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BY 

RICHARD BASS 

ABSTRACT.For f a function on a metric space, let 

Lipf = sup If(x) - f(y)l/d(x,y),  
x +Y 

and say that a semigroup PIis Lipschitz if Lip(P,f) < eK' Lip f for allf, t, where K 
is a constant. If one has two Lipschtz semigroups, then, with some additional 
assumptions, the sum of their infinitesimal generators will also generate a Lipschitz 
semigroup. Furthermore a sequence of uniformly Lipschitz semigroups has a 
subsequence which converges in the strong operator topology. 

Examples of Markov processes with Lipschitz semigroups include all diffusions 
on the real line which are on natural scale whose speed measures satisfy mild 
conditions, as well as some jump processes. One thus gets Markov processes whose 
generators are certain integro-differential operators. One can also interpret the 
results as giving some smoothness conditions for the solutions of certain parabolic 
partial differential equations. 

1. Introduction. Iff is a function on a metric space, let 

Lipf = sup lf(x) - f ( ~ ) l / d ( x , ~ ) .  
x +Y 

Say that a semigroup PI is Lipschitz if there is a constant K such that Lip(P,f) < 
eK'Lipf for all t and f. It is not too surprising that the Markov processes that arise 
out of Ito's theory of stochastic differential equations have semigroups that are 
Lipschitz. What may be more surprising is that any diffusion on the reals that is on 
natural scale and whose speed measure satisfies certain mild conditions also has 
Lipschitz sernigroups and, in fact, Lip(P,f) < Lip f. 

One consequence of this fact is that it can be shown that if 

when g is twice continuously differentiable, then A will be the generator of a strong 
Markov process that has Lipschitz sernigroups, provided a is nonnegative, continu- 
ous, and bounded, b is Lipschitz, and m satisfies a Lipschitz-llke condition (see $7). 
This is an extension of results of Skorokhod [16] and Lepeltier and Marchal 1141 in 
that here a need not be Lipschitz and the conditions on m are weaker than those 
that they use. Komatsu [I21 and Stroock [I71 have results that can be applied here, 
but only in the case that a is strictly positive; we allow a to be zero. 
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The fact that diffusions on the real line have Lipschtz semigroups can be gven 
an interpretation in terms of partial differential equations. If P, is the semigroup of 
a diffusion with infinitesimal generator A = (d/dm)(d/dx), where m is the speed 
measure, then u(t, x) = Plf(x) is the solution of the parabolic partial differential 
equation &/at = Au with initial condition u(0, x) = f(x). If A is written as 
a(x)(d2/dx2), our a need not be continuous nor strictly positive. The assertion that 
P, is Lipschitz is then an assertion about the smoothness of the solution u in the 
spatial variable in terms of the smoothness of the initial condition f. We thus 
generalize some of the results of Fichera [7], Freidlin [8], Kostin [13], and Oleink 
[IS]. See also [S] and [ll].  

In $2 we prove that if one has two Lipschitz semigroups, then the sum of their 
infinitesimal generators will also generate a Lipschitz semigroup. We also prove 
that given a sequence of uniformly Lipschitz semigroups, there will be a subse-
quence that converges in the strong operator topology. In $33 and 4 we prove that 
any diffusion on the real line that is on natural scale and whose speed measure 
satisfies certain mild conditions will have Lipschitz semigroups. In $5 we consider 
the drift term, and in $36 and 7 we extend the class of jump processes considered 
by Skorokhod and Lepeltier and Marchal in two different ways. In $7 we also give 
an example of a semigroup that is not Lipschtz. 

2. Semigroups. Let E be r-dimensional Euclidean space. Let Co be the continu- 
ous functions that vanish at infinity. Let C: be the set of functions in Co whose first 
and second order partial derivatives are also in C,. Let d be the Euclidean metric, 

and let llf l l  = supx,,lf(x)l. 
Call a nonnegative contraction semigroup, PI, Feller if P,: Co-+ Co and if 

1 )  P i  - f 1 1  -+0 as t +0 whenever f E C,. A standard construction gives a corre- 
spondence between strong Markov Processes (Z,, Px)  and Feller semigroups P, 131. 

Iff E Co, define 

Lip f = inf{K: I f(y) - f(x)l < Kd(y, x) for ally, x E E).  

Let L = { f E C,: Lip f < oo). If P, is a Feller semigroup, let Lip-exp P, (for 
Lipschitz exponent) be defined by 

Lip-exp P, = inf{ K: Lip P, f < e Lipf for all f E L, for all t > 0) 

Call a semigroup Lipschitz if Lip-exp P, < oo. 
After proving a lemma, we show that if a semigroup is a combination of two 

Lipschitz semigroups, it will also be Lipschitz. 
Let D,f be the ith partial off. 

LEMMA2.1. Suppose P, is a contraction semigroup such that iff E c;, 

If P, maps Co into bounded continuous functions, then P, maps Co into Co. 

PROOF. Under the hypotheses given, for each x, there is a probability Pl(x, .) 
such that Plf(x) = Jf(y)P,(x, dy) for all f E C,. Fix x, N. Let g E C; such that 
g(y) = 4 ~ '- (d(x, y))2 if d(x, y) < N, 0 < g(y) < 3~~ if d(x, y) > N, 
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PROOF.The only comment required is that if Q, is not Lipschitz, then Lip-exp Q, 
= oo, and the inequality is trivial. 

The next result says that if one has a sequence of uniformly Lipschitz semi-
groups, one can find a subsequence that converges. 

THEOREM2.6. Suppose P: is a sequence of Lipschitz semigroups with generators A,. 
Suppose K = sup, Lip-exp P: < oo, and sup, KA, < oo, where KAn is as in (2.2). 
Then there is a subsequence P,". and a Lipschitz semigroup P, such that P?f + PIf 
uniformly whenever f E Co, and Lip-exp PI < K.  

Furthermore, if limn+, A,f = Af for f E C: for some operator A ,  then A re-
stricted to C: has an extension which generates PI. 

PROOF.Iff E c:, then P:f is Lipschitz in t with Lipschitz constant c sup,llA, f 11, 
where c is independent of n. On the other hand, P:f is Lipschitz in x ,  and 
Lip Prf < eK*Lip f .  Thus P:f is equicontinuous in x and t ,  and by Ascoli-Arzela, 
there is a subsequence that converges uniformly on compact sets in 10, oo) x E. 
The limit, call it F, will be continuous. By the argument of 2.1, if 

4 x 9  { Y :  If(y>l > > N7 

IP:f(x)I < e + 4r211f 1 1  sup KA t ( l  + N ) / N 2 ,  
n " 

which, taking a limit along the subsequence, shows that F E C,. Also, F will be 
Lipschitz in x with Lipschitz constant no bigger than eK' Lip f. 

Pick a countable dense subset of c:. By a diagonalization process, one can find 
a subsequence PIT that converges for each f in this countable subset. Call the limit 
P,f. Since this countable subset is dense in c:, hence in C,, extend PI to all of C,, 
by continuity. Since each P: is a contraction, it is easy to check that P, is a 
nonnegative contraction semigroup that is Feller and that Lip-exp PI < K.  

Now suppose A,f -+Af uniformly if f E C: Anf  = limt4(P:f - f ) / t  is con-
tinuous, and so Af is continuous and bounded. By the hypotheses and the 
argument of 2.1, for fixed x and t the family of probabilities P:(x, .) is tight. Since 
P?f(x) -+ PIf ( x )  whenever f E C,, P?Af(x) -+ P,Af(x). This holds for each x and t .  
Similarly, for fixed x ,  the family P,(x, .) is tight, and so P,Af(x) +A f ( x )  as t -+ 0. 

Then iff E c:, 

P f  - f = lim (Ppf  - f )  = l i m / l ~ ? ~ , ~f O3 
;+ w i 0 

the limit being a pointwise limit, and using the facts that P> is a contraction and 
Anjf -+Af uniformly. Dividing both sides by t and letting t +0 shows that A 
restricted to C: is the restriction of the generator of P,. 

Let us say that a Lipschitz semigroup Q, is approximable if (i) there exist kernels 
m,, each satisfying (2.4); (ii) if Q: is the semigroup generated by B, where 
B,g(x) = J [ g ( y )- g(x)]m,(x,  dy),then Lip-exp Q: < Lip-exp Q,; and (iii) Q: f + 
Q f  uniformly as n -+ oo whenever f E C,. 
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Putting 2.6 and 2.5 together, we have 

THEOREM2.7. Suppose P, is a Lipschitz semigroup with generator A. Suppose Q, is 
a Lipschitz semigroup that is approximable such that if B, is the operator defined in 
(ii) of the definition of "approximable", BJ+ Bf whenever f E c:, where B is the 
infinitesimal generator of Q,. Then A + B restricted to C: has an extension that 
generates a Lipschitz semigroup R,, and Lip-exp R, < Lip-exp P, + Lip-exp Q,. 

PROOF.Let R: be the sernigroup generated by A + B,. By 2.6, there is a 
subsequence that converges to a semigroup; call it R,. 

Lip-exp R, < sup Lip-exp R," < Lip-exp P, + sup Lip-exp Q," 
n n 

< Lip-exp P, + Lip-exp Q,. C] 

We need one final result. 

THEOREM2.8. Suppose for each k, Q,k is approximable, sup, Lip-exp Q,k = M < 
a ,  and Q,k +QJfor all f E C,. Then Q, is approximable. 

PROOF.Let the semigroups that approximate Q,k be denoted by Q:. Let { A )  be 
a countable dense subset of C,. Let {(G, gjk,gjkn)) be an ordering of 
{( QrJ, Q,"J, Q,".f,): r rational) 

There exists a K,  such that if k > K,, 1 1  g, - g,kll < i. For each k > K,, there 
exists N,k such that if n > N,k, 1 1  glkn- glkll < i. There exists K2 > K, so that if 

1k > K2, 1 1  g, - g,kll < a, 1 1  g2 - gtll < f .  There exists N; such that if k > K2, 
1 

n > N;, l l g l k n  - g,kll l l g ?  - g;ll <a. Continue, defining Kp so that 
/ I  gj - g j k / ~< 2-P, j = 1, 2, . . . , p ,  if k > Kp, and so on. 

The sequence ~ > ' ~ . f i(= @5jNp)will converge to QrJ (= 6 )  for each i and 
rational r. Since each Q? is a contraction sernigroup, we have Q,K. ,~ .~converges to 
QJ for all t > 0, all f E C,. 

3. Diffusions with Lipschitz coefficients. We now consider Markov processes on 
the real line (E = reals). The processes that we will consider will all contain C: in 
the domains of their infinitesimal generators. If Z, is the Markov process with 
generator Af(x) = a2(x)f"(x), where a is a Lipschitz function, then using Ito's 
theory of stochastic differential equations (see [I]) it is relatively easy to show that 
the semigroup of Z, is Lipschitz. 

THEOREM3.1. Suppose P, is the semigroup generated by A, where Af(x) = 

a2(x)f"(x), liall < a ,  and a = Lip a < a.Then P, is Lipschitz. 

PROOF.Iff E c:, llP,f - f l l  = PsAf dsll < ~lall~tllf"ll. By 2.1, P, is Feller. 
To show P, is Lipschitz, let P be a probability under which W, is a standard 

Brownian motion, and let X, satisfy X, = x + (b a(Xs) dWs and Y, satisfy Y, = y 

+ I b  a( YS) dWs. 
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By Gronwall's inequality, E(X, - Y , ) ~< ( x  - y)2ea2'.Iff E L, 

2 1 /2
IEf(X,) - Ef(Y,)I < (L ip f )EIX ,- YtI < ( L ~ P ~ ) ( E ( x ,- Y,) ) 

< (Lip f)lx - ~ e * ~ ' / ~ .  

If Z, is the process with A as its generator, then, as is well known, the 
distribution of Zt under Px is the same as X, under P and the distribution of Z, 
under PY is the same as Y, under P. So, 

IPf(x>- Pf(y) l  = IE"f(Z,)- EYf(Z,)I = IEf(X,) - Ef(Y,)I 

< Lip fix - y ~ e " ~ / ~ ,  

or Lip-exp P, = a2/2.  
By a more careful analysis, however, we can do much better and show Lip-exp P, 

= 0. 

THEOREM3.2.' Under the same hypotheses as 3.1, Lip-exp P, = 0. 

PROOF. Take h so that ah < 1; let A = 2/h2.  Consider the Markov process x:, 
with semigroup P:, constructed as follows: starting at x ,  the process waits at x a 
length of time that is exponential with parameter A. At that time it jumps either to 
x + a(x)h or x - a(x)h,both with probability (a (x )is possibly 0). It waits at the 
new point a length of time that is exponential with parameter A, and so on. It is 
easy to see that the generator of P: is given by 

~ h f ( x )= [ f (x  + a(x)h)  + f (x  - a(x)h)  - 2 f ( x ) ] / h 2 .  

By 2.6, since Ahf+ Af if f E c:, Lip-exp P, will be 0 if we show Lip-exp P: = 0. 
There is no question of subsequences here, since there is only one semigroup that 
has generator A. 

Let Q be the transition probability for the Markov chain that, starting at x,  
jumps either to x + a(x)h or x - a(x)h, both with probability i. Let Qn be the 
iterates of Q. Since X: is a pure jump process with waiting times that are 
identically distributed, 

If we show Lip ~ k f< Lip f, we would then have Lip ~ : f< Lip f, our desired 
result. 
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If we show Lip e f  < Lip f for all f, then since the case k = 0 is trivial, we would 
do a simple induction and be done. 

Supposey > x.  

Now I(a(y) - a(x))hl < ah1y - xl < I y - xi. Therefore, 

I ( Y  - x )  + ( 4 ~ )- a(x)>hl= (Y  - x )  + ( 4 ~ )- a ( x ) ) h  
and I(y - x )  - ( a ( y )  - a(x))hl = ( y  - x )  - ( a ( y )  - a(x))h. We thus have 
l e f ( y )  - ef(x) l  < Lip f ( y  - x) ,  which completes the proof. 

4. Diffusions on the real line. Since Lip-exp P, = 0 under the conditions of 3.2, 
regardless of a, any process that can be approximated by diffusions with Lipschitz 
coefficients will also have Lipschitz exponent 0. We exploit this to show that a large 
class of diffusions on the line have Lipschitz exponent 0. We consider those 
diffusions on R which are on natural scale and whose speed measures s satisfy 

(4.l)(i)s is finife on finite intervals and 
(ii) there is a constant /3 > 0 such that s (x ,y ]  > P(y - x )for all x <y .  
The first condition insures that there are no boundary points, the second that the 

process does not move too fast. 
Let W ,  be a standard Brownian motion and let L,Y be local time for W at y.  

Recall that LY is jointly continuous in t and y ,  increasing in t ,  that JA L: dy = 

(h lA (WS)ds, and E"(L:)~  as a function of y is bounded on compact intervals. 
Recall that a diffusion on the real line which is on natural scale is characterized by 
its speed measure s. If HI = Lys(dy), TI = inf{u > 0: H, > t ) ,  then WT will have 
the same distribution under P x  as X,, for all x.  (See [4]or [9].) 

Note that by (4.l)(ii), H, = Ly ~ ( d y )> PJ LY dy = Pt. SO TI < t / P ,  and if 
f E c:, by Dynkin's identity, 

-
It is known that PI maps Co into continuous functions, and by 2.1, P,: Co+ C,. 
Furthermore, by the continuity of LY in t ,  H, is continuous. 

Our method is to approximate s by speed measures s,, such that the correspond-
ing processes X," with sernigroups P," have generators a j f " ,  where a,, is Lipschitz, 
and to show that P," converges to PI, the semigroup of XI. 

THEOREM4.2. Suppose X, with semigroup P, is a diffusion on R that is on natural 
scale and that its speed measure s satisfies (4.1). Then Lip-exp PI = 0 and P, is 
approximable. 
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PROOF. First, suppose there exists N such that s on [-N, N]' is Lebesgue 
measure. We may assume p < 1 in (4.l)(ii). Define S(x) = s(-N, x] for -N < x < 
N, and let Sn be a sequence of increasing c2functions on [-N, N] that tend 
pointwise to S, except possibly at points of discontinuity of S, such that S,'(x) > /3 
for all x, Sn(-N) = 0, and Sn(N) = S(N). This is possible since S is increasing and 
bounded. Let sn be the measure on [-N, N] induced by Sn, and define sn on 
[-N, N]' to be Lebesgue measure on [-N, N]'. Let X," be the dffusion whch has sn 
as its speed measure, P," the corresponding semigroup, and H," and T," defined 
analogously to HI and T,. 

It is not hard to check that the generator of P," is of the form aif", where an is 
differentiable, bounded above by P-'I2, and bounded below away from 0 (since S,' 
is bounded above). By 3.2, Lip-exp P," = 0. Furthermore, the measures s, are 
uniformly bounded on finite intervals and if g is continuous, 

As before, H," - H: > p(u - t), T," < t/P, and P,"f(x) - f(x) < (t/2P)ll f "11. 
suppose f E c,Z. Then IIPlf - P,'fll < IIP,"ll IIPU"-,f - f l l  < (t - u)llfUll/2P, 

or P," is Lipschitz in t. 
Suppose now f E L. Since XI has the same distribution as WT and X," has the 

same distribution as WT, 

IPtf(x) -.P,"f(x)l =IEXf(Wc) - E"f(W,:)I < (Lipf)EX(Wq- WqnI 

< ( L ~ P ~ ) ( E ~ (wT, - WT) 
2)1/2 . 

Since w , ~  - t is a martingale and (WT - = (WTVT - w ~ . , ~ ) ~ ,w ~ ) ~  

EX(Wq- wT)
2 

= EXIT, - 71. 
Fix w. Suppose T, = u. Then H,, = t .  If H," = t - e, HAelp > H," + P(e/P) = 

t. SO < u + e / P  If H," = t + E, H,"-,/p < H," - e = t, and 7;" > u - e/P. 
Thus IT, - T:l < IHT - H;I/P. Wehave then 

EXIT,- T,"l < ExIHT - HTI/P. 

Let h(y) = 1 if lyl < n, N + 1 - lyl if N < ly( < N + 1, a n d 0  otherwise. By the 
construction of sn and s, 

For each w, h(y)L$(o) as a function of y is continuous with compact support, and 
so Gn(w) +0. On the other hand, 
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A similar equation holds for Ex(J h(y)L$ ~ ( 4 ) ) ~ ;hence sup, E,"G: < oo,or the 
G, are uniformly integrable, and so ExG, +0. 

Thus, P:f(x) +PJ(x) for each x iff E L. Since P:f is equicontinuous iff E L, 
this, 2.6, and 2.1, gives uniform convergence. Hence Lip-exp PI = 0. 

Finally, suppose s satisfies (4.1). Define s, to be equal to s on [-N, N]  and equal 
to Lebesgue measure on [-N, N]", and let PI, ~ f ,XI, X: be the corresponding 
semigroups and processes. 

If x is fixed and T, = i d {  t > 0: IX, - xl > N}, XI and ~fmay be constructed 
as time changes of the same Brownian motion so that they have the same paths up 
to and including time T,. If g is the function constructed in the proof of 2.1, 

or Px(t > TN) < 4 t / ( p ~ ~ ) .The same holds for X,, and so iff E Co, 

as N + co.Thus iff E L, ~:f +Ptf pointwise, hence uniformly on intervals since 
Pff is equicontinuous, hence uniformly by 2.1. Therefore Lip-exp PI = 0 and PI is 
approximable. 0. 

5. Drift. So far we have considered diffusions on the line that are on natural 
scale, that is, they have no drift. Now we consider adding dnft terms. 

THEOREM5.1. If Lip b < oo,A is the operator defined by Af(x) = b(x)f'(x) for 
f E c:, and PI is the semigroup generated by A, then P, is approximable and 
Lip-exp PI < Lip b. 

PROOF.Let X: be the process that starting at x, waits at x a length of time that is 
exponential with parameter l /h ,  then jumps to x + b(x)h, waits there a length of 
time that is exponential with parameter l /h,  and so on. Let Q be the transition 
probability that at each step jumps from x to x + b(x)h, Q n  the iterates. Then 
exactly as in the proof of 3.2, 

" (Lip ~ k f ) ( t / h ) ~Lip ~:f< e-'Ih C 
k !  9 

k=O 

where P: is the semigroup for x:. 
lQf(y) - Qf(x)l = I Y  + b(y)h - (x + b(x)h)l < I Y  - xl(l + (Lip b)h). 

By induction, Lip Qkf < (1 + h Lip b)k,and so 

~i~ p; < e - ~ / h e ~ / h ( l  +h Lip b )  = Lip b 

Now let h +0 and use 2.6. 

6. Jumps. Ito's method of solving stochastic differential equations has been 
extended by Skorokhod [16] and Lepeltier and Marchal [14] to include the case 
where jumps are allowed. Thus, they consider solutions to the equation X, = x + 

J F(X,, u) q(&, du) where p(&, du) is the random measure associated to a 
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certain process with stationary, independent increments, m(du) = ~ ( ( A ~ ( d r ,du)), 
q(ds, du) = p(ds, du) - m(du)&, and F satisfies ([F(y, u) - F(x, u)12m(du) < 
Kly - xi2. In a way very similar to 3.1, we can show that the semigroup P, 
corresponding to X, is Lipschitz and Lip-exp Pt is some function of K. Again, a 
more careful analysis shows that in some cases Lip-exp P, = 0. 

PROPOSITION6.1. Let m(x, &)be a kernel on the real line such that: 
(i) m is weakly continuous in x ;  
(ii) m(x, .)puts positive mass a, on each of n points x + hi(x), where h,(x) may 

possibly be 0; 
(iii) E?,,a,hi(x) = 0 for all x ;  
(iv) sup,1 1  h, 1 1  < oo and Lip hi < 1 for all i. 

Define A by 

and let X,, P, be the process and semigroup generated by A .  Then Pt is Lipschitz and 
Lip-exp Pt = 0. 

PROOF. Note that by (iii), ((y - x)m(x, &) = 0, and so if g E c;, 

It follows that. whenever A is given by (6.3) 1 1  Agll < I l  g" I I  Il((y - x12m(x, &)I1 
and, using 2.1, Pt is Feller. 

Let M = X?,, a,. Let Q be the Markov chain that moves from x to x + hi(x) 
with probability a,/M. It is not hard to check that X, is the process that waits at x 
a length of time that is exponential with parameter M, moves according to Q, then 
waits again, etc. Suppose y > x. 

< (Lip f ) M - ' C  aily + h,(y) - (x + h,(x))l. 

Since Lip hi < 1, Ih,(y) - h,(x)l < 1 y - XI, so 

Iy + hi(y) - x - h,(x)l = y - x + hi(y) - hi(.). 

Then 

= (Lipf)ly - xl. 
Thus Lip Qf < Lip f. 

As in 3.2, Lip Qkf < Lip f, 

Lip Pf < e-M' C Lip Q*f(MOk < Lip f 
k=O k! 
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PROPOSITION6.4. Suppose m, is a sequence of kernels such that (i) sup,/lm,(x, E)lI 
< oo, (ii) sup, 1 1  jl y - xl m,(x, @)I1 < co, and (iii) if A, is defined in terms of m, by 
(6.2) and P," is the semigroup generated by A,, then each P: is Lipschitz and 
sup, Lip-exp P," < oo. Suppose m,(x, dy) converges weakly to m(x ,  4) as n -+oo 
for each x ,  A is defined in terms of m by (6.2), and P, is the semigroup generated by 
A .  Then P, is approximable, Lipschitz, and Lip-exp P, < sup, Lip-exp P,". 

PROOF.If f E c;,note that 

By 2.6, there is a subsequence n, and a semigroup Q, such that Ppf + Q,f 
uniformly whenever f E c;. 

Iff E c;, 

= 1imL' A,(P?f - Q r f )dr + lirnLt AnJQrfdr. 

The first limit is 0 since the An's are uniformly bounded. The second limit is 
1; AQrf(x)dr fbr each x ,  since Qrf is bounded and continuous and m, converges 
weakly to m.  Since A is bounded, dividing both sides by t gives lim,,,(Q,f - f ) / t  
= Af, uniformly in x.  Therefore 

or QJ = PJ if f E c;,henc'e for all f E C,. 
Since any convergent subsequence of P," converges to P,, P: converges to P,. 
We use 6.1 and 6.4 to get 

THEOREM6.5. Let p be a continuous measure with j u2p(du)< m. Let F satisfy 

IIIIF(x, u>12~(du>ll< m7 IIIIUI<,IF(~>U ) I ~ P ( ~ U ) I I +0 as & +07 and IF(x, u )  -
F(y, u)l < I x - y 1 for all x ,  y . Let m be the kernel defined by 

Let A be defined by (6.3). Then A will be the generator of an approximable 
semigroup with Lipschitz exponent 0. 

Comment. Since m(du) is on the order of o(zL2)du, the condition of [9], 
j'[F(x, u )  - F(y ,  u)12m(du)< K l x  - y 1 2 ,  translates, very roughly, to I F(x ,  u )  -
F(y ,  u)l is on the order of ulx - yl, a stronger requirement on Lip F(. ,  u )  than in 
6.5. 
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PROOF.If p,(du) = l,E,,)(I~I)p(du),m, and A, are defined analogously to m and 
A, andg E c:, 

By 2.6, if the semigroup generated by A, has Lipschitz exponent 0, we will be done. 
Thus it suffices to assume p is a bounded measure. 

Next we approximate the drift by jumps. Let h(x) = J(y - x)m(x, 4 ) .  Let u, be 
fixed, let ~ ~ ( 4 )denote point mass at x, and let p,, = p + nneUo.Redefine F(x, u,) to 
be h(x)/n. If n is sufficiently large, I F(x, uo) - F(y, uo)l < I X  - y 1. Define m, in 
terms of p,, by (6.6) and define A, in terms of m, by (6.2). One can now check that 
A,g +Ag if g E c:, and so by 2.6, it suffices to consider the case when p is 
bounded and A is given by (6.2). 

Finally, let pk be a sequence of uniformly bounded measures that each put mass 
on at most k points so that pk({uO))= p({po)) for each k, pk L,-, p weakly, and 
sup,l(JlF(x, u)12pk(du)(l< co.If the mk are defined by (6.6) the mk(x, 4)will then 
converge weakly to m(x, 4 )  for each x. Note that 

Using 6.4 it suffices to consider the case where A is given by (6.2) and m satisfies 
(6.l)(i)-(iv). But then 6.1 gives the desired result. 

7. Other jump processes. There are a number of jump processes that have 
Lipschitz semigroups, but which do not fit into the Skorokhod framework. For 
example, let A be given by Ag(x) = a(x)[g(x + 1) - g(x)], where Lip a < ao.T h s  
is the process that waits a length of time that is exponential with parameter l/a(x), 
then jumps 1. Under the Skorokhod framework, the F could not even be continu-
ous, let alone Lipschitz. 

PROPOSITION7.1. Let A be given by Ag(x) = a(x)[ g(x + h) - g(x)], 1 1  all < co.If 
P, is the semigroup generated by A, Lip-exp P, < h Lip a.  

PROOF.If /lal/= 0 or Lip a = co,the result is trivial. So assume llall > 0 and 
Lip a < co.Let M = (la/(,b(x) = a(x)/M. 

Let Q be the transition operator for the chain that goes from x to x + h with 
probability b(x), and stays at x with probability 1 - b(x). Let X, be the process 
that jumps according to Q and in between waits lengths of time that are exponen-
tial with parameter M. 
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It is not hard to check that X,  has generator A. 

I U ~ Y )- @tx)l 

= Ibtylfty + h) + (1 - b(y)lf(y) - btxlftx + h) - (1 - b(x))ftx)l 

g btx)lfty + h) - f (x  + h)l + [ l  - btx)]lfty) - f(x)l 

+ Ibty) - btx)l Ifty + h) - fty)I 
< Lip f ly - xl + (Lip b)ly - xl(Lip f)h 

= Lip fly - xl(1 + h Lip b). 

If P, is the semigroup corresponding to X,, P,= e - M ' C ~ k ( ~ t ) k / k ! ,or Lip P, < 
exp(Mth Lip b), or Lip-exp P, < Mh Lip b = h Lip a. 

We can then get the following theorem: 

THEOREM7.2. Suppose A is given by (6.3), where m is any kernel that satisfies 
(i) j(y - ~ ) ~ m ( x ,dy) is uniformly bounded; (ii) j ,v-xl>E(y- x)m(x, dy) -+O uni-
formly; and (iii) there is a number M > 0 such that for any interval [a,/3] that does 
not contain 0, ~ip(j{:;(~ - x)m(x, dy)) < M. Then the semigroup generated by A 
will be Lipschitz. 

PROOF.If we define m,(x, dy) = l,~(,,(y)m(x, dy), and define A, in terms of me 
by (6.3), then just as in the proof of 6.5, we can show that we need only consider 
the case where m is uniformly bounded. 

If we let h(4) = J(y - x)m(x, dy), and a(x) = h(x)/llhll, define m,(x, dy) = 
m(x, dy) + nh(x)e,+,/,(dy) if h is positive, m,(x, dy) = m(x, dy) + 
nh(x)&,-,,,(dy) if h is negative. If we define A, in terms of m, by (6.2), then 
A,g -+ Ag whenever g E c:, and so by 2.6, we need only consider the case where 
m is uniformly bounded, and A is given by (6.2). 

Finally, approximate m by m, where 

By 6.4, if the semigroups generated by A,, where the A, are defined by (6.2), have a 
uniformly bounded Lipschitz exponent, we will have our result. That they do 
follows from hypothesis (iii), 7.1, and 2.7. 

Consider operators that are of the form described in either 4.2, 5.1, 6.5, or 7.2. If 
A is the sum of such operators, then by 2.7 A restricted to C: will have an 
extension that generates a Lipschitz sernigroup. 

We give an example to show that not every semigroup is Lipschitz. Let P, be the 
semigroup whose infinitesimal generator A is given by Af(x) = f(x + 1) - f(x) if 
x > 0, f(x - 1) - f(x) if x < 0. The Markov process corresponding to P, behaves 
llke the standard Poisson process starting at x if x 2 0 and behaves llke the 
negative of the Poisson process starting at x if x < 0. If f(x) = x/(l + 1xI2)and 
t > 0, it is easy to check that infX>,PJ(x) > 0 and supx<, P,f(x) < 0. Thus P,f is 
not even continuous at 0, let alone Lipschitz there. 
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