

1

— —2 —1 =2 =1 =2
|(SA - S/\)g| < ||S>\ - S/\||,,||Wg||2 < %Hs/\ - S,\||l,||g||2.

Since the gi are bounded linear functionals on L? by Proposition 2.3 and Dy is dense in L?
by (2.5), this implies H?i — ?i“u < %Hgi — giHV. By Proposition 2.3 again we conclude that

[ Sir@p@dut) = [ Sif@p@)dn(e) tor all 1.p € L7 (7.5)

We therefore conclude that S} f(z) = S%f(x) for almost every x (with respect to p). But by
Proposition 2.4 S ’f\ f is continuous, k = 1,2, hence we have equality for all x € [0, M)?. With
this fact, we now appeal to Corollary 6.2.4 and Lemma 6.5.1 of [SV79] or Theorem VI.3.2 of
[B97] to conclude that P7 = P} for all z, and we are done. O

Proof of Theorem 1.1. We first prove existence in the case when v;, i = 1,...,d, are bounded.
This is a well-known result of Skorokhod (see Theorem 6.1.6 of [SV79]) when the state space
is all of R? (rather than the non-negative orthant) and b; is bounded. The latter condition is
easily weakened to our linear growth condition (1.6). To apply the above result to the orthant,
extend x;7;(z) and b;(z) to all of R? by replacing z; by x;r for 7 < d. In particular, z;v;(z) =0
if z; < 0 and b;(z) > 0 for x outside the positive orthant, the latter by (1.5). Since these
extended functions are continuous, we have a solution P to the martingale problem for £ on
R? by the above. As in the proof of Lemma 6.2 we can apply a comparison argument to see
that each coordinate of X is locally bounded below by the square of a Bessel process. This
implies that if X starts in Ri, it will remain there and so P is a solution to the martingale
problem for £ on Ri.

To remove the boundedness condition on the 7;, let X = (X™:%) be a solution of the
above martingale problem with v in place of 7;, where these functions agree on [0, M]? and
M is bounded. We will assume XM satisfies the associated stochastic differential equation
driven by Brownian motions B*. Set

YMit) = X5+ / b (X M) |ds+/ \/QXMZ M(XM)dB'(s).

Then Y™ is a non-negative submartingale dominating X My and a standard argument using
the linear growth of b; shows that first E(3", |X*"]) and then E(Y, Y, is bounded above
uniformly in M. An application of the weak maximal inequality to ), Y Mt now shows that

SUpPy<7 D XtM " is bounded in probability uniformly in M for each T > 0. It is now standard

to establish tightness of {X™ M € N} and show that any weak limit point satisfies the
martingale problem for £ with initial law v.
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We now turn to uniqueness. As in the proof of Proposition 2.1 we may assume v = d,,.
Since the 7; and b; are continuous, the ~; are strictly positive, and the b; are strictly positive
on 9RY, for some € > 0, every point y € [0, M]? has a neighborhood V,, = B(y,n(y)) "R% in
Ri such that either:

(a) V, NORE =0,

or
(b) (i) e <bi(z),yi(z) <elforzeV,i=1,...,d;

(i) [bi() — bi(w)]. o(@) — ()| < @K (e.d)) ") for € Vi i = 1,.....d, where K(c,d)

is given by Proposition 2.1;

(iii) 2b;(x)/vi(z) > bi(2)/7i(2) + (£2/2) for z, 2 € Vyy, i = 1,...,d.

In case (a) an appropriate truncation will allow us to define bounded continuous coeffi-
cients a;;(x) and bi(x) on all of R? which agree with x;7vi(x) and b;(x), respectively, on V,,, and
for which the matrix a is uniformly continuous and positive definite. Existence and uniqueness
in law of solutions to the martingale problem for L f =2, aii fii+b; fi follows from the classical
theorem of Stroock and Varadhan [SVT79].

Assume now that case (b) holds. It is easy to use the values of these coefficients on 9V}, to

define coefficients 7;, b; on all of Ri which agree with 7; and b;, respectively, on V,;, and which
satisfy the hypotheses of Theorem 1.1 and (b) on all of the non-negative orthant, not just V,.
Now apply Proposition 2.1 with b? = b;(y) and 7Y = 7;(y) to see that there is uniqueness in
law for solutions to the martingale problem for £f = 3=, x4 (x) fii () + bi(2) fi(x). Existence
of solutions was already established above.

We therefore have shown that in a neighborhood of each point we can find diffusion
coefficients which agree with our given coefficients and for which the martingale problem
is well-posed. We now apply Stroock-Varadhan’s localization argument (Theorem 6.6.1 of
[SVT79]-see also Theorem VI.3.4 in [B97]), trivially modified to our positive orthant setting,
to see that solutions to the martingale problem for £ are unique. (Note the measurability
required in Theorem 6.6.1 follows from the uniqueness of the martingale problem as in Ex.
6.7.4 of [SVT79]).

The Borel and strong Markov properties now follow from the uniqueness and existence
established above by well-known arguments (see Theorem 6.2.2 of [SV79] and the ensuing
comments). The claimed continuity of the resolvent operators associated with this Markov
process follows from Proposition 2.4 with M = oo. O

Proof of Corollary 1.2. The existence of a solution follows by a minor modification of the
proof of Theorem 1.1 (existence only requires (1.1), (1.6) and (1.7)). To prove the uniqueness
assertion in (a), first assume (1.7) with C' = 0. For M > 0 one can suitably change ~;, b;
outside the set {z € RL : 5; < ||z||} so that (1.5) and (1.6) hold. If

T(M) = inf{t > 0: || X,|| < 1/M},

then T (M) 1T Ty < oo a.s. Apply Theorem 1.1 to the martingale problem for these mod-
ified coefficients to see that P(X (- A T(M)) € -) is uniquely determined, and hence so is
P(X(- ANTp) € -). Turning now to the general case under (1.7), note first that by considering
the solutions up to the first time they exit from [0, M]¢ we can assume without loss of gener-
ality that b; and ~; are bounded and ~; is bounded away from zero for all <. With Girsanov’s
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theorem in mind, set £ = L+, Cmi%, where C'is as in (1.7). Then b;(z) = b;(z)+Cz; > 0
for all x € 5’Ri /{0}. If P is any solution of the martingale problem for £, then the C' = 0

case proved above shows uniqueness in law of P(X (- ATp) € -) and so the same is true for any
solution P of the martingale problem for £ by Girsanov’s theorem. Here we have used the fact
that ~; is bounded away from zero and b; and ~; are all bounded. This establishes (a).

For (b), note that >, X} is a non-negative supermartingale by (1.8) and so must be
identically 0 after Tj. Therefore X is a.s. equal to a fixed Borel function of X (- A Tp) and so
uniqueness of the solution of the martingale problem for £ follows from (a). U

8. A Counter-example

The following example shows that, even if d = 1, we do not have uniqueness in Theorem
1.1 if we weaken (1.5) and only assume b > 0.

Proposition 8.1. Let b(x) = (c/ log™ %) A1 for z > 0, and let b(0) = b(0+) = 0. Ifc > 1

then the stochastic differential equation
dX, = (2X)Y2dB, + b(X,)dt, X, =0, (8.1)

has a solution X > 0 which is not identically 0. Since 0 is also a solution, uniqueness in law
fails for solutions of (8.1).

Remark 8.2. X will solve (8.1) if and only if X is a solution of the martingale problem for

L= m% +b(x) %. This Proposition is an exercise in the classification of boundary points for
one-dimensional diffusions (see, e.g., Section 16.7 of [B68]). 0 is a regular boundary point for
the generator £ on (0, c0) if and only if ¢ > 1. It follows that there are non-trivial solutions to
(8.1) if and only if ¢ > 1. We give a direct construction of a non-trivial solution for the sake
of completeness.

Proof. Let zg = e~¢ and u(z) = [ exp{—fjo (b(z)/z)dz}dy. Then u : [0,00) — [0,00) is a
strictly increasing continuous function whose range is all of [0, 00). Let s(y) denote the inverse
function to u, and set

W) 2p(2)
z

o?(y) = 2s(y) exp{—/ dz}, y > 0.

Zo

Clearly o2 is a strictly positive continuous function on (0,00). It is easy to see that o2(0) =
02(0+) = 0. Note that u’(x) is strictly positive and continuous on (0,00) and has right-hand
limit co at « = 0. It follows easily that s’ is continuous on [0, co) and

s(y) b(z)

z

) = (s()) ! = exo |

Zo

dz} for all y >0, s'(0) =0. (8.2)

It follows from the above that

s'(y)o(y) = /2s(y) for all y > 0. (8.3)
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It is clear from (8.2) that s’ is differentiable on (0, c0) and if we differentiate both sides of (8.2)
we easily derive

s"(y)o?(y)/2 = b(s(y)) for all y > 0. (8.4)

Now let Z; = W; + LY(Z) be a reflecting Brownian motion in R, starting at 0, where
W; is a Brownian motion starting at 0 and L{(Z) is the local time at a of Z;. Set A; =

fot 2(Zs)ds = [;° o(a)"2L¢(Z)da. An easy calculation shows that

/Oxo o %(a)da = /0”“’0 %(bg(l/l’)/c)_cdx < oo

because ¢ > 1. Therefore A is finite. Clearly A is strictly increasing and as Z is recurrent,
lim; o A; = 00 a.s. Therefore A has a continuous inverse 74, t > 0. Let Y; = Z,,, so that Y
satisfies

Y, = M+ L{(Y).

Here LY(Y) is the local time of Y at 0, and M is a martingale with (M), = fg o?(Y;)ds. Hence
we can write dMy = o(Y;)dBy, where B is a Brownian motion.

We now define X; = s(Y;). Since s’ is increasing (by (8.2)), we may apply Tanaka’s
formula to see that

t 1 oo
X, = / s'(Y,)dY, + —/ L{ds'(a)
0 2 Jo

:/O s'(Y,)o(Y;)dB, / ’(Y)dLO(Y)—i—%%iilol i L{s" (a)da

:/ "(Y)o(Y,)dB, —|——hm/ Y )1y, >s)dr.
In the last line we have used the fact that s’(0) = 0 (see (8.2)). Now use (8.3) and (8.4) to see

that
/ \/2X dB —|—11m/ ]_(y >6) ds.

Since b(0) = b(0+) = 0, it is clear that (8.1) follows from the above. As it is clear that X is
not identically 0 from its definition, we are done. O
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