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1. Introduction 

Let X~, j ~ { 1 , 2  . . . .  }d be independent, identically distributed random variables 
that are mean 0 with variance 1. If d is a collection of Borel subsets of [0, 1] d, 
define the partial sum process {S,(B); B e d }  by 

s.(B)= Z x.. 
~ n B  

The purpose of this paper is to prove a functional law of the iterated logarithm 
(LIL) for a suitably smoothed and normalized version of S n. 

The first functional LIL  is due to Strassen [8]. If B t is one-dimensional 
Brownian motion, he showed that the set of functions fit(') defined by 

fit(s)=BsJ(2t loglogt)~, 0 _ s _ < l ,  

is relatively compact  in the uniform topology and the set of limit points is the 
set of functions which are absolutely continuous and whose derivatives have 
L 2 norm less than or equal to 1. Using Skorokhod embedding, Strassen showed 
that random walks also obeyed a functional LIL  and that the usual LIL, as 
well as many other interesting results, could be obtained as a consequence. 

The extension of Strassen's results to Brownian motion indexed by points 
in ~ +  and to partial sum processes indexed by points in IR~+ was done by 
Pyke [7] and Wichura [9], respectively. For  a Brownian motion indexed by a 
large collection d of sets, the functional law was proved by Bass and Pyke 
[2], and then a type of Skorokhod embedding was used to extend this for 
partial sum processes. However, if H(5) is the log-entropy of d (defined in 
Sect. 2), it was necessary that H(6)<5-" for some r < l  and that the X j s  have 
at least ( 2 + 0 / ( 1 - r )  moments  for some ~>0. Moreover, the sets in d had to 
have uniformly smooth boundaries. Morrow and Philipp [6J were able to wea- 
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592 R.F. Bass 

ken the smooth boundary condition somewhat, but required the Xfs  to have 
at least (2 + e) (1 + r)/(1 -r)  moments. 

In this paper we prove a functional LIL that requires only finite variance 
for the Xfs.  Our restriction on ~r is that its log-entropy with inclusion, H, 
satisfy 

1 

(1.1) ~ (H(x)/x) ~ dx < oe. 
0 

That is the weakest one could expect, since (1.1) (using entropy without in- 
clusion) is the condition usually used to show that the Brownian motion index- 
ed by d has sample continuous paths [5]. Furthermore, no smoothness what- 
soever is required on the boundaries of the sets in d .  When we take d =  1, d 
={[0,  t]: 0_<t_<l}, we get Strassen's LIL, while d>2 ,  s r  g~[0,1]  a} 
yields Wichura's results for partial sums of iid random variables. 

The key to our method is a modification of the metric entropy technique. 
Instead of truncating the Xjs  once at the beginning and then doing the chain- 
ing argument, we perform a truncation at each stage of the chaining. This gives 
us an exponential estimate, and then more or less standard techniques are used 
to get our functional LIL. Some simplifications due to de Acosta [4] are used 
in this latter stage of the argument. 

Our methods can also be used to prove the central limit theorem for set- 
indexed partial sum processes with finite variance. This gives a new proof of 
the recent result of Alexander and Pyke [1], which was done by completely 
different methods. 

In Sect. 2 we introduce notation and state our assumptions and results. Sec- 
tion 3 contains the entropy argument. Section 4 gives the proof of relative com- 
pactness, while Sect. 5 identifies the limit points. A sketch of the proof of the 
central limit theorem is given in Sect. 6. 

2. Statement of Results 

Let la= [0, 1] a. If A is any Borel set, let IAI denote the Lebesgue measure of A, 
and let rA={r l :  teA}.  For j = ( J l  . . . .  ,Ja), let 

R s = ( j l - l , j l ]  x ... x ( je-l , ja],  

the cube with upper corner at j .  Suppose Xj, j e { 1 , 2  . . . .  }a are iid random 
variables with mean 0 and variance 1. Our smoothed and normalized version 
of S, will be Z n, given by 

(2.1) Z,(B) =n-el2 Z [n B c~ R I  X.. 
ff 

In the case where d = l  and we identify the point t with the set [0, t], na/ZZn(t) 
is just the usual process obtained by linearly interpolating between the points 
{(i, S~): i < n}. As a function of B, Z ,  is well defined for all Borel sets B c_ I a and 
for each n is uniformly continuous with respect to the metric d(A, B)= IA ABI. 
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Let 

LL n=  {l lg log n if n_->16 
if n<15.  

Let qon=(2LLn) 1/2. 
We will suppose that d is a collection of Borel subsets of I a that is totally 

bounded with inclusion: 

(2.2) for each 6, there exists a finite subcollection d (6 )  of d with the follow- 
ing property: 

if A ~ d ,  there exists B,B + (depending on A) in d (6 )  such that Bc_A 
~ B  + and ]B + - B I < 6 .  

For  each 6, let H(6), the log-entropy, be the log of the cardinality of the 
smallest such subcollection d(6) .  

We suppose d is entropy-integrable: 

1 

(H(x)/x) �89 dx < co. 
0 

(2.3) 

For any F: d ~ R ,  let 

][F lid = sup IF(B)I. 
Bear 

Let Y be the subset of the functions from d to ]R given by 

(2.4) ~ ( = { F :  for some f :  Ia~F-. with ~ f 2 ( t ) d t < l ,  F ( B ) = ~ f ( l ) d t  for all 
I a B 

BeW}.  

Given FeJf,, we extend the domain of F to all Borel subsets B of I a by defining 

F(B) = ~ f ( t )  dd. 
B 

We can now state our theorem. 

Theorem 2.1. {Z,/<p,} is relatively compact with respect to the metric [] []~r and 
the set of limit points is exactly ~ a.s. 

Before proceeding to the proof of Theorem 2.1, we introduce a bit more 
notation and make some observations that will be useful later. 

Let 5C ~ be the subset of the functions from d to ]R given by 

(2.5) ~ = { F :  for some FoEX, HF-FoH~<e}. 

By Cauchy-Schwartz, if Fe~ff, B Borel, 

(2.6) IF(B)[ = [~ f ( / )  dg] <=(~ 1B(g ) dg)~(~ f2(l) dt)�89 <= [B[�89 ' 
B la i a 

and so if F ~ S  ~, B e d ,  

(2.7) ]F(B)I =< e + IB[ ~. 
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Throughout,  c, with or without subscripts, will denote a constant whose 
value may change from place to place. 

For  the rest of the paper, it will be technically convenient to assume d is 
contraction closed: 

(28) if B e d ,  0<r_<l ,  then r B e d .  

There is no loss of generality in making this assumption, because if d *  
={ rB:  B e d ,  0 < r < l }  has log-entropy H*(6), then replacing d in Theorem 
2.1 by the larger d *  only creates a better theorem, while 

1 

Lemma 2.2. S (H* (x ) /x )  ~ d x  < oo. 
0 

Proof. Let xg*(2a)={sB:s/6 is an integer, 0 < s < l ,  Bed(a)} .  It is easy to 
check that if r A e d * ,  there exist B, B + e d * ( 2 a )  with B ~ r A ~ _ B  +, [B + - B I  <26  
and that H*(2a)<21oga- l+H(6) .  The result follows. [7 

The following lemma will make working with (2.3) easier. 

Lemma 2.3. Suppose G(x) is a strictly decreasing continuous function with 
1 

G(x) >x  -~ and ~ (G(x)/x) ~ dx < o~. Suppose x o <�89 and define xi to satisfy 
0 

G(xi)/x i = ( G(xo)/Xo) 2 i, i= 1, 2 . . . . .  
Then 

(a) x jx i+l  <2; 
(b) G(x,+ l)/G(x,)<=2; 

oo 1 

(c) ~ (x i G(xl)) ~ <= 55 (G(x)/x) ~dx; and 
i = 0  0 

1 

(d) /f <1 ~=7, ~ ~+xr-} <15[[. (G(x)/x) -~dx" 
i = 0  0 

> �89 Proof. Since G(x)/x is strictly decreasing and G(x)=x- - ,  x i decreases to 0. 
Then 

x, G(xi+ l) G(x~) 
- < 2 ,  xl/x,+ 1 G(xi) xi+, G(xi+ 1) 

and 
G(x,+l)/G(xi)_G(x~+,) x~ x,+,<2. 

x,+ l G(xl) xi - 
Observe that 

Xn 

(2.9) (x,G(x,))~=x,(G(x,)/x,)}< J (G(x)/x) dx--.O 
0 

and 

(2.10) 

a s  n --+ cxa, 

( G(x,)/xl) ~ - ( G(x,_ 1)/x,_ 1) ~ = ( G(xo)/Xo) ~ (2 '/2 - 2" -  ~)/2) 

= (G(x,)/xy/5. 
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Using (2.10) and summing by parts, we have 

1 x~ �89 > 

(G(x)/x) �89 ~ ~ (G(x)/x) d x =  2 (Xi--Xi+ 1 ) ( G ( x i ) / X i )  �89 
0 i = 0  xi+ I i = 0  

n 

= xo(G(xo)/Xo) -~ + E xi[(G(xl)/xi) ~ - (G(x i -  1)/xl - 1) ~] - x,,+ l(G(xn)/Xn) -~ 
i=1 

>= ~ % G(xl))~/5 -(x. G(x.)) -~. 
i = 0  

This with (2.9) gives (c). 
Since ( x -+- l )L log~ l>x-~ / lO>l logx l /4 -1og3  for ~, x<�89 

1 x:~ � 8 8  
(xr-" <= 3 ~ 2., xl = 3 ~ (x i G(xi)) -~, 

i = 0  i=O i = 0  

and (d) follows, n 

A comment about measurability: since by (2.2) sr is totally bounded, then 
sr is separable. Since for each n, Z ,  is uniformly continuous with respect to the 
metric d (A, B) = I A ZXBI, it follows that Z 21 (~) _c cr (X~: j e { 1,2 . . . .  }a), where ~ is 
the Borel a-field on ~(sr the set of uniformly continuous functions on sr with 
norm I1.11~. A similar comment applies to each of the other processes we will 
define. 

3. Entropy 

This section gives an exponential bound for partial sums of truncated random 
variables. For  0 _< a <_ b _< oo, define 

(3.1) 

(3.2) 

and 

(3.3) 

X i(n, a, b) = X~ l(ane/2/~o. <= IXjl < bne/2/~o.) ' 

Z,(A,a,b) =n-d/2 Z InA~Rf l (X j (n ,a ,b ) -EXj (n ,a ,b ) ) ,  
~;E{1, 2, ...}tt 

U,(A,a,b)=n -el2 ~ t nAnRf l  [Xfln, a,b)l. 
je{1, 2, ...}a 

Note Z,(A, a, b) is mean 0, and if A and B are any two sets, 

(3.4) Var(Z,(A, a, b) - Z ,  (B, a, b)) <__n -d ~ (hnA c~R[ - [ n B  c~Rfl) 2 Var Xj 
J 

<n -d ~ InA AB)c~ Rfl = ]A ABI, 

since IInAc~Rfl-lnBc~RjlI<=In(AAB)c~Rfl<I.  Note also that Z,(A,a,b) 
-Z , (B ,a ,b )  is the sum of independent random variables, each of which is 
bounded by 2b/q),. 

A similar calculation gives 

(3.5) Var U~(A, a, b)< IAI, 
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while 

and hence 

(3.6) 

E IXi(n, a, b)l _-< EX) / (a  na/2/~o,), 

EU,(A,  a, b)<=n -d/2 2 In A meal  qo ,/a n a/2 = cp, lAI/a. 
Y 

R.F.  Bass 

Our  estimate is the following. 

Theorem 3.1. Given 2, (5, and e > 0 ,  there exists constants c, c~, and n o (depending 
on 2, 6, and ~) such that ifa <= ~ and n > n o, 

P( sup ] Z . ( B , O , a ) - Z . ( C , O , a ) l > R q ) . ) < c e x p  \ ( 2 + 0 6 ] "  
B, CE~, IB ACl < a 

Proof. We will select numbers  2, 2 i, 6z, az, c~ later so that 6~, a~, 2z$0, e < a  o and 

(3.7) 2__>2+4 ~ 2~. 
i=O 

If B and C are any sets in d ,  there exists sets Bi, B +, C i, C~- in ~r such 

+ i that  B ~ c _ B _ B  i and IB/~ -B~] <6~ and similarly for C, C~, C + for each i. Since 
for each a<c~ and each n, Z , (A ,O,a)  is a cont inuous function of A with respect 
to d(A, B ) =  IA AB], we can write 

Z ,  (B, 0, a) = Z ,  (B o, 0, a) + ~, l-Z, (B i + 1,0, a~/x a) - Z ,  (B~, 0, ai/x a)] 
i = 0  

+ ~ [Z.(B,  a i/x a, ai_ 1/x a) --Zn(Bi, a i A a, ai_ 1/x a], 
i=1  

and similarly for Z.(C,O,  a), provided ~ < a  o. (It will be apparent  from the re- 
mainder  of the proof  that  both  series are absolutely convergent,  a.s.) Then  the 
only way Z . ( C , O , a ) - Z . ( B , O , a )  can be larger than )L~o. for some B and C in 
sur with ] C A B ] < 6  is if at least one of the following holds: 

(i) for some B o, Coesr with Boo_B, CoO_C, ]B-Bo]=<6 o, IC-Col__<ao, 

] /~(C o, O, a) - Z~(B o, O, a)] > 2q),; 

(ii) for some i, for some Blest(61), Bi+le~r IBi+l ABil__<2c5 i, 

IZ,(Bi+ 1, O, a i/x a) - Z , ( B  i, O, a i A a)l _-> )~i (,On; 

(iii) same as (ii) with B's replaced by C's; 

(iv) for some i, for some Bi, B+ ed(6 i ) ,  B e s t ,  Bi~_Bc_B i +, IBm--Bi] <(51, 

[Z,,(B, a i/x a, a i_ 1 A a) --Zn(Bi, a i A a, a i_ 1/x a)l > 21 ~o,; 

or (v) same as (iv) with B's replaced by C's. 

The  number  of pairs B~,B[- in ~r is __<exp(2H(6i)), while the number  of 
pairs Bi~sr Bi+ l ssr 1) is < exp(2H(6i+ 0), since H(x) increases as x de- 
creases. 
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We then have 
m oo 

(3.8) P( sup IZ , (C,O,a)-Z , (B,O,a) l>2q~, )<=po+ ~ r i +  ~ s i ,  
B, CEd,]B/XC]<3 i = 0  i = 1  

where 
Po = exp(2H(6o)) max P(IZ. (C o, O, a ) - Z . ( B  o, O, a)] __> ~ (p,), 

Bo, Co e~.-'~(3o), ICo ABol < a +  230 

r i=2exp(2H(6 i+l )  ) max P(]Z , (B i+ l , 0 , a iA a ) -Zn (B i ,  O, aiAa)]~2i(p,) ,  
Bi~(bi ) ,Bi+ l~a/(6/+ 1) 

IBi ABi+ 11--<23i 
and 

si<_2exp(2H(6i) ) max P( sup +lZ.(B, a iAa,  ai_,  Aa) 
- -  B I ,B : (~ (3 i ) , IB+_Bi[N~i  Bi~_B~Bi 

- Z,(Bi ,  a i/x a, a i_ 1/x a)l >= 2i qo,). 

Here Po bounds the terms in (i), r i the terms in (ii) and (iii), and s i the terms in 
(iv) and (v). 

We now proceed to estimate Po, r~, and s~. Recalling (3.4) and the fact that 
Z, (A ,  O, a ) -  Z , (B,  O, a) is the sum of terms bounded by 2a/(p,, we have by 
Bernstein's inequality (see [3]), 

(3.9) / -2 2 
Po < 2 exp(2H(bo) ) exp [2(a + 2 go) + 2(2a/q),) (2 (p,)/3 ] 

= 2 exp (2H(a o)) exp ( -  ~2 <o~/(2a + 4ao + 4aX/3)). 
Similarly, 

(3.10) ri < 4 exp(2H(6,+ ,)) exp( - ;v 2 ~o2/(4 6~ + 4a i 21/3)). 

To estimate sl, note that  

sup ]Z.(B, a iAa ,  ai_ 1 A a ) - Z , ( B i ,  a iAa,  ai_ 1Aa)] 
Bic-B~B:( 

<= U.(Bi + - B i, a i, a,_ 1) + EU.(B~- - Bi, ai, a i_ 1)" 

By the definition of U., U. (B~--Bi ,  ai, ai_~) is the sum of independent random 
variables each of which is bounded by a i_ 1/(p., and by (3.6), if IB/+ -Bi[  <3i,  

E U.( B+ - Bi, al, al-  1) <= (P, 6 i/al, 

Then, provided 

(3.11) 2 i ~o, > 3 (p, 6i/a~, 

by Bernstein's inequality, 

(3.12) si<2exp(2H(Oi)  ) max P(U.(B + - B i ,  ai, ai_l) 
- ~ ,  B + ~ ( a O ,  Is: (  - B d  < 3~ 

- E U , ( B  + - B~, ai, a,_ 0>=2~ q),/3) 

_< 2 exp(ZH(3/)) exp (261 - 2 2  (p"2/9 ] 
- + 2(a~_ 1/@n) ()~i (p j3) /3 ] 
= 2 exp (2 H(Si) ) exp( _).2 q)2/(18 5i + 2ai_ 1 2~)). 
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We now choose 6,, 2,, a,, 2, and c~. Let G(x) be a continuous, strictly de- 
>_ 3 creasing function so that  G(x)_x -~, G(x)> H(x), but 

i 

= f. (G(x ) / x )~  clx < oo. 
0 

_ > �89 For  x_< 1, note that  G(x)=x--. Take ~. less than but sufficiently close to 2 so 
that  7.2 > 22/(1 + 5/4). Let fl = ( 2 -  7.)/207. Choose 8 o < 1 small enough so that  
80<58/8 and 6o~f12/60__>22/2& Let 6, be defined by G(6,)/8,=(G(6o)/8o)2 i, and 
let 

2 i = (8, G(8,)) ~ fi, i = 0, 1 . . . . .  

Let  a,=36j2,, i=0 ,  1 . . . . .  Take c~=min(a0/2, 58/4(1 +2)). 
By L e m m a  2.3(c), (3.7) is satisfied. By the definition of a,, (3.11) is satisfied. 

F rom our choices of 2, e, and 6 o and (3.9) we get 

(3.13) Po < c exp ( - 2 2 (p~/(2 + 5) 8) 

provided a<c~. By Lemma 2.3(b), H(Si+l)<G(Si+l)<2G(8,). Since 22q92/8, 
=G(8,)flZ(p 2 >64G(8,) for n sufficiently large, we have 

r ,<4exp(  2 2 8 - 2 ,  q0,/8 ,+4G(8,)) 

< 4 exp(-G(8 , )  f12 (p2/16) 

< 4 exp( - 8 i  -~ 22 q~2/2 8) 

for n sufficiently large, uniformly in i. By Lemma 2.3(d) with ~=exp  
(-22r we have 

oo 

(3.14) ~ r, < c  exp(--2 2 ,;o2/28). 
i = O  

By our choice of 8 i and 2,, a,_l/ai=2 ~, so 

s, < 2 exp( - 2~ qo2/30 8, + 2 G(8,)) 

< 2 exp ( - G(8,) f12 (p2/60) 

< 2 exp ( - 8 i- + 2 z q~2/2 8) 

for n sufficiently large, uniformly in i. By Lemma 2.3(d) again, 

(3.15) ~ s, < c exp( - 2 2  ~o,a/2 6). 
/ = 0  

Substituting (3.13), (3.14), and (3.15) in (3.8) proves the theorem. [1 

4. Relative Compactness 

We now proceed to prove part of Theorem 2.1, that  Z,/~o n has limit points, all 
contained in ~ .  We separate out some preliminary propositions for con- 
venience. First we have 
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Proposit ion 4.1. For each a, 

IIZ.(', a, oo)1~o.11~-+0 a.s. 

Proof. Since for each A, 

it suffices to show 

(4.1) 

and 

(4.2) 

as n---> oo. 

IZ,(A, a, oo)1 N U,(I e, a, oo) + EU,(I d, a, oo), 

U.(Ie, a, oe)/(p,~O, a.s. 

EU,(I d, a, o9)1(o,~0. 

I f j = ( J l  . . . .  ,Jd), let # ( / ) = m a x ( j  1 . . . . .  je). Given i and a, let 

(i, a) = sup {k integer: a k d/21q) k < i + 1 }. 

599 

~ E  IXj(~(i), a, oo)l/u(/') ~/2 ~o.~j> 
J 

<=~ ~, (i+ l)P(i<=lXjl<=i+ l)(#(j)al2fpu(j)) -1 
j i+ i >alx(<i,)al21e#l(j ) 

< ~ [ 2  1(i+ -d/2 --1 = l>autd.)d/El%(<i))(fl(o~) qo,cj)) ](i+l)P(i<=lX, l < i + l )  
i=0 j 

<=(c/a) ~ (i + 1)2 P(i =< IX, I <:i + 1) <=(c/a) E(lX~ I + 1) 2 < 0% 
i=O 

where we use the fact that  the X f s  are iid, X~(#(/'), a, oo) is defined by (3.1), 
and 1 = (1, 1, . . . ,  1). 

An immediate  consequence of (4.4) is that 

(4.5) ~ IX~(#(/'), a, oo)llx(/) d/2 qo(j)< oo, a.s. 
J 

Given e, pick n l(co ) such that  

IX~(~(/), a, oo)l/v(i) "/2 ~o.<i~ < ~. 
(j) > nl 

We see from this that  

(4.4) 

(4.3) ~, 1(i+ �9 e/2 -1 tkdlZ,~ ~-t 
j k U:u(j)=k) 

= c Z 1.+ x >~kd~i<o~( kei2- ~/4o~) 
k 

-_< c 7s(i, a)e12/%., ~ 

< c (i + 1)/a. 

Since the number  o f j ' s  in {1,2, ...}e with # ( / ' ) = k  is less than or equal to 
ck e - t  for a constant  c, we have 
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Then 

U,(Id, a, 00)/~0 <= ~, IXj(n,a, oo)l/na/2cp,+ ~ IX.(p(C),a, oo)l/#(r 
u ( J )  <= n~ n > # ( j )  > m 

or lira sup U,(I d, a, o o ) / r  Since e is arbitrary, this proves (4.1). 
n---~ oo 

Just as (4.1) follows from (4.5),we see that  (4.2) follows from (4.4), and the 
proof is complete. D 

For  notat ional  convenience, given m and ~fc{1, ..., m} a, let 

(4.6) Q ~  = m-  1 R~. 

If n is a multiple of m, let 

(4.7) y,m(A,a,b) = ~ IA~Q,f,,I Z,(Q,~m,a,b)" 
~ . . . . . .  ~ IQ~ml 

Proposition 4.2. Given 1/8 > e >0,  m fixed, and n a multiple of  m, there exists 
such that if a < ~ and n is sufficiently large, 

Proof. If we let 

P(Y,,,( ", O, a)/~o,(~ 2(4~) < c e x p ( - ( 1  + e)~o2/2). 

Y,,,(g) = ~ IQ~ml -~ Z,(Q,fm, O, a) 1Q~(#), 
~ { 1  . . . . .  m} d 

we see that  for all A 

Y,m(A, O, a)= ~ y,~(d) dg. 
A 

So to show Y,~(', O, a) /~o,eY 4~, we need to consider 

(4.8) 

Let 

and let 

q~2 2 ~ (Y,m(g))Zdg=cP; 2 ~" IZ,(Q~m,O,a)12/IQ,~ml. 
i a ,rE{1 . . . . .  m} d 

T.,f = [Z,(Q,~ m, O, a)lZ/lQ,~m[, 

- f T ~  if T~ ~(1 +2e)  (p 2 
T,~ = ( ~0 otherwise. 

(4.9) 

By Bernstein's inequal i ty ,  

P(T , ,~T ,~  for some Y)<=maP(T,l>=(1 +2e)q~2) 

= m e P(]Z,(Q1 m, O, a)] => (1 + 2e)} qo,]Q,m]>) 

( (1 +2e)  (P2IQt~ I ~ ) 
__<2mdexp 

, 21Qaml+2(2a/~o.)((l+2e)~q~.[Q~m] )/3 

<-_2m d exp( - (1  + e) 02/2) 

if a is sufficiently small, 1--(1 . . . . .  1). 
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By the same argument, if x<2cp 2 and a is sufficiently small, 

P(T,~ > x) < P(T,~ > x) < 2 exp (21Qt~I + 2 ~ ,  [Q~I~/3 ! 

<2 exp( -x(1  - e)/2), 
and so 

(4.10) 
(i + 2e)q~n2 

E eUTn/g = U  f ux - e P(T .~>x)dx  
0 

(1 +2~)~o 2 

< 2u ~ e"~ e-Xtt-~)/2 dx 
0 

< 2/e < oo 

if u = (1 - 2 e)/2_ 
Since the T,~ are independent (recall n is a multiple of m), from (4.10) we 

get 

(4.11) p( y'  
~e{ i . . . . .  m} a 

and hence 

T.k > (1 + 4~)q)2)=< exp(--u(1 +4e)cp2)E exp(u ~ T.~) 
,f 

= e x p ( - u ( 1  +4e)~o 2) I~ E exp(u T.~) 
~f 

_-<c exp(- (1  +e) 2 (p,/2), 

(4.12) P( ~ T,~>(1 +4e) (p 2) <P(T,,=t=T,, for some E) 
~e{1 . . . . .  m} a 

+ P ( ~  T.,~_-> (1 + 4e) ~p~) 

< c exp(-(1  + e) (p2/2). 

By (2.6), r F e d  implies I IF - rFI Id=(1 - r ) l  L rFU~/r<(1-r) /r ,  which implies 
F e 2 f  (1-r)/r. By (4.8), if ~T~(co)<(l+4e)~0,  z, then ( l+4e)-~Y,m(. ,O,a) 

,f 

(co)/~0,e~# 4~, and so, letting r = ( l + 4 e )  -~, Y,m(.,O,a)(co)/~o,eY 4~. This with 
(4.12) proves the proposition. 

We need one more preliminary proposition. 

Proposition 4.3. Suppose A is fixed. Given q>0,  there exists m o such that if 
m > too, n is a multiple of m, a > O, then 

Var (I1. m (A, O, a) -- Z .  (A, O, a)) <= tl. 

Moreover, Y .m(A,O,a)-Z.(A,O,a)  is the sum of independent mean 0 random 
variables, each bounded by 2a/(p.. 

Proof. By the definition of Y.m (see (4.7)), 
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(4.13) } 
Y,m(A,O,a)-Z,(A,O,a) = ~ ~ [Ac~Q~m] ~ 1  . . . . . .  ~d( IQ~ml Z"(Q~m'O'a)-Z"(AnQ~m'O'a) 

[ IAnQ'~zl In(AnQ,~m)caR~[ ) 
=n-~/~Z Z \ I0,<.,I jEnQ~.rn 

" (X ~(n, O, a) - EX(n ,  O, a)). 

Since [IA c~ Q,~ml/lQ,~ml -[n(A c~ Q~)  m Rj[I -< 1, the second part of the proposition 
is clear. From (4.13), 

(4.14) Var (Y.~(A, O, a) -Zn(A,  O, a)) 

<n -d ~ ~, (iAc~Q~mI/IQ~I-In(Ac~Q~,.)c~R[) 2 
~e~{1 ..... m}d ~ n Q ~  m 

= n - d ~  y" (In(Zc~Q~m)~RI2-(lZc~O,~ml/IQ,~ml) 2) 
~. j ~ n Q ~ m  

-<_ Y', (IA r~ Q~ml - I A  c~ Q,~mlZllQ,~ml) 
,r 

= ~_, IA c~Q,~,,,I IAC nQ,tml/IQ,~,,,I, 

since y', In(Ac~Q,~m)~Rjl=ndlAc~Q,~ml. 
j~nQ~crn 

If we let 

hm(B, Z) = ~ IB n O,~,.I 
, ~  ...... ~d IQ,~m[ l~2~m(g)' 

by the Lebesgue density theorem, hm(B, Z)~IB(r for almost all g as m ~  oo. So by 
dominated convergence and (4.14), 

Var (Y,~(A, 0, a) -Zn(A,  O, a))< ~ hm(A, Z) hm(W, r 
I d 

--* ~ 1A($')1AO(Z) d r  
ia 

Hence if m is sufficiently large, Var(Y.~(A, O, a) - Z . ( A ,  O, a)) <= t 1. 

We now prove 

Theorem 4.4. For each e, 

P(Z,~(. )/qD, C~,J~ 22~ i.o.) =0.  

Proof Let 1 /16>e>0.  Pick 6<e2/2. Pick m large enough so that if n is a 
multiple of m, 

Var(Y,m (B, O, a) -Zn(B,  O, a))<= e2/4 

for each B e d ( b ) ;  this is possible by Proposition 4.3. Then if n is a multiple of 
Wt, 
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(4.15) P(Z,( ' ,O,a) /ep.r  sup ]Z,(B,O,a)-Yn,,(B,O,a)l>e~on) 
Be,~/(6) 

+ P(Y.m(', 0, a)/q~.r 4~) 

+ P( sup II1.,. (A, O, a) 
aear Beat(a), [A ABI < 6 

- Y..,(B, 0, a)l > 9 e  ~o., Y.m(', 0, a)/q~.eX 4~) 

+ P( sup IZ,(A, O, a) - Z , ( B ,  O, a)l > e cp,) 
aeag, B~(6) 

]A AB[<6 

=I1+12+13+14  . 

By Proposit ion 4.3 and Bernstein's inequality, 

I 1 < exp(H(a)) sup P(IZ,(B, 0, a) - Y,,,(B, O, a)[ > e qo.) 
Bsar 

< c  exp( _~2 ~o2/(2(e2/4)+ 2(2a/cp.)(~ ~o~)/3)) 

< c (log n)- 0 

for some p > 1, provided a is chosen small enough. 
By Proposit ion 4.2, 

I a =< c exp ( - (1  + e) q~2/2) =< c(log n) -p 

for some p > 1, provided a is chosen small enough. 
By (2.7), if Y,m(',O,a)/qo,eJ{ 4" and ] A A B I < &  

IY, m(A, O, a) - Y,m(B, O, a)]/~o, < 8~ + a~ < 9 ~. 

S o  1 3 = 0 .  

Finally, provided a is sufficiently small, 

14 < c exp ( - g2 ~o2/(2 + e) 6) < c (log n)- p 

for some p > l  by Theorem 3.1. 
Choose q sufficiently small so that  l < q e <  l + e .  If we take a sufficiently 

small and nk=m[qk], where [qk] is the integer part of qk, then substituting our 
bounds for 11, 12, 13, and 14 in (4.15) gives 

P(Z,~(' ,  O, a)/q)nkCK 15e) <= C E k - p  < o0. 
k k 

By Borel-Cantelli, 

P(Z,~ (., O, a)/qonJL.,U ls~ i .o.)=0. 

Since by Proposit ion 4.1, HZ,(', a, oo)/<on[[d--+0 a.s., it follows that  
P(Z,~( ' ) /r162 16~ i.o.) = 0. 

Given F a J {  with F(A)= Sf(g)dg, define F~, 0=<r< l ,  by 
A 

(4.16) F,(A) = S f~(g) d/,  
A 

where 

(4.17) s f (r g). 
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Note 

and 

and so F~eS. 

F~(A) = ~ rdf(rg) d~= ~ f (g)  d d = F ( r A )  
A rA  

ff(g) d g = r 2 d j  �9 f 2 ( r L ) d d = r  d ~ f 2 ( g ) d ~ ' ~  1, 
i a i a rr~d 

Now fix co, and then pick k large so that there exists FedU with 

IIZ . . . .  (.)/~o . . . .  - - F l [ d = < 1 6 e  

and (nk+ 1/rtk) d/2 r + 1/r ~ 1 + 3 ~. Suppose n k <= n <= nk+ 1" Let r = n/nk+ 1. Then 

y - -  r ld /2  n "/z Z . (A)  = 2 ]hA mRsl X~ = ~ ink+ 1(rA) c~ Rjl . ~  - '~  1Z . . . .  (rA). 
y ~s 

Since ~r is contraction closed (see (2.8)), if Aesr 

[Z,(A)/~% - F~(A)I < IZ,~+ ~ (r A)/q~,k+ , -- F(r A)I 

+ \  (P. - -  - IZ . . . .  (rA)/q~.~+~l 

< 1 6 e + 3 e ( l + 1 6 0  

= <22e,  

using (2.7). So, for all k sufficiently large, nk<=n <__ nk+ ~, Z . ( ' )  (co) /p .eJf  22~. 

R.F. Bass 

5. Limit Points 

We now determine the limit points of Zn/q~ .. 

Theorem 5.1. For each FeJT" and each l > e > 0 ,  

P([IZ,( . ) /q) , -F]I  d < 6e i.o.)= 1. 

Proof. We first suppose that for some z>0 ,  F(A)= ~f (d )dg  for all A ~ d ,  and 
A 

(5.1) ~ f2(d) d g <  1 - ~ .  
I d 

Since Zn/q~,eJY ~ for n large by Theorem 4.1 and FeJY, it suffices by (2.7) to 
show 

(5.2) P( max IZ,(B)/to, -F(B)I  < 4e i.o.) = 1 
B e ~ ( 6 )  

for 6 = g 2 / 8 .  

Given a set B, there exists a closed set C with [ B A C I < 6 / 2 .  Since 1Qlm[ 
=rn -d and Om(C)$C as r e + m ,  where 

O~(C) = ~) Q~m, 
Q ~ f m n C ~  
,(~{1; . . . ,m} a 
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the outer  rectil inear fit of  C by the cubes Q~m defined in (4.6), then if m is 
sufficiently large, there is a set A = O , , ( C ) - Q ~ , ,  that  is made  up of the union of 
Q~,,'s, ~f4=l, with ] A A B ] < 3 .  

We construct  such a set A for each Bss~(b) :  label the sets of ~r by 
B~ . . . .  , Bq; then we can find an integer m and finitely m a n y  sets Aa . . . .  , Aq such 
that  each A i is made  up of the union of Q~,,'s, ~f4=1, and IAIABII<6,  i 
=1 ,  ... ,  q. 

Let  n~=m ~. By Bernstein, for each i = 1 ,  . . . , q  

P(]Z,, (A~, O, a) - Z, ,(B i, O, a)l > e q~,,) 
l 

< ~, 2 exp( - - e  2 (p2/(26 + 2(2a/cp,) (e ~o,,)/3) 
1 

< ~ exp( -Zq0 ,2)<  oo, 
1 

provided a < 6. Using Propos i t ion  4.1 and Bore1-Cantelli, 

P(IZ,z(Ai) -Z,,(B~)[ >2~  q~., i .o . )=0,  

and so to prove  (5.2), it suffices to show 

(5.3) P( max  IZ,,(Ai)/cp, ~ -F(Ai)] < e  i.o.) = 1. 
l<_i<_q 

N o w  Z,,  and F are finitely additive, and  each A~, i =  1 . . . . .  q, is the union of 
Q~,,'s, ~f +1 .  So to p rove  (5.3), it suffices to prove  

(5.4) P( max  [Z,,(Q,~,,)/qo,,-F(Q,~,,)[ <e/m e i.o.) = 1. 
, r e { l ,  . . . ,  m} a -  {i}  

We now prove  (5.4). Let  D=ld- -Qlm.  Let 

A~z =(IZ,,(Q,fm)/(p, ' -F(Q~, . )  I <e/ma), ~f~ {1, ..., m} d - {1}, 

and let 
Ft = 0 A~.  

,r . . . . .  m} a -  {i} 

Each Z,,(Q,~m) is the sum of sz=n~l(2~m[ iid mean  0, var iance 1 r a n d o m  
variables,  and so by L e m m a  2.4 of [4] (his c~ k is our  s}~os,, his m k our  sl), for 
each t />  0, 

for l sufficiently large. By the p roof  of (2.6), IF(Q~m)[<(1-O~IQ~, , IL and so 

F, (F (Q.0 ) '  _-< 1 - ~ .  
~ f e { 1  . . . . .  m} a 
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Since the Z,,~(Q,~,,), ~ ( 1  . . . . .  m} d are independent, 

P(Fl) = l~ P(A,~ t) > exp( -- ((1 -- z)/2 + rl m e) q)2) 
.4e{1 . . . . .  r e } a - - { l }  

=c(logn~)-P =c l-O 

for some p < 1, provided r/ is sufficiently small and l sufficiently large. 
Now F~ depends only on X ' s  with j e r d D ,  and since D, roD, mZD, are j " ' "  

disjoint, the F~ are independent. Then by Borel-Cantelli, 

P(F t i.o.)= 1, 

which is precisely (5.4). 
Finally, if F is any element of X, I[(1 - z ) F - F l l d ~ 0  as z ~ 0 ,  while 

(1 - z) F ( A )  = I (1 - z) f(g) dg. 
A 

Hence ( 1 - z ) F  is an element of dU that satisfies (5.1). Since , is arbitrary, the 
theorem follows. D 

Proof of  Theorem 2.1. This is immediate from Theorems 4.1 and 5.1. [q 

6. C e n t r a l  L i m i t  T h e o r e m  

Let cg(d) be the uniformly continuous functions on d with norm 11" II~. Let 
W(') be Brownian motion indexed by d :  a mean 0 Gaussian process with 
sample paths in cg(d) and Cov(W(A), W(B))=IA AB[. In this section we show 
how to prove that Z ,  converges weakly to W in cg(d). 

Since enlarging d just makes a stronger theorem, we may assume without 
loss of generality that d is closed with respect to d(A, B)= IA ABI and that d 
still satisfies (2.2), (2.3), and (2.8). One can show d is complete (A---}I A maps 
(d,  d(., .)) isometrically into a closed subset of Ll(dl)). With the total bound- 
edness of d ,  we conclude d is compact. 

One can show that the finite dimensional distributions of Z ,  converges to 
those of W; for an elegant proof of this, see I-1]. Since oK(d) is a complete and 
separable metric space, Z ,  will converge weak'ly to W provided the Z,'s are 
tight, by Prohorov's theorem. Recalling that gbed  by (2.8) and that Z,(qS)=0 
for each n by (2.1), to show tightness it is easy to see that it suffices to show: 
given ~/>0, for each k, there exists b(k) such that 

supP(  sup [Z,,(B)--Z,,(C)I>2-k)<tI2 -k. 
n B , C ~ e ,  IBAC[<=6(k )  

We accomplish this by proving 

T h e o r e m  6.1. Given 1>2,  e>0 ,  there exists z such that 

supP(  sup IZ.(B)-Z.(C)l>32)<=4e. 
n B,C~C, IBACI<'c 
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Proof We will use the notation of Sect. 3, except that for this proof we take 
q),--1. With this change, we follow the proof of Theorem 3.1 up through state- 
ment (3.12) word for word, but we now proceed to choose the 6i's, 2,% etc. 
somewhat differently. 

Let G(x) be a continuous, strictly decreasing function such that G(x)> -3 X 
1 

H(x/2)=o(G(x)) as x~O,  and 7=~(G(x) /x)~dx< oo. Let 2=2/2,  fl=2/40y. Let 
0 

M be an integer > 1 chosen large enough so that e x p ( - M ) < e / 6 0 ( 7  + 1). Choose 
~5 = 80 < 1 sufficiently small so that 8-~fl2/60 > M, G(x) f12 > 12OH(x~2) for all 
x<8,  22/568>M, and 8H(8)<22/112. Define 8~ by G(8,)/cS,=(G(8o)/8o)2 ~, 2, 
= (8, G(8)) -~ fi, a, = 38i/2 ,, and a = ~ = min (%/2, 8 (1 + 2)- 1). 

As before, a < a  o and (3.7) and (3.11) are satisfied. From (3.9), 

( -  22 + 568 H(8)] <_ 2 exp( - 22/568) < e. 
(6.1) Po <2  exp \ 286 ] - 

By Lemma 2.3(a), 8,+1>8,/2, and so H(S,+ 1)<H(Sff2). From (3.10), 

r~ < 4 exp( - 22/88~- 2H (8,/2)) 

< 4 exp ( - G(8) f12/16) 

M6i -~) = <4  e x p ( -  " ,  

and by Lemma 2.3(d) with ( = e x p ( - M ) ,  

(6.2) 

Similarly, from (3.12), 

and 

(6.3) 

~ r , < e .  
/ = 0  

si < 2 exp(-MSi- �89 

0o  

i = 1  

Substituting (6.1), (6.2), and (6.3) in (3.8), for the above choices of 8 and a, 

P( sup [Z , (B ,O,a) -Z , (C,O,a) l>2)<3e .  
B, Csd, !~ ZxCI <O 

Taking q),= 1, the proof of Proposition 4.1 shows that 

P(llZ,(. ,a,  oo)1[~>2)-,0 as n ~ ,  

and so for n > n  1 for some n 1 sufficiently large, 

P( sup [Z , (B) -Z , (C)[>32)<4e .  
B,c~, IBACI<=~ 

Since Z.  is uniformly continuous for n<=nl and sup 

creases as z decreases, taking 
theorem. 

IZ~(B)-Z.(C)I  de- 
B,C~r IBACI__<~ 

Z sufficiently small and __<8 proves the 
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