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1. Introduction

Let X, 7e{1,2, ...} be independent, identically distributed random variables
that are mean O with variance 1. If o/ is a collection of Borel subsets of [0, 174,
define the partial sum process {S,(B); Be«} by

S,B)=Y X 4
senB
The purpose of this paper is to prove a functional law of the iterated logarithm
(LIL) for a suitably smoothed and normalized version of §,.
The first functional LIL is due to Strassen [§]. If B, is one-dimensional
Brownian motion, he showed that the set of functions f,(+) defined by

B.(5)=B,/tloglogt)!, 0<s<I,

is relatively compact in the uniform topology and the set of limit points is the
set of functions which are absolutely continuous and whose derivatives have
L, norm less than or equal to 1. Using Skorokhod embedding, Strassen showed
that random walks also obeyed a functional LIL. and that the usual LIL, as
well as many other interesting results, could be obtained as a consequence.
The extension of Strassen’s results to Brownian motion indexed by points
in R% and to partial sum processes indexed by points in R% was done by
Pyke [7] and Wichura [9], respectively. For a Brownian motion indexed by a
large collection & of sets, the functional law was proved by Bass and Pyke
[2], and then a type of Skorokhod embedding was used to extend this for
partial sum processes. However, if H(d) is the log-entropy of «/ (defined in
Sect. 2), it was necessary that H(0)<o ™" for some r<1 and that the X /s have
at least (24 ¢)/(1 —r) moments for some £¢>0. Moreover, the sets in .o/ had to
have uniformly smooth boundaries. Morrow and Philipp [6] were able to wea-
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ken the smooth boundary condition somewhat, but required the X ’s to have
at least (2+¢) (1 +7)/(1 —r) moments.

In this paper we prove a functional LIL that requires only finite variance
for the Xs. Our restriction on < is that its log-entropy with inclusion, H,
satisfy

(1.1)

QO ey, =

(H(x)/x)® dx < o0.

That is the weakest one could expect, since (1.1) (using entropy without in-
clusion) is the condition usually used to show that the Brownian motion index-
ed by o/ has sample continuous paths [5]. Furthermore, no smoothness what-
soever is required on the boundaries of the sets in .«/. When we take d=1, &/
={[0,t]: 0<t<1}, we get Strassen’s LIL, while d=2, </ ={[0, ¢]: /€[0,1]%}
yields Wichura’s results for partial sums of iid random variables.

The key to our method is a modification of the metric entropy technique.
Instead of truncating the X ’s once at the beginning and then doing the chain-
ing argument, we perform a truncation at each stage of the chaining. This gives
us an exponential estimate, and then more or less standard techniques are used
to get our functional LIL. Some simplifications due to de Acosta [4] are used
in this latter stage of the argument.

Our methods can also be used to prove the central limit theorem for set-
indexed partial sum processes with finite variance. This gives a new proof of
the recent result of Alexander and Pyke [1], which was done by completely
different methods.

In Sect. 2 we introduce notation and state our assumptions and results. Sec-
tion 3 contains the entropy argument. Section 4 gives the proof of relative com-
pactness, while Sect. 5 identifies the limit points. A sketch of the proof of the
central limit theorem is given in Sect. 6.

2. Statement of Results

Let I9=[0, 1]% If 4 is any Borel set, let |A| denote the Lebesgue measure of A,
and let rA={r¢: £ed}. For y7=(j;, ..., ], let

R,=(jy—1,j;1% ... x(g= 1,41

the cube with upper corner at ;. Suppose X, ;e{l,2, ...}* are iid random
variables with mean O and variance 1. Our smoothed and normalized version
of S, will be Z,, given by

2.1 Z,B)=n""3Y [nBAR|X,.

Fd

In the case where d=1 and we identify the point ¢ with the set [0,¢], n¥*Z (1)
is just the usual process obtained by linearly interpolating between the points
{(i,S)): i<n}. As a function of B, Z, is well defined for all Borel sets B<J? and
for each n is uniformly continuous with respect to the metric d(A, B)=|4 AB|.
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Let

loglogn if n=16
LL”“{1 if n<15.

Let ¢,=(2LLn)"2
We will suppose that .o/ is a collection of Borel subsets of I that is totally
bounded with inclusion:

(2.2) for each ¢, there exists a finite subcollection =/(9) of o/ with the follow-
ing property:

if Aes#, there exists B, B* (depending on A4) in /() such that Bc 4
SB" and |BT —B| <.

For each 9, let H(J), the log-entropy, be the log of the cardinality of the
smallest such subcollection . (6).
We suppose of is entropy-integrable:

(2.3) j% (H(x)/x)*dx < 0.

0
For any F: &/ -, let
|Flly=sup|F(B)|
Let 2 be the subset of the functions from &/ to R given by
(24) A ={F: for some f: I'>R with { f>(¢)d¢<1, F(B)={f(¢)d¢ for all
Bew/}. " ’

Given FeX, we extend the domain of F to all Borel subsets B of I by defining
F(B)={f(¢)ds.
B

We can now state our theorem.

Theorem 2.1. {Z /o,} is relatively compact with respect to the metric || |, and
the set of limit points is exactly X, a.s.

Before proceeding to the proof of Theorem 2.1, we introduce a bit more
notation and make some observations that will be useful later.
Let A7 be the subset of the functions from &/ to R given by

(2.5) H*={F: for some FyeA, |F—F,|, <¢}.
By Cauchy-Schwartz, if Fexf, B Borel,

(2.6) IF(B)I=IIj;f(f) de| (] 1p(A)dOE(f f2(¢)d2)* <IBJE,

and so if FeA™®, Be/,

(2.7) |F(B)|Ze+|BJ*.
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Throughout, ¢, with or without subscripts, will denote a constant whose
value may change from place to place.

For the rest of the paper, it will be technically convenient to assume &/ is
contraction closed:

(2.8) if Beo/, 0<r=<1, then rBe«.

There is no loss of generality in making this assumption, because if o&/*
={rB: Bes, 0<r<1} has log-entropy H*(d), then replacing &/ in Theorem
2.1 by the larger «/* only creates a better theorem, while

1
Lemma 2.2. [(H*(x)/x)*dx < 0.
[¢]

Proof. Let o/*(20)={sB:s/§ is an integer, 0<s=<1, Bew/(d)}. It is easy to
check that if r Ae.o/*, there exist B, B*e.o/*(26) with BerA=B™*, |B™ —B| <24
and that H*(26)<2log 6~ '+ H(6). The result follows. []

The following lemma will make working with (2.3) easier.
Lemma 2.3. Suppose G(x) is a strictly decreasing continuous function with
1

G(x)=x"* and | (G(x)/x)*dx <oco. Suppose xo<73, and define x; to satisfy
0

G(x,)/x;=(G(xo)/x0) 2%,  i=1,2,....
Then
(a) xi/xi+1§2;
(b) G(xi+ WG(x)=2;
(c) 2

13

@ if £<h 30T <150 (Gt
i 0

i=0

(x; G <5 } (G(x)/x)* dx; and
0

0

Proof. Since G(x)/x is strictly decreasing and G(x)=x~*%, x, decreases to 0.
Then

X; G(xi+1) G(x)

13

G(x,) X1 G(xip4)

G(x; 1) X, xi+1<2
Xip1 Glx) x; T

L 13

xi/xi+1: <2,

and
G(xi+ 1)/G(x)=

Observe that

29 (G =x,(Glo)x) < | (GO dx—0  as oo,
0

and

(2.10) (GOx)/x)% —(Glx;_ 1)/x; ) =(Glx)/x)F (217 =20 112)

2 (G(x,)/x,)*/5.
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Using (2.10) and summing by parts, we have

Xi

j'(G(x)/x%gi f (G(x)/x)¥dx= Z(x X1 1) (G(xp)/x;)*

= XO(G(XO)/XO)% + __lei [(G(xi)/xi)% —(G(x;_ 1 )/x;_ 1)%] X4 I(G(xn)/x")%
2 ZO(X,- G(x))*/5 —(x, G(x,)*.

This with (2.9) gives (c).
Since (x~*—1)|log{|=x"%/10=|logx|/4 —log3 for {, x4,

> T3¢

i=0 i

fl
1018

X230 T (5,66,

and (d) follows. [1

A comment about measurability: since by (2.2) &7 is totally bounded, then
of is separable. Since for each n, Z, is uniformly continuous with respect to the
metric d(A4, B)=|A4 AB|, it follows that Z;l(ﬂ)go—(Xj: 7€{1,2,...}%), where % is
the Borel o-field on #(7), the set of uniformly continuous functions on & with
norm ||+| . A similar comment applies to each of the other processes we will
define.

3. Entropy

This section gives an exponential bound for partial sums of truncated random
variables. For 0<a<b £ o0, define

(31) Xi.(n, a, b) =X, 1(and/2/<anS IX | < bnd/2jpp) >

(32)  Z(A4ab)=n""" Y  |nAnR,|(X,(n ab)—EX 1, ab),
Jell,2, ..

and
_ a2

(3.3) U.(4,a,b)=n je(l’zz:w}dlnAmRﬂ X ,(n,a,b)\.

Note Z,(A4,a, b) is mean 0, and if 4 and B are any two sets,

(34) Var(Z,(4,a,b)=Z,(B,a,b)) <n"*Y (nAnR,|~|nBAR|)* Var X,

7

<n *Y |n4 AB)NR,|=|4 AB|,
E

since IInAmR/.|—lanlelgln(AAB)ijlgl. Note also that Z,(A4,a,b)
—Z,(B,a,b) is the sum of independent random variables, each of which is
bounded by 2b/¢,.

A similar calculation gives

(3.5) Var U,(4, a,b)<|Al,
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while
EIX,(n,a, )| SEX2/(an"*/g,),
and hence
(3.6) EU,(4,a,b)sn™ Y [nAnR | ¢,Jan®?=¢,|4|/a.

7
Our estimate is the following.

Theorem 3.1. Given A, 6, and >0, there exists constants ¢, o, and n, (depending
on 2, 8, and &) such that ifa<o and n=n,,

__22 q02
P u Z,(B,0,a)—Z,(C,0,a)|>Ap,)<ce ( ").
(B,Ceds,prAQgé' #(B,0,a)~Z,(C,0,a)|>/¢,)=cexp 0706

Proof. We will select numbers 2, A 0, a;, o later so that 9, a;, 4,10, x<a, and

(3.7) AZA+4Y 2,
i=0
If B and C are any sets in =7, there exists sets B,, BY, C,, C{ in /(;) such
that B, BS B and |B;f —B;| <4, and similarly for C, C;, ', for each i. Since
for each a<« and each n, Z,(4,0,a) is a continuous function of 4 with respect
to d(A, B)=|A AB|, we can write

Z,B,0,a)=Z,(B,,0,a)+ > [Z,(B;,1,0,a,Aa)—Z,(B;,0,a;, na)]
i=0 '
+ Y [Z,B,a; na,a;,_~ra)—Z,(B;,a; Aa,a;_y Aal,
i=1

and similarly for Z,(C,0,a), provided o<a,. (It will be apparent from the re-
mainder of the proof that both series are absolutely convergent, a.s.) Then the
only way Z,(C,0,a)—Z,(B,0,a) can be larger than 4¢, for some B and C in
of with |C AB| <9 is if at least one of the following holds:

(i) for some B, Coe(d,) with By B, C, = C, |B—By|£d,, |C—Cyl £,
1Z,(Co,0,0) = Z,(B,,0,0)| 2 19,
(ii) for some i, for some B,eo/(d,), B, (€(0,, ), |B;,, AB;)|£20,,
1Z,B;;1,0,a,na)—Z,(B;,0,a, A a)| 2 4, 0,;
(iii) same as (ii) with B’s replaced by C’s;
(iv) for some i, for some B,, Bf €.4/(5)), Be o/, B, B< B}, |B} —B,|<0,,
\Z,B,a; na,a,_ ~"a)—Z,(B,a;na,a;,_ Aa) ZA;0,;

or (v) same as (iv) with B’s replaced by C’s.

The number of pairs B;, B in &/(3;) is <exp(2H(J;)), while the number of
pairs B;eoZ(3;), B;, ,€4(5;,,) is <exp(2H(S,,,)), since H(x) increases as x de-
creases.
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We then have

(38 P sup  |Z,(C,0,0)=Z,(B,0,a)>2p,)Spo+ Y1+ Y5,
B,Cee,|BAC| <6 i=0 i=1
where _
pOZeXp(zH(éo)) max P(lzn(C0707 a)_Zn(B0305 a)';)"q)n))
Bo, Coed (80), |Co ABo| <6+ 240
r,=2exp(2H(S;, 1)) max P(Z,(B;,1,0,a,Aa)—Z,(B;,0,a; na)| 24, 0,),
Bicl (8i), Bi + 169(d;i + 1)
|B; ABi+ 1| £25;
and
5;,=2exp(2H(5,) max P( sup |Z,(B,a;ra,a,_,na)

Bi,B{ e(8)), |Bi’ —Bii<é; B;cBcSBi
—Z,B,a,na,a,_; Aa)\Z A, @,).

Here p, bounds the terms in (i), ; the terms in (ii) and (iii), and s; the terms in
(iv} and (v).

We now proceed to estimate p,, #,, and s,. Recalling (3.4) and the fact that
Z,(A4,0,a)—Z,(B,0,a) is the sum of terms bounded by 2a/p,, we have by
Bernstein’s inequality (see [3]),

(3.9) — 2 o}
Po=2exp(2H(9,)) exp (2(5 1250+ 22a/e) (p,,)/3>
=2exp(2H(8,)) exp(— 12 02/(26 +45,+4al/3)).
Similarly,
(3.10) r<4exp2H(S,, ) exp(— A2 02/(45,+4a,1,/3).

To estimate s;, note that

sup |Z,(B,a; Aa,a;,_ na)—Z (B, a;na,0;,_; Aa)|

B;i=B<B;
<U,(B; — B, a;a;,_,)+EU,(B* —B,a,a_,).

i

By the definition of U,, U,(Bf —B;, a;,4;_,) is the sum of independent random

1

variables each of which is bounded by a,_,/¢,, and by (3.6), if |B; —B,| <6,
EU,(B{" —B;,a;,a;,_1)S ¢,0,/a;,
Then, provided
(3.11) 4 @,230,6,/a;,
by Bernstein’s inequality,
(3.12) 5,=2exp(2H(3,) max P(U,(B; —B,,a;,0;,_,)

+ " ir™i—1
Bi, Bi ef(64), |Bi —B;| £0;

_EUn(B1+ _Bi7 a;, a; l)g;”i (pn/3)

15

— 7 02/9
=2 exp(2H(6,) exp (2«2 + 20 /o) U %/3)/3)

=2exp(2H(3,) exp( '—}‘? 905/(1851' +2a;_, 4).
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We now choose §;, 4;, a;, 4, and . Let G(x) be a continuous, strictly de-
creasing function so that G(x)=x~*, G(x)=H(x), but

(G(x)/x)Fdx < 0.

O Oy

')):

For x<1, note that G(x)=x~% Take 2 less than but sufficiently close to 4 so
that 22>A%/(1+¢/4). Let B=(1—1)/207. Choose 8,<1 small enough so that
d,<86/8 and 85 p2/60=1%/26. Let 6, be defined by G(6,)/5,=(G(8,)/5,) 2%, and
fet

2,=(6,G@G)*B, i=0,1,....

Let a;=36,/4;, i=0,1,.... Take a=min(a,/2, ¢ 6/4(1+ 2)).
By Lemma 2.3(c), (3.7) is satisfied. By the definition of g;, (3.11) is satisfied.
From our choices of 4, «, and J, and (3.9) we get

(3.13) poscexp(—A%93/(2+¢)d)
provided a<a. By Lemma 2.3(b), H(6,,,)<G(5;,,)<2G(5;). Since A} p2/s,

=G(5;) f* 92 =64G(5,) for n sufficiently large, we have

rsdexp(—A7 2/86,+4G(6)
<dexp(—G(5) p2 ¢;/16)
Sdexp(—d;* 22 92/25)

for n sufficiently large, uniformly in i. By Lemma 23(d) with {=exp
(=A% p?2/26), we have

(3.14) Y r<cexp(—A2@2/29).
i=0

By our choice of 4, and 1,, a;_,/a,=2%, so

5iS2exp(—47 ¢;/306;+2G(3)
<2exp(—G(3;) B ¢;/60)
<2exp(—0; 42 }/29)

for n sufficiently large, uniformly in i. By Lemma 2.3(d) again,

s;Scexp(—A?p2/26).

M8

(3.15)

i=0

Substituting (3.13), (3.14), and (3.15) in (3.8) proves the theorem. []

I

4. Relative Compactness

We now proceed to prove part of Theorem 2.1, that Z, /¢, has limit points, all
contained in #. We separate out some preliminary propositions for con-
venience. First we have
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Proposition 4.1. For each a,

1Z,(,a, ©)/e,l,—0 as. as n—oco.
Proof. Since for each A,

|Z,(A,a, 0)| < U,(I* a, )+ EU,/(I%a, x),

it suffices to show

4.1) U, (I a, 0)/p,—0, as.
and
4.2) EU(I% a, ©)/p,—0.

If j=(,..-.Jq), let pu(p)=max(j,...,j,). Given i and a, let
W (i, a)=sup{k integer: ak¥*/p, <i+1}.

Since the number of /s in {1,2,...}* with u(;)=k is less than or equal to
ck?~! for a constant ¢, we have

(4.3) z Liys >au(;‘)d/2/¢u(,-))(“(/)d/2 Cup)” =) X Lot >akd/2/¢k)(kd/z @)t
&

k Giuip=k
daj2 —
=c Z 1(i+ 1 >akd/2/<pk)(k / 1/‘Pk)
k

eV, a 0,6
c(i+1)/a.

lIA 1

We see from this that
(44) TEIX, ()., oG 0,
4

<Y Y GHDPESIXSiHD @GP0,

7 i+ 1>au()% oy )

= _ZO[Z Lisa >au(j)d/2/¢u(j))(#(/)d/2 q)u(!‘))_lj (+DPEZIX|<i+1)
1= Fd

<(e/a) ¥, (i+ 12 P S 1X,| Si+ D S(c/a) (X, +1 < <o,

i=0

where we use the fact that the X s are iid, X, (u(y), a, ) is defined by (3.1),
and 1=(1,1,...,1).
An immediate consequence of (4.4) is that

(4.5) 21X, (1), a, o))" @, <0, as.

Given ¢, pick n,(w) such that
Y 1X (), a, o)) 9,5 <e.

u(p)>ny
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Then

U,(%a, 0)/p, < Y X, (na 0)ne,+ Y X (20, a )1 0,

A s=m nzp(s)>m

or limsup U,(I% a, )/, <2e. Since ¢ is arbitrary, this proves (4.1).

Just as (4.1) follows from (4.5), we see that (4.2) follows from (4.4), and the
proof is complete. [I

For notational convenience, given m and £€{1, ..., m}%, let
(4.6) Qim=m"'R,.

If n is a multiple of m, let
|AmQé’m|

(47) Ynm(A7 a, b) =
£e{l, ...,m}d 1Q£m|

Z,(Qm> 4, ).

Proposition 4.2. Given 1/8>¢>0, m fixed, and n a multiple of m, there exists o
such that if a<o and n is sufficiently large,

P(Y,,,(, 0, a)/,¢ A **)<cexp(~(1+¢) 9}/2).

Proof. If we let
Ynm(t)z Z |Q,{m|_1Zn(Q,€ms 03 (1) 1Q£m('f)9

£e{l, ...,m}d
we see that for all 4

Y, (4,0,a)= | y,,.(£)d¢.
A

So to show Y,,(+,0,a)/p,e#**, we need to consider

(438) P72 ] Gun P d=07%  Y 17, (Q > 0. 0) 10,
I 3

£e{l,....m
Let
16 =1Z1(Q s 0, A*/1Q gl

5 [T i T,S(+200}
"0 otherwise.

and let

By Bernstein’s inequality,

(49)  P(T, +T,, for some £)<m P(T, ;= (1+2¢) 7)
=m* P(Z,(0,,,.0, @) Z(1+2¢* ,10;,,|%)
_ (1+28) 9210y, )
210,/ +2Qa/p,) (1+2¢) ¢,10,,1%)/3
<2mexp(—(1+¢) 0}/2)

<2m’exp (

if a is sufficiently small, 1=(1, ..., ).
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By the same argument, if x<2¢? and a is sufficiently small,

_X|Q1m‘ )
2101/ +2(2a/9,) x*1Q;,,*/3
=2exp(—x(l —e)/2),

P, > SP(T,> )5 2exp

and so
- (142892 _
(4.10) Ee“Tné=y g e P(T,,>x)dx
(1+28) 07

S2u | ere-9i2gx
)

L2ke<w

if u=(1-2¢)/2.
Since the T,, are independent (recall n is a multiple of m), from (4.10) we
get

@11) P( Y T,z(+4e)e})<exp(—u(l+4¢) ) E exp(uz

£efl,...,md
=exp(—u(l+4¢) p?) H EexpuT,,)
Scexp(—(1+¢) 9;/2),
and hence
(4.12) P( Y T,=(1+4¢¢?) <P(T,,+T,, for some #)
£efl,...,mpd

ZT 2(1+4¢) @?)

<cexp(—(l+¢) p?/2).

By (2.6), r FeA" implies |F —rF| ,=(1—r)| rF|,/r <(1 —r)/r, which implies
Fex4-nr By (48), if Z (@ =(1+4e)p2, then (1+4¢) %Y, (+,0,0q)

1

(w)/@,eX*, and so, letting r—(1+48) %, Y,.(,0,a)(w)/p,ex*. This with
(4.12) proves the proposition. []

We need one more preliminary proposition.

Proposition 4.3. Suppose A is fixed. Given n>0, there exists m, such that if
mz=mg, n is a multiple of m, a>0, then

Var(Y,,(A,0,a)—Z,(4,0,a)<7.

Moreover, Y,,,(A,0,a)—Z,(A,0,a) is the sum of independent mean O random
variables, each bounded by 2a/e,.

Proof. By the definition of Y, (see (4.7)),
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(4.13) ANG |
Ynm(As 07 a)_Zn(Aa 0: a): Z {-__£7LG(Q£m’0, a)_Zn(AmQ,é’maOs a)}
£e{l,...,myd |Qé’ml
_ [ANQ .l
— dj2 . ZEml .
" gje'%é’m ( lQ;{ml In{4 QO)lel)

(X,(n,0,a) —EX (1,0, a)).

Since |14 Q,,.1/10 s —ln(AmQé,m)ijHél, the second part of the proposition
is clear. From (4.13),

(4.14)  Var(Y,,(4,0,a)~Z,(4,0,a))
=n™t Y Y (40Q4)10m —In(AN Q) AR )

£e{l,...,m}? jenQupy
=n"1Y Y (mA0Qu) "R =140 Q0l/1Q)?)
£ 7enQem

<2 (40Qam —140 Q41710 )

AN Q el 14°0Qenl/1Q

2
z

since ) [m(ANQ) "R |=nANQ,,|.
F7enQgm
If we let

£e{l,...,md |Q,€m|

by the Lebesgue density theorem, h,, (B, ¢)—1,(#) for almost all ¢ as m— c0. So by
dominated convergence and (4.14),

(B, £)= Lo (),

Var(Y,,(4,0,a) —Z,(4,0,a) < | h, (4, £) h,(A°, £)d¢

Id

- {1,(0)1,.(8)de¢=0.

Hence if m is sufficiently large, Var(¥,,(4,0,a)—Z,(4,0,a))<n. O
We now prove
Theorem 4.4. For each ¢,
P(Z,(")/ @, H>** 1.0)=0.

Proof. Let 1/16>¢>0. Pick §<¢?/2. Pick m large enough so that if n is a
multiple of m,

Var(Ynm(B7 0: a) _Zn(Ba 0’ a))é 82/4

for each Bes/(9); this is possible by Proposition 4.3. Then if » is a multiple of
m,
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(4.15)  P(Z,(-,0,0)/p,¢ A > )< P( sup |Z,(B,0,a)~Y,,(B,0,a)|>¢¢,)
Best (9)

+P(Y,,(-,0,a)/p,¢ 4%
+ P( sup 1Y,,.(4,0,a)

Aesdt,Best(8), |A AB| < b
—Y,,.(B,0,a)|>9%¢9,,Y,,(-,0,a)/p,e4*)
+P( sup |Z,(A4,0,a)~Z,(B,0,a)>cq,)

Aest, Besl (9)
|4 AB| <5

=L +1,+1;+1,.
By Proposition 4.3 and Bernstein’s inequality,
I, <exp(H(6)) sup P(Z,(B,0,a)-Y,,(B,0,a)|>c9,)
Bed(9)
<cexp(—2® 9p/(2(e*/4) +2((2a/9,) (e 9,)/3))
<c(logn)~*

for some p>1, provided a is chosen small enough.
By Proposition 4.2,
I,<cexp(—(1+29) p2/2)<clogn)~*

for some p>1, provided a is chosen small enough.
By (2.7), if Y,,.(-,0,a)/p,e#*¢ and |4 AB| <34,

|%,,(4,0,a)~ ¥,,,(B,0, a)|/p, <85+ 5% <9z,
So I;=0.
Finally, provided a is sufficiently small,

I,Scexp(—&®92/2+¢)d)<c(logn)~*

for some p>1 by Theorem 3.1.

Choose ¢ sufficiently small so that 1<¢’<1+e¢ If we take a sufficiently
small and n,=m[g*], where [¢*] is the integer part of ¢*, then substituting our
bounds for I, I,, I, and 1, in (4.15) gives

Y. P(Z,(-,0,a)/p, ¢K')<cY k™" < 0.
k k

By Borel-Cantellj,
P(Z,,(,0,0)/,, ¢ X5 1.0)=0.

Since by Proposition 4.1, |Z,(-,a,©)/e,l,~0 as, it follows that
P(an(')/(onkqé%”l“ 1.0.)=0.
Given FeA with F(A)= | f(¢)d¢, define F,, 0<r<1, by
A
(4.16) F(4)= | f,(¢)ds,
A

where

4.17) ) =r'f(ro).
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Note
F(A)=[r'f(rdydé= [ f(2)dl=F(r A)
and A rd
[ f2(de=r*| f2rd)de=r" | f2(£)d¢ <1,
14 I4 rid
and so FeX.

Now fix w, and then pick k large so that there exists Fe#™ with

I|an+1(.)/(pnk+1 _FH,Mé 168

and (n,, ,/m)"* @, . /¢, =1+3¢ Suppose n,<n<m,_,. Let r=n/n,, . Then

Hic+1

7

n?Z (A=Y InANR|X =) |n r A)NR|X =ni2,Z, (rA4).
7

Since 7 is contraction closed (see (2.8)), if Ae.ss,

Z,(A)¢,—E(A)|=IZ,,, A,  —FrA)

d/2

(pnk+1 n

+ (ﬂ (ﬂ) —1) |an+1(rA)/§an+1|
Pn n

<16e+36(1+16¢)
<22s¢,

using (2.7). So, for all k sufficiently large, n,<n<n,_ , Z,(*) (w)/@,e X **%. [

5. Limit Points

We now determine the limit points of Z /g,

Theorem 5.1. For each FeXA and each 1>¢>0,
PUZ,(")e,—Fl,<6e10)=1.

Proof. We first suppose that for some 1>0, F(4)= | f(£)d¢ for all Aes/, and
A

(5.1 [fAdesl—1
Ia
Since Z,/p, €4 for n large by Theorem 4.1 and Fe X, it suffices by (2.7) to
show
(5.2) P(max |Z,(B)/o,—F(B)|<4¢i0.)=1
Bed (9)

for 5=¢%/8.
Given a set B, there exists a closed set C with |BAC|<§/2. Since |0,
=m~% and 0,,(C)] C as m— o0, where

Om(C)= LJ Q{ma
QrmnCF¢
Ae{l;...,myd
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the outer rectilinear fit of C by the cubes Q,, defined in (4.6), then if m is
sufficiently large, there is a set A=0,,(C)—Q,,, that is made up of the union of
Q..s, £+1, with |4 AB| <.

We construct such a set 4 for each Be/(9): label the sets of «/(J) by
By, ..., B,; then we can find an integer m and finitely many sets 4, ..., 4, such
that each A4; is made up of the union of Q,,’s, £&1, and |4, AB]|<4, i

Let nlizml. By Bernstein, for each i=1,...,q
Y P(Z,(A;,0,0)=Z, (B;,0,0)>20,)
i
< ; 2exp(—&’ @, /(26 +2(2a/9,) (€ @,)/3)
<Y exp(—2¢;)< o, |
1

provided a< 4. Using Proposition 4.1 and Borel-Cantelli,
P(Z,(A)-Z, (B)|>2¢9, 10)=0,
and so to prove (5.2), it suffices to show

(5.3) P(max |Z, (4)/, —F(4)|<¢ i.0)=1.

1=i=q

Now Z, and F are finitely additive, and each A4;, i=1, ..., ¢, is the union of
Q.8 £%1. So to prove (5.3), it suffices to prove

(5.4) P( max  |Z, (00 —F(Qem)<e/m’i0)=1.

£e{l, ..., md—{1}
We now prove (5.4). Let D=1‘—Q, . Let

Ay=(Z,,Q )/, —F Q) <e/m?), £ef{l, ... m}y*—{1},
and let
Fz= m A,fl-

£e{l,...,myd—{1}

Each Z, (Q,,) is the sum of s,=n{|Q,,| iid mean 0, variance 1 random
variables, and so by Lemma 2.4 of [4] (his «, is our sfe¢,, his m, our s), for
each >0,

(F(Q,)*
P(Ag)zexp (— (i;w+n) wf,)
for I sufficiently large. By the proof of (2.6), |[F(Q,,)| (1 —1)*|Q,,|*, and so

Y (FOm)=1-t.

£efl,...,myd
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Since the an (Q,.), £e{1,...,m}? are independent,

P()=[]  PUAzexp(—(1-1)/2+nm")¢})

£e{l, ..., md—{1}

=c(logn)~?=cl™*

for some p <1, provided # is sufficiently small and [ sufficiently large.
Now I; depends only on X s with jem'D, and since D, mD, m?D, ... are
disjoint, the I} are independent. Then by Borel-Cantelli,

P(I; i.0)=1,

which is precisely (5.4).
Finally, if F is any element of 2, |(1 —1) F —-F|,—0 as 1 -0, while

a —r)F(A)=£(1 —1) f(¢) d2.

Hence (1 —7) F is an element of " that satisfies (5.1). Since t is arbitrary, the
theorem follows. [

Proof of Theorem 2.1. This is immediate from Theorems 4.1 and 5.1. []

6. Central Limit Theorem

Let (/) be the uniformly continuous functions on &/ with norm ||-||,,. Let
W(+) be Brownian motion indexed by «/: a mean 0 Gaussian process with
sample paths in €(«/) and Cov(W(A), W(B))=|A4 ABJ. In this section we show
how to prove that Z, converges weakly to W in 4().

Since enlarging .« just makes a stronger theorem, we may assume without
loss of generality that o is closed with respect to d(4, B)=|A4 AB| and that </
still satisfies (2.2), (2.3), and (2.8). One can show 7 is complete (4—1, maps
(o, d(+,*)) isometrically into a closed subset of L,(d¢)). With the total bound-
edness of .7, we conclude o/ is compact.

One can show that the finite dimensional distributions of Z, converges to
those of W; for an elegant proof of this, see [1]. Since 4(<¢) is a complete and
separable metric space, Z, will converge weakly to W provided the Z s are
tight, by Prohorov’s theorem. Recalling that ¢e/ by (2.8) and that Z, (¢)=0
for each n by (2.1), to show tightness it is easy to see that it suffices to show:
given >0, for each k, there exists (k) such that

sup P( sup 1Z,(B)—Z,(C)|>27")=n27"

n B,Ced, |BAC|=68(k)
We accomplish this by proving
Theorem 6.1. Given 1>/, £>0, there exists t such that

sup P( sup |Z,(B)—Z,(C)>34)=4s.

n B,Ced, [BAC| St
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Proof. We will use the notation of Sect. 3, except that for this proof we take
¢,=1. With this change, we follow the proof of Theorem 3.1 up through state-
ment (3.12) word for word, but we now proceed to choose the ds, 4’s, etc.
somewhat differently.
Let G(x) be a continuous, strictly decreasing function such that G(x)=x"*%,
1

H(x/2)=0(G(x)) as x—0, and y= [(G(x)/x)*dx< 0. Let 2=1/2, f=1/407. Let
4]

M be an integer =1 chosen large enough so that exp (— M)<e/60(y +1). Choose
d=38,<1 sufficiently small so that 6 *$2/60>M, G(x)$?>=120H(x/2) for all
x<6, 12/566>M, and SH(S)<1%/112. Define 6, by G(6,)/8,=(G(8,)/8,)2", ;
=(3,G(6))* B, a,=36,/%;, and a=a=min(ay/2, 5(1+4)~ ).

As before, a<a, and (3.7) and (3.11) are satisfied. From (3.9),
—A%+566 H(d)

(6.1) pos2exp [

)gz exp(—42/565) <e.

By Lemma 2.3(a), 6, ,=6,/2, and so H(S,,,)<H(6;/2). From (3.10),

r<4 exp(—A7/86,—2H(6,/2))
<4 exp(—G(6) p?/16)
<dexp(—M o7 %),

and by Lemma 2.3(d) with {=exp(—M),

(6.2)

s
-
A
arl

Similarly, from (3.12),

5,52 exp(— M7 ),
and

(6.3) s;

i

g,

(Nagk

A

i

Substituting (6.1), (6.2), and (6.3) in (3.8), for the above choices of § and a,
P( sup |Z,(B,0,a)—Z,(C,0,a)| = 1) <3e.

B,Cesd, IBAC|<H
Taking ¢,=1, the proof of Proposition 4.1 shows that
P(HZ (-, a, )| ,>1)—0 as n— o0,
and so for nzn, for some n, sufficiently large,

P( sup |1Z,(B)—Z,(C)|>34)<4e.

B,Cest, |BAC|SD

Since Z, is uniformly continuous for n<n, and sup |Z (B)—Z,(C)| de-
B,Cexd, |BAC|<1t
creases as 7 decreases, taking t sufficiently small and <6 proves the

theorem. []
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