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Summary. Let L(z, x) be the local time at x for Brownian motion and for each
t, let V(t)=inf{x=0: L(t,x) v L(t, —x)=sup L(t, y)}, the absolute value of the

most visited site for Brownian motion up tyo time ¢. In this paper we prove that
V() is transient and obtain upper and lower bounds for the rate of growth of
V(t). The main tools used are the Ray-Knight theorems and William’s path
decomposition of a diffusion. An invariance principle is used to get analogous
results for simple random walks. We also obtain a law of the iterated loga-
rithm for V().

1. Introduction

Let S, be a simple random walk in R started at 0. The basic question asked
in this paper is as follows: is 0 the most visited site infinitely often? To for-
mulate this precisely define

NG = . 145)
N(n)=sup N(n, k)
k
Um)=inf{k=0: N(n, k) v N(n, —k)= N(n)}.

The question then becomes, does P(U(n)=0 i.0.)=1? Rather surprisingly the
answer is no as we show in Sect. 5.

Our approach to this problem is to consider the analogous question for a
one dimensional Brownian motion W(t) and then use an invariance principle.
Thus let L(¢, x) be the local time of W at x up to time ¢ (for a precise definition
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see (2.3)) and define
I*{t)=sup L(¢t, x)

xz0

V(t)=inf{x=0: L(t, x)=L*()}.

(Observe that V(¢) is the “most visited site” on the positive x-axis, the results
for the entire x-axis will follow easily from our analysis of this case.) We will
prove that V(¢) is a transient process and furthermore obtain estimates on how
quickly it escapes to infinity (see Theorems 3.6 and 3.7). Set

T =inf{t: L(t,0)>r}.

Our main tool is a theorem of Knight [12] which describes L(T,,z) as a Mar-
kov process in the space variable, (for closely related results see Ray [14]).
This enables us to obtain information about V() at the random times 7,, from
which the results follow fairly easily. To give some indication of how the proof
goes, define for any K >0

I(t, K)= sup Lf(t, x). (1.1)

0=x<K

Obviously, for any ¢, L(t,0)<I(t, K)< I*¥(t). It is not too difficult to show that
for any K>0

I(T, K) _

. IMT, .
limmf—LQ—;l, lim sup 1

r= o0 r r—o
and so to distinguish between them, we investigate the second order terms. We
prove that for any ¢>0 and K >0, if r is sufficiently large

IX(T)—rzr'™ (T, K)—rsrioe

(see Propositions 3.3 and 3.5 for more precise results). From this it is im-
mediate that V(T) is transient, and a little further analysis shows that V(t) is
also. The main difficulty in this approach is to obtain a good upper bound for
P(I¥(T)-—r <4 for some re[1, 2]), which is done in Lemma 3.2.

In addition to investigating the smalil values of V(z) we also investigate its
large values. By the Law of the Iterated Logarithm (L.I.L.) for W(y), it is im-
mediate that v

t
li < 8. .
e (2tloglogt)'/? =1 as (-2
We prove in Sect. 4 that there is in fact equality in (1.2). To convince oneself
that this should indeed be the case recall Strassen’s L.I.L. [16]. Given ¢€(0,1)
let
()= s if 0£s<1—¢
R P e

Then x(s) is a limit point of W(st)/{2tloglog)*/? with probability one. Now at
those times ¢ for which W(st)/(2tloglogt)*/*~x(s), it is intuitively clear that
V(t) should be approximately (1—e¢)(2tloglogt)'/>. The proof given in Sect.4
makes this idea precise.
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In concluding the introduction we should point out that other properties of
I*(t) have been studied by several authors, for example see [1, 4, 7, 10].

2. Preliminaries

Let Y(¢) be a Bessel process of index 0, abbreviated BES(0), [11]. That is, Y(z)
. . . 1
is a Markov process on [0, o) with 0 as a trap and with generator % y” oy V.

Set X(¢)=Y?(z), so that X(¢) is a (BES(0))2. One readily checks that X(¢) is
a diffusion on natural scale with 0 as a trap and with generator 2x y”. Further
its transition densities are given by ([11] page 100)

p(%Y)=(c/9)? 207 exp(—(x+ )20 1 (x ) ?/t) x>0 (21)
where I, is the modified Bessel function of the first kind and

L(x)~e*2nx)~12 as x— 0. (2.2)

Let W(t) be a one-dimensional Brownian motion. The local time of W(z)
defined by

t

1
Lt,x)=lim — [1,_, ..., (W(s)ds (2.3)
£l 0 2e 0 ’

exists and is jointly continuous in ¢ and x except on a set of probability zero
[17]. Define, for r=0,
T,=inf {t: L(t,0)>r}.

It is well-known that {T,: r 20} is a stable subordinator of index 1/2.

Theorem 2.1 (Knight). For any r20, the process {L(T,,z): z20} is a (BES(0))?
started at L(T,,0)=r.

We now state three results which give most of the properties of L(T,, z) that
are needed in the remainder of the paper.

Lemma 2.2. (a) For each z=0, {L(T,,z): r =20} is a stationary independent incre-
ment process.
(b) For each r20, z=0, u<(22)71,

Eexp(uI(T,z))=exp(ur(l —2uz)~%).

(€) For each r=0, {L(T1,,z): z=0}is a martingale.
(d) For each z=0, {L(T,,z)—r: r=0} is a martingale.

Proof. (a) This follows immediately from the strong Markov and stationary
independent increment properties of Brownian motion.

(b) Fix z=0. We begin by computing the Lévy measure n(dy) of the Lévy
process L(T,,z). Let X, be a sequence of ii.d. random variables with distribu-
tion P(X;>vy)=exp(—v/2z) and N(r) an independent Poisson process of in-
tensity (2z)~!. Then by comparing with (2.1) a direct calculation shows that
X, +...+ Xy, has the same distribution as L(T,,z), and since they both have



420 R.F. Bass and Ph.S. Griffin

stationary independent increments, they are identical as processes. Now for
20
hn((y, o) =E ¥ 1, (UL, 2) —L(T, _, 2))
r=<h

=P(N(h)=1)P(X,>7)+0Hh* as h-0,
thus
n((y, 0)=(22)" ' exp(—7/22).
Hence

Eexp(uL(T,, z))=exp (r [ (e =1)n( dv))

0
=explur(l—2uz)~Y
provided u<(2z)~*.

(c) By (b), EL(T,,z)< o0 and by Theorem 2.1, L(T,,z) is a diffusion on na-
tural scale, hence it is a martingale.

(d) By (¢) EL(T,,z)=EL(T,,0)=r. Then for each z, L(T,,z)~r is a zero
mean, stationary independent increment process and hence a martingale. [J

Remark. The explanation for why L(7,,z) can be represented as the sum of a
Poisson number of independent exponentials is part of the “folklore” of excur-
sion theory. We very briefly sketch the argument. By 1td’s theory of excursions
[9], the number N{r), of excursions from O that reach the level z by time T, is
Poisson. By the strong Markov property, one can show that the ith excursion
that reaches z will increase local time at z by X, where X, is exponential and
independent of X,,..., X, (cf. [13]).

To find the parameters of X, and N(r), use Tanakas formula. If
T, =1inf{t: W(t)=z}, ,

EW(t,At)*=5EL(1, A1,0)

for each t. Letting t— oo, using bounded convergence on the left, and mo-
notone convergence on the right, we get

EL(z,,0)=2E(W(z,)" =
By the translation invariance and symmetry of Brownian motion,
E(L(z4,2)|W(0)=2)=EL(z,,0)=2z,

from which one can determine the parameters of the X, and of N(r).

A slight modification of the above argument enables one to compute the
distribution of L(T,,z) given L(T,,y) for 0L y=<z. This, together with the first
eight pages of [18] give, in fact, an excursion theory proof of Knight’s theorem.

The following result, which we will later apply to the process of Theo-
rem 2.1, gives a path decomposition of a (BES(0))* at its maximum and is a
corollary of Theorem 2.4 of Williams [19].

Theorem 2.3. Consider a probability space (Q, %, Q) on which the following inde-
pendent random elements are defined,
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(a) Y(t) a diffusion on [0, c0) with generator 2xy"+4y started at x=1,

(b) a random variable M with distribution satisfying P(M>m)=m~' for
m=1,

(c) for each m=1 a diffusion Z™() on [0,m] with generator 2xy"
—4x(m—x)~*y started at the entrance boundary point m and absorbed at 0.
Define p=inf{t: Y(t)=M} and ‘

Y(1) t=p

X(E)Z{ZM(t—p) t2p.
Then X(t) is a (BES(0))? started at x=1.

Remark. We will only use the premaximum representation of a (BES(0))%. It is
casy to check that in fact Y(¢) is a (BES(4))%.
Lemma 24. For all a>0
(a) {L(t,x):t=0, xeR}=%{a"'?L(at,a?x): =0, xeR},
(b) {L(T,,2):r20,zeR} £ {a~ ' L(T,,,az): r=0,zeR}.
Proof. For any a>0, X(t)=a~"? W(at) is also a Brownian motion. Let I*(t, x)

and I (1, x) denote the local times of X(¢) and W(t), respectively. Then a simple
change of variable in (2.3) gives

K, x)=a"*?¥(at,a'?x) as. (2.4)

¥

which proves (a).
Let TX=inf{t: IX(t,0)>r} and T =inf{t: I(t,0)>r}. Then by (2.4)

TX=a 1TV as. (2.5)

r al/2y
Thus upon replacing a by a? in (2.4) and (2.5) we obtain
IXNT,2)=a ' I"(T,,az) as.

ar?

which proves (b). [

If we now define
' LF(t)=sup Lz, x)

x20
we have as an immediate consequence of the above Lemma that
L¥(8) 112 [#(1) (2.6)
and
L¥(T) <7 L¥(T). @2.7)

Remark. Note that we are using ¥ for the maximum over the positive x-axis
rather than the entire real line.

In concluding this section we would like to point out that in the remainder
of this paper the symbols ¢, ¢, ¢, etc. will denote generic constants which may
change from line to line. In addition we will freely interchange between the
commonly used notations P(-| X(0)=x) and P*(+).
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3. Transience and Lower Growth Rates

In this section we will prove that V(t) is a transient process and obtain es-
timates on how quickly it escapes to infinity. Recalling the path decomposition
of a (BES(0))? in Theorem 2.3, we begin by proving,

Lemma 3.1. Let Y(¢) be a diffusion with generator 2xy"+4y" and Y(0)=1. Then
for allm>1, u>0

P(sup Y()<m)<Qnu)~2(m—1).

O=t=u
o . 1 3 i
Proof. If X(¢t) is a diffusion with generator 5 y”+2—~ y and X{0)=1 (so X is a
X

BES(4)), then (cf. [8]) the distribution of X(¢)? is the same as that of Y(z).
Moreover, there exists a Brownian motion W(¢) started at W(0)=0 such that

t
Xt)=14+W(t)+3 [ X(s)~ ' ds.
0
Since X(¢)>0 for all ¢, we see that X(t)=1+ W(t) and so

P(sup Y(t)<m)<P(sup W(t)<m!/?—1)

0=tZu 0=t=u

SP(sup W(t)<m—1).

O0=st=u

By the reflection principle and scaling property

P(sup W(t)<m—1)=P(Wu)<m—1)
— P(W ()| <u~(m—1))
<@ruwPm-1). O

Next we obtain the main estimate in the proof of transience.

Lemma 3.2. For any ¢>0, there exists a constant ¢ such that for all A sufficiently

small
P( inf (INT)—-r)<AyScit—¢

1sr<2
Proof. By Lemma 2.4, for any n

n—1

P( inf (IXT)-AN<AH< Y P( inf  (IX(T)—r)<J)
1=r=52 k=0 1+’j§r§1+m

SNp( it @< )
B " (n+k)
1grgl+——

n+k

<nP( inf 1(L*(T,)—r)</1).

1srsti+-
n
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Now for any x>0

P( inf  (IXT)—r)<A)

1<rg14+2
n

<P(inf (I¥(T) —r) <A LX(T})> 1424, V(T}) <x)

1srs14-—
n

+P(  inf (I¥T)—r)<i, V(T;)>x)
1§r§1+;
+P(L¥(T)<1+22)
=[+I1I+1II
Observe that

I= j' P( inf (IMT)—r)<A, L¥(T)>142AV(T)=z) P(V(T,)edz)
z=0 1§r§1+;‘

and that for 0<z<x

P( inf 1(L‘"(T,)—r)<)u,L"‘(T1)>1+2/IIV(T1)=Z)

1€r214-
n

<P( inf (L(T,,2)—r)<A, L(Ty,2)>1+2A|V(T,)=2)

1Sr<t+-
n

SP( inf (L(T,z)—r)< 1)

0sr=s-
= Tn

since L(7,,z)—r as a process in r has stationary independent increments. Fur-
thermore since L(T,,z)—r is a martingale, we have by Doob’s inequality and
Lemma 2.2(b)

P(inf  (L(T.z)=n)<=A=P( sup (r—L(T,2)>))

0gr<- 0<r=-
n

<e "*Eexp [u (%——L(Tl, z))]

=¢x [——ul—i—g——*—%—]
—oxp n n(l+2uz)

Lexp(—ni*/82)
if u=ni/4z Thus

I< jfcexp( —ni?/8z) P(V(T,)edz) Lexp(—ni?/8x).
0
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Next, since I*(T) is increasing, if we assume that 1<n~1, then

IISP(V(T)>x, L*(T,) <1+2/n).

From this, Theorem 2.1, Theorem 2.3 and Lemma 3.1 we see that (using the
notation of Theorem 2.3)

IHHZQ(p>x, M<1+2/n)
1+(2/m)

= i‘ Op>x|M=m)Q(Medm)
1+2/m)

= | Q(sup Y(z)<m|M=m)Q(Medm)
1 0=z=x
1+(2/m)
= [ Q(sup Y(@)<m)m 2dm
1 0=<z=x

14+(2/n)
Sex 2 [ (m—)m=2dm
1
Sex~12p2
Finally
. HI=2201+2)7'<
since L(T},z) is a diffusion on natural scale. Thus for any » and any x>0

P( inf (L*(T)—r)</1) nexp(—ni%/8x)+cx Y2n~142nA

1srs

Now given any >0 if we set x=45*% and n=A"%+? the result follows. [

Proposition 3.3. For all f>5,
L¥(T)—r

11:3 :Onf W— o0 as.

Proof. Fix f>5 and let A(r)=r(logr)~#. Then by Lemmas 2.4 and 3.2 for any
e>0, if n is sufficiently large,
P(I*(T)—r<A(r) for some re[2",2"*1))
SP( inf (IMT)—-r)<A2"tH2™

1=r=52
<cn~PE-9,
The result now follows from the Borel-Cantelli Lemma. . [

We will now obtain estimates on the growth of I(T,,h(r)) where I(t, K) is
defined by (1.1).

Lemma 3.4. There exists a constant ¢ such that for all h and 1 sufficiently small,

P(sup sup (I(T,z)—1r)>A)=cAh Yexp(—22/32h).
15722 0<2%h
Proof. Set Y(r)= sup (L(T,,z)—r). By Doob’s inequality and Lemma 2.2 (b), if
u<(2h)~1 0===h
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P(Y(r)>x)<e™ ™ Eexp(u(L(T,, h) —r))
=exp(—ux—ur+ur(1—2uh)™1).
Setting u=x(4rh+2xh)~"*<(2h)~! gives
P(Y(r)>x)<exp(—x*(8rh+4xh)~1). (3.1)
From this it follows immediately that E|Y(r)| < co, and consequently Y(r) is a

submartingale, being the supremum of a collection of martingales. Thus by
Doob’s inequality and (3.1), if u<1/h

P(lsup Yr)> D) <Le “* EexpuY(2)

=rs2

<e “* fuexplux—x>(16h+4xh)~')dx.
0

By splitting up the range of integration at x=4 one can easily show that the
integral is bounded above by

u(dexp(8u?h)+8h(1 —8uh)~'exp(—4(1 —8uh)(8h)~1)
provided u<(8h)~*. Thus if h is sufficiently small, then
P(1 s<u]&<)2 Y(r)>A)Scuexp(—ul+8u?h).
The result now follows :byz setting u=24/16h. [
Proposition 3.5. Assume that A(r) and h(r) are increasing functions which satisfy

i) A(#)/r—0, h(r)/r—>0 as r— w0,

(i) for some y, A(r)/h(2r)(logr)’ and rh(2¥)loglogr/A%(r) remain bounded as
r— o0,

Then (T, h(r)—r

limsup A_VT< 0 as.
r— o r

Proof. By Lemmas 2.2 and 3.4, for any a>0
P(I(T,,h(r)) —r >a A(r) for somere[2",2"*1))
SPI(T,h(2"* 1) 27" —r>a A(2") 2" "for somere[1,2))
A(2" a? (2"
h(2n+1) €Xp (_32h(2n+ 1)271)'

lIA

c

Since this gives rise to a convergent series if a is chosen large enough, the
result follows from the Borel-Cantelli Lemma. []

We now put together Proposition 3.3 and 3.5 to prove the transience of
V(t) and also to obtain estimates on its rate of escape.

Theorem 3.6. (a) For all y>10

.. V(T)
1 f 4 8.
1rnl:On r(logr)_7>0 a.s
(b) For all y>11
liminf—t D20 as.

t>w Y2(logt)”?
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Proof. Fix a>5, fe(5,a) and set h(r)=r(logr)~** By Proposition 3.5 with A(r)
=r(loglogr)'/?(logr)~% for r sufficiently large (depending on w)
I(T,,h(m)=r +cr(loglogr)'/(logr)~
while by Proposition 3.3 for r sufficiently large
LX(T)zr+r(log )4,
Thus for all a>5, {L(T,,z): z=0} takes its maximum on [h{r), o) if r is suf-

ficiently large and so
L V(T)
lim inf

—= >0
row F(logr)—2® =

Next, since L*(t) is continuous and T,1T,_ as str, we see that for r suf-
ficiently large
LT, )zr+r(logr)=*.

-

Now fix t; then for some r, T,_ <t<T. Thus if ¢ is sufficiently large

LX)z LT, ) zr+r(logr)™* (3.2)
while for any increasing function k(z),
1t k() < I(T,, k(T,)) <r +r(loglogr) '/ (logr) (3.3)

provided k(T,)<h(r). However by [6], for any >0, T,/r*(logr)***—0 as r — co.
Thus if we choose k(f)=t'?(logt)?**1+9 we have that for all ¢ sufficiently

large
L*(t)> I(t, k(2)),

and so V()= k(t) by the argument given above. Since £¢>0 was arbitrary, this
completes the proof of (b). [

Remark. As pointed out earlier, it follows easily from this result that
lim inf &
etV (logt)”?
for all y>11 where
V(t)=inf {x=0: L(t,x) v L(t, —x)=sup L(t, x)}, (3.4)

xelR!
i.e., V(t) is the absolute value of the most visited site on the entire x-axis.

In view of part (b) of the preceding theorem, it is natural to ask whether
t'*(logt)™7 is a good approximation to the lower growth rate of V(¢). The
following theorem shows that, up to a power of logt, it is. Since it will be
needed in the proof, we point out here that if Y(¢) is a (BES(0))* then from (2.1)
and (2.2)

liminf PY(Y(t)<1—g(t)>0 (3.5)
t—0

whenever g(f)=o(t'/?).



Most Visited Site of Brownian Motion 427
Theorem 3.7. For all y<2

lim inf 40
o tY2(logt)”?

Proof. Let p>1 and set r,=exp(n?). Given y<?2, choosen fe(y,2) and let h(r)
=r(logr)~f. Let h,=h(r,) and define

fn: sup (L( I )_L(Tr ,Z))

n
0=z=hn+y

<oo a.s.

and

J,= sup (L(T,
z>hnt
Recall that if Y(¢) is a (BES(0))?, then Y(¢) is on natural scale, thus if §<1 and
x<(1-3n79

02D —L(T,, 2)).

Pi(supY(t)<(1-2n"%)=1—x(1-2n"%"1=n"°

t=0
Hence by the Markov property, Lemma 2.4 and (3.5)
P(J,<(1—2n"%I)=P(J,<(1— =207, — 1)
=P sup Y(O)<(1=207%) (., —1,)

12k
=PY( sup Y(t)<(1-2n"%)
~ 3tn;lln+1(rn+1—rn)-1 (3.6)
> Px(squ(t)<(1 —2n7%)
x=0

Pl(Y(hrH- l(rn+1_rn) )edx)
2n  PH(Y(h,, 10, 1) DE1=3n7%)
>c —d

for n large provided o and p are chosen so that pf<24. Since the events
(J,<(1=2n"%1), n=1,2,... are independent, the Borel-Cantelli Lemma gives
P(J,<(1—=2n"%1 i0)=1. (3.7)
Next
P(LX(T,)>n~" L) S P(L* (T, )>n~° (. —1,)
rn
:n_é(rn-;. 1—h)

Thus by Borel-Cantelli, with probability one

IXT,)<n™°l, (3.8)
for n sufficiently large. Now set J(t,z)=sup L(t,x). Then by (3.7) and (3.8), in-
finitely often with probability one x>z

I, b VST, +IX(T,)
<(1-n"91, (39)
SA-n")IT, , ,h,yy)
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Thus ‘by (3.9) and Theorem 1 of [10], infinitely often with probability one
V(T +1 h( n+1
=h(L(T,_, ,,0))
<h((3T, ,  loglog T, )%
<T.2(logT, )77

(3.10)

which completes the proof. O

Remark. If .
Jo= sup (L(T,...2)—L(T,  .2)

zZ< —hny1

then following the proof of (3.6) we obtain
P <(1—2n"9)I)zPUJ- <1 -2n"%( Too1—T)Zcn’.

Now J, depends only on the positive excursions and J, only on the negative
excursions of a Brownian motion, so they are independent. Thus if <1 we
can choose 6<% and p>1 to satisfy fp<26, and then

Y P, v <(1-2n"9T)
=Y P, v <(1-20"%(,,  —1)
>Y cn™

Imitating the proof above we obtain

. V()
h?_l.glfW<oo a.s.

for all y<1, where V(t) is defined by (3.4).

4. Law of the Iterated Logarithm

We will now investigate the upper growth rate of V(t). In this case it is easier
to deal directly with V() as defined by (3.4). Thus correspondingly we in-
troduce L, the maximum value of L(¢, x) on the entire axis, defined by

L(t)=sup L(z, x).

xelR1

Observe that by Lemma 2.4, the analogue of (2.6) also holds for L, i.c.
L(t) 12 L(1). (4.1)
The following notation will also prove useful: for the Brownian motion W(t)
and any times 0<u<s, set
(W(s) —Wu)*=sup {|W () - Wu)|:ust<s}
W*(s)=sup {[W(@)]: 0=t <s}.

The proof of the LIL. for V(t) is based on the intuitive idea given in the
introduction and is similar to the proof of Theorem 1 in [7]. We will need the
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following generalization of the Borel-Cantelli Lemma. It has been noted pre-
viously by Kesten [10] and follows from the proof of Corollary 1 on page 323
in Doob [5].

Lemmadl. Let F(s)=c{W(t):0=t<s} and for k=0,1,... assume that
Cea{W(t): s, St =<5y, 1} where 0=s,<s,<... and 5,7 0. Then

Y P(C|F(s))=c0 as. implies P(Ciio0.)=1.
k
Theorem 4.2.

i 140)
im sup a.s.

t>w  (2tloglogt)/? -
Proof. The upper bound is an immediate consequence of the Law of the Iter-
ated Logarithm for Brownian motion.
To prove the lower bound assume that «<1. Now choose § >0 sufficiently
small and #, K sufficiently large so that

P=W()=<Kn)zexp(—n*/2a)+23. (4.2)

This is possible since P(W(1)>#)~(2ny%)~ 12 exp(—n?/2). Next choose A and
p such that

P(LY=SH)=1-9, 4.3)

PW*()sp)z1-0. (4.4)

Now let {=4(2pyn '+ K) 2 and set b=P(L(1)={). Finally choose 5 such that
PW*()=p)21-(b/2). (4.5)

Fix ¢>0 and let ¢ =kat/loglogt where a=#>/2a% Define, for k
=0,1,..., [(loglogt)/a]

Ej = (sup (L(ty .1, %) — L(t,, X)) S 9(1))

xeR!
B¢ =((W(tyy ) =Wt * < p (1)
=((k+DnyO =W, )SK+K)ny(e)
where y(t)=(at/loglogt)!/%. Now set
E.=E!nEXnE} for k=0,...,[(loglogt)/a] -2,
E,=(W(t, ) —We)*=py(1);
Sup Lty 1> %) —L(G, x) 2 y(t))  for k=[(loglogt)/a] -1,
E,=E} for k=[(loglogt)/a].
Observe that for any x, by (4.1) and (4.3)
P(ELIW (t,)=x)=P(L(t;) S 4 (t))
=P(L(1)£4)
=1-96
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while by the scaling property of Brownian motion and (4.4)
P(EZ|W(t)=x)=P(W*(t,)<p ()
=P(W*(1)=p)
=>1-54.
Next for kny(O)Ex(K+k—1)ny(1),
P(E} | W (t)=x)=P((k+ 1)1 y(0) S W(t,) S(K +K)n ()| W(0) =)
=P(k+D)n=WO)=(K+k)n|W(0)=x/y(t))
=Pn=W({)<Kn|W(0)=y)

where y=x/y(t)—k#. Observe that 0<y<(K —1)# and thus by the shape of the
normal density we conclude that

PEIW(t)=x)=P(n=W(1)<Kn|W(0)=0)
=exp(—n3/20)+24.
Thus for k=0,...,[(loglogt)/a]—2
P(E,|W(t)=x)Z exp(—n*/2a) (4.6)
provided kny(t)£x=(K+k—1)5y(z), while for k=[(loglogt)/a]
PE|W(E)=x)=21-0 4.7)

independently of x. For k=[(loglogt)/a]—1, essentially the same calculations
show that
P(E|W(t,)=x)2b/2, (4.8)

again provided that kny()Sx<(K+k—1)ny(t). Let D,= () E, and Z(s)
=g {W(r): r<s}. Then by the Markov property, for any n  *=°

n+1
'g;(tn+ 1)]

P(D,, )=EE [1‘[ 1,
k=0

=E [k]f[o 1 P(E,,, W(tn+1))]-

But (n+ 1)) WL, ) S(K+n)ny(t) on E, if n<[(loglogt)/a]—3, thus by

(46 P(D,, )zexp(—n*20) P(D,) if n<[(loglogt)/a] -3

while by (4.7) and (4.8)
P(D,,)z®b/2)P(D,) if n=[(loglogr)/a]l-2,
PD,. )=z(1-06)PD,) if n=[(loglogt)/a]—1.

Thus writing D = Djgog1050 WE S€€ that for some positive constant ¢

P(D)=cexp(—n?loglogt/2an)=cexp(—aloglogt). 4.9)

Next observe that on D _
L)z {y(@)



Most Visited Site of Brownian Motion 431
while for any k<[(loglogt)/a]—2, if se[kat/loglogt, (k+ 1)at/loglogt] then
L(s, x) can only increase if

(kn—p)y(O)Ex=(K+k—14p)ny(0) (4.10)

Now for a given x, since there are at most (2pn~ ' +K) values of k for which
k=<[(loglogt)/a] —2 and (4.10) holds, we see that on D

L{t,x)S@pn~ ' + K) 2y () =(L/4) »(t)

provided x<([(loglogt)/a]l—1)ny(t)—(p+ p)y(t).( Observe that this restriction
on x ensures that L(s, x) remains constant for

se[([loglogt)/a] —1)at(loglogt)~*,t]).
Thus for any ¢>0, if ¢ is sufficiently large

De(L®zLy@®), sup  Lit,x)=({/4)7(1) (4.11)

x=y2a(l—-8)e@)

where ¢(t)=(tloglog#)"/>. (Recall that na~2=1/2a).
We will now complete the proof by using the generalization of the Borel-
Cantelli Lemma given in Lemma 4.1. Let p=a~' and set s, =exp(k?). Define

Ck:(sung (L(Sg 4 1>%) — L3, ) 2 ({/2) y (534 1)

sup (LSt 415 %) = L83 X)) S(C/D) (84 1)-

x2V2a(l-8)p(si+1)

Observe that if |y|<(3s,loglogs,)"/* then for sufficiently large k, by (4.9) and
(4.11)

P(C W (s)=y) = P(SUp (L(S¢, 1, ¥) = L5, X) 2 (L/2) 7 (5iy 1)

sup (L(sy 1, X) = L8, XD =L/ 7 (83, DI W50 =0)

XSV2a(l—e)e(sk+1)—y

gP(L(Sk+1_Sk)g§V(Sk+1 _Sk)> sup L(Sk+1—sk=x)
XZV2a(1 —8/2) @ (Sk+1—5x)

§(¢/4)V(Sk+1 —s)|W(0)=0) 2ck™1.
However by the L.IL. for Brownian motion, |W(s)|<(3s,loglogs,)'? even-
tually, and so for some (random) k,, if k=k,, then with probability one
P(C|F (s))=P(C [ W(s) Zck™ .
Thus by Lemma 4.1, P(C,1.0.)=1. Next observe that

z4(Sk+ D= Suﬂg (L8341, %) — L{sy, x))

while ~
sup L(spy 1, X)S L{sp) + sup (L(Sg 4 15 X) — L(s, X))

xS Y201 —&) @(Sk+1) x=2Y2a(1—2&)p(Skc+1)

However by Theorem 1 of [10], since @(s;)/7(s..)—0

lim sup L) _ )
k- V(5k+1)
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Thus
P(L(s; 4 ) Z(/2) (54 1), sup L(sy 115 X)) S(L/3) v(sp4 1) 10) =1,

xZY2a(l —e)@(si+1)
ie.,

v
lim sup (1)
koo (Spyqloglogs,,

o7 >1/2a(1 —8).

Since ¢>0 and « <1 were arbitrary, the proof is complete. []

Remarks. 1. A minor modification of the proof shows that for any K>0 and
any a<}/2

P(L(H>K sup L(t,x) 1.0. as tTo0)=1.

xZa(tloglogt)!/2

2. It would be interesting to obtain an analogue of Kolmogorov’s test for
V(t). In particular, do there exist deterministic functions ¢(z) for which

P(WH)>e(t)io)=1 and P(V(t)>e¢(t)io.)=0? The answer to the analogous
question for simple random walk is yes by Theorem 2 of Erdds and Révesz
[20].
3. It is an immediate consequence of the above theorem that
limsup V(1)/(2tloglog)t?=1a.s.
[andce}

5. Random Walks

In this section, X,,X,,..., is a sequence of independent identically distributed
random variables with P(X;=1)=P(X,=—-1)=1/2 and S,=X +..+X .
Throughout this section k will always be restricted to the integers. Let

N(ns k) = .ZO l{k}(Sj),
N*(n)=sup N(n, k),
k=0
U(n)=inf{k=0: N(n, k)=N*(n)}.

To prove the analogue of Theorems 3.6 and 3.7 for random walks, the basic
tool is the invariance principle of Révész [15].

Theorem 5.1. There exists a Brownian motion W(t) and a simple random walk S,
such that for all ¢>0

sup |L(n, k) — N(n, k)| =o(n''**%) as.
k
We begin with some estimates on Brownian local time. Let
D(t: X, y) :L(ta x) _L(ta y)a
M(t, x, y)=sup|D(s, X, y)|.
s=t
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Lemma 5.2. There exist constants ¢, and c, such that for any integer k, 0<1 and

t=1
= P( sup Mt x,y)>A)<c, 6 texp(—Afc, 6121,
X, I;Ce_[k}j |k%}«él 1
Proof. By Tanaka’s formula, for any bounded stopping time T,
T

L(T,x)=|W(T) —x| —|x| = | sgn(W(s) —x)dW(s).

0

Now assume that x<y<x+1 and RZT are stopping times bounded by ¢.
Then

E(D(T,x, )= D(R, x,1)| | (R) <(E(D(T.x. y)— D(R, x, y)1*| #(R))"?
<2lx—yl+2(E ((j L (V)W) |9?(R)))1

R4t

<25 —y142 (B ] 1) s17®)) "

/2

‘ 1/2
=2|x—y|+2 (EW<R> | l[x,y](W(s))ds)
[

=2|x—y|+2 (f PY®(W(s)e[x, y])ds)ll2
éct”“\x—yl”g,
provided ¢>1. So by [3], p. 193,
Eexp(M(T,x,y)/8ct'*|x —y['1*) <2,

and consequently
P(M(t,x,y)>7) <2 exp(—A/8ct'* |x —y['?).

Now fix k, 4, 6 and let 2,=(1 —27"*)27#*}, so that ) A,=A. Let

=0
Q(0)={xeR:x=k+jd27" for some 0Li<oo, 0<j<2[6~1]+1).

Given xe[k,k+1] define x;=sup{k+j027'<x: 0<j<2'[6-1]+1}. Now since
L(t,x) is jointly continuous,

sup  Mf(t,x,y)>A4 onlyif sup M(t,x,y)>A4,

x—y| =8 x—y[ <3

x,vefk, k+ 1] x, yeQ{d)

while for x, yeQ(d) with |x—y|<$
M(t,x, y) EM(t, x4, y0)+ Z (M(taxi—17xi)+M(tay1'—1aJ’i))-
i=1

(Observe that eventually each term in the infinite sum will be zero.) Thus if
M(t,x,y)>A then either M(t,x,,y,)>4, or for some i, M(,x,_,,x)

i
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v M(t,y;,_,,y)>2/2. Hence for A sufficiently large
P( sup Mi(,x,y)>A)

lx—yl <4
x, yelk, k+ 1]

< Y2067 1+1)  sup  P(M(Lk+j527" k+(j+1)62-)>4/2)
i=0 0sjs2i571]
Sc 671 Y 2 lexp(—A,/16¢, M4 (527)12)

i=0

Sc 07 texp(—A/c, t145Y%). O
Lemma 5.3. For every ¢>0
sup sup |L(s,z)—L(s, k)|=0(@t**"% as.
k

st
zelk, k+ 1]

Proof. Let t,=2", then since L(t,z)=0 for z=sup|W{s)|,

s=<t
P(sup sup |L(s,z)—L(s, k)| = tl/4+22)
k zs[i,gktl 1]
SP(sup |[W(s) 2t,)+2""? sup P( sup |L(s,z)—L(s, k)| >t}/4+%/2)
SEtn Il <t ze[sk,ékt3-1]
S2exp(—t,/2)+2" 2 ¢ exp(—1,* 2 fc, 1314,
The result now follows from the Borel-Cantelli Lemma. [

Theorem 5.4. (a) For any y>11

.. Un)
h:I—l»loan= o a.s.
(b) For any y<2
U
fiminf— 2% _o as.

oo nH%(logn)”?
Proof. (a) From (3.2) and (3.3) we see that if r is sufficiently large, T,  <¢<T,
and £>0, then
LX) 2 I(t, t1*(logt)~**+ 1) 4 r(logr)~#

where 5<f<o. Furthermore for each #>0, T,<r?*(logr)**" for large r, [6];
thus

@)z I(t, 1% (logt)~ e+ i+ay pgliz—2 (5.1
eventually for any ¢>0. Now by Theorem 5.1 and Lemma 5.3
|LF(n) —N*(n)|=0(n'**9) as.,
and

|I(n,n**(logn)~2a+1+ey_ sup N, k)| =o0(n'"**+% as.
0 <k En/2(logn)~ Gx+1+0)

Combining this with (5.1) gives (a).
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(b) Recalling the notation of Theorem 3.7, we proved in (3.9) that infinitely
often with probability one,

J(En+17hn+1)§(1—n )I( Fa+1® n+1)

Thus if j<T,  <j+1,
sup  N(+1,K)ZIG+ 1k, )—o(*+?)
0=Zk=Zhy+y 4
ZI( Frn+1? n+1) O(Jl/ +£)
- ( nt1? n+1)+n~61( Frn+1? n+1) 001/4-{—6)
% Sup N(],k)-{-n_‘jl( n+1? n+1) 0(]1/4+£)
k2hn+1
Now since
I(Trnn’ n)— n+1°

and T, /r2*1—0 for all >0, [6], we see that

JEe=0m™ I(T, , ,h,), as.
if ¢ is sufficiently small. Thus for infinitely many j, with probability one

sup  N(j+1,k)= sup N(j,k)+L{())
0%k<hnyy kZhns1
where {(j)— oo a.s. Since for each k, N(j+1,k) and N(j, k) differ by at most 1,
we have by the same argument as in (3.10) that infinitely often with probability

o UG+ 1)Zh,,
<T!2(logT, )7

é(]jr DY (log(j+ 1) O

Remarks. 1. There is a two sided version of Theorem 5.4 which is proved simi-
larly (see the remarks following Theorems 3.6 and 3.7).

2. Theorem 5.4 holds if S, is a lattice-valued random walk with lattice size
1, where X, is mean 0 and variance 1 with finite moments of all orders. This
follows by replacing Theorem 5.1 with the results of Csaki and Révész [2].

3. There is an obvious random walk analogue of Theorem 4.2. We leave the
statement and proof to the reader. See also Theorem 1 of [20].
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