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1. Introduction.
In this paper we consider pure jump Markov processes in R? whose jump structure
is comparable to that of symmetric stable processes. Our two main goals are
(1) to establish a Harnack inequality for nonnegative functions that are harmonic with
respect to these processes.
(2) to establish regularity for certain integral equations.

Before explaining (1) and (2) in more detail, let us describe the processes we con-
sider. We are interested in pure jump processes that are generalizations of symmetric
stable processes. A symmetric stable process Z; of index « is a Lévy process with no drift,
symmetric jump kernel, and no diffusion component, so that

Ee™?t = exp (t/[ei“'h —1—du- h1(|h|§1)]n(dh)>v (1.1)

with Lévy measure n(dh) = c|h|~4~*dh for some constant c. Since n is symmetric,
n(—A) = n(A) for any set A, and one could omit the term involving iu - h inside the
brackets in (1.1). The infinitesimal generator for Z; is given by

Lof@)= [ 1w+ 1)~ @) = VI Bzl

for suitable functions f.

The infinitesimal behavior of a Lévy process such as Z; is homogeneous in space: n
does not depend on z. In this paper we want to consider pure jump processes in R? where
the jump structure n does depend on x, but is not too different from that of a symmetric
stable process. More precisely, we want to consider processes X; associated to the operator

chw) = [ o V) ) = Vi) Mool e (1.2)

where a(z, —h) = a(x, h) and a is uniformly bounded above and below away from 0. The
number of jumps of size h of such a process will be comparable to the number of those of
a symmetric stable process of index a.

We say that a bounded function h : R? — R is L-harmonic in a domain D if h(X})
is a martingale up until the time of first exiting the domain. It is easy to see that if h
has some smoothness properties and £h = 0 in D, then A will be £-harmonic. A Harnack
inequality says that h(z)/h(y) is bounded by a constant independent of h if x,y are in D
and h is nonnegative and bounded in R? and £-harmonic in D. See Theorem 3.6 for a
precise statement.

Harnack inequalities such as that of Moser for divergence form elliptic operators and
that of Krylov-Safonov for nondivergence form operators are an extremely important tool in
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the study of partial differential equations. All existing proofs of these Harnack inequalities
use the fact that the operator is local in an essential way. One of our interests in the
problem of proving a Harnack inequality for the pure jump case is that the infinitesimal
generator is non-local; instead of a differential operator, we have an integral one.

One important application of Harnack inequalities is to establish regularity for the
solutions of elliptic PDEs. The techniques that we develop in this paper allow us to obtain
regularity for certain integral operators. Consider the equation

Lu(x) — du(z) = —g(x), zeRY A>0,

where L is given by (1.2). It is well known that the solution to this equation is given by
the A-resolvent of g:

u(z) = Srg(z) =E” /000 e Mg(X,)dt.

Theorem 4.3 enables us to say that « must be Holder continuous.

Harnack inequalities are implicit in the work of Chen and Song [CS] for the case of
symmetric stable processes. In [BBG] a Liouville property, which is closely related to a
Harnack inequality, was proved. In fact, that paper stimulated our interest in this project.
It should be mentioned that local regularity-improving LP estimates for £-harmonic func-
tions for certain non-local operators had been obtained in [T]. For very recent related work
on Harnack inequalities see [Ka].

We have not been precise as to what it means for an operator £ to be associated
to the process X;. A natural connection is through the martingale problem formulation.
See (2.1) for the definition. Martingale problems for jump processes such as the ones
considered here have been studied by [Bal, [K], and especially [H].

Section 2 contains some preliminaries. Section 3 contains the proof of the Harnack
inequality, and the regularity is considered in Section 4.

2. Preliminaries.

Let us begin by describing more carefully the processes we wish to consider. A
probability measure P on the space D[0,c0) is a solution to the martingale problem for £
started at x if X;(w) = w(t) are the coordinate maps, F; is the o-field generated by the
cylindrical sets, and

(a) we have P(Xo =) =1, and
(b) for each f € C? such that f and all its first and second partial derivatives are
bounded we have that

F(X0) — F(Xo) — / LF(X,)ds (2.1)
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is a P-martingale,
where

L@ = [ St ) = ) = I K guenlnte (2

The symmetry assumption we will impose on n will make the presence of the Vf term
have no effect; moreover we could replace the 1(,<1) term by 1(5<ar) with any M > 0
whatsoever.

We assume that (P, X;) is a strong Markov process with state space R? such that
for each = the probability measure P* is a solution to the martingale problem for £ started
at z.

Throughout this paper we make the following assumption.

Assumption 2.1. (a) For all © and h we have n(x, —h) = n(z, h).
(b) There exist constants k € (0,1) and « € (0,2) such that for all x and h we have

<n(z,h) < (2.3)

| h | d+a

We assume in Section 3 that such a process is given, but we comment that with the

assumption of some smoothness in x for n(x,h), we have the existence of such processes
by the results of [Ba] or [K].

The proof of the following scaling property is an easy change of variables argument.

Proposition 2.2. Suppose (P, X;) is as above, a > 0, and Y; = aX,-«;. Define Q* =
P*/e. Then (Q®,Y;) is a strong Markov process. We have Q*(Yy = z) = 1 and if f € C?,
then f(Y;) — f(Yo) — fot Lf(Y.)ds is a Q%-martingale, where Lf(x) = [[f(x+h) — f(z) —
V f(z) - h1(n<1)|n(x, h)dh and n satisfies (2.3) with the same values of x and a.

Proof. Because (P*, X;) is strong Markov and Y; is a constant multiple of a time change
of X3, then (Q%,Y};) is strong Markov. That Q*(Yy = 1) =1 is clear. Let

k) = a SR, B = [ (SR~ G Rk

Clearly 7 satisfies (2.3) with the same values of x and a. Let f € C? and set g(x) = f(ax).
Then

—ay

9(Xamer) — g(Xo) - / U Lg(x,)ds

is a martingale, hence so is

§(Xgmar) = 9(Xo) / 00 Lg(Xmes)ds.
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Consequently
t
FOR) = F%) = [ Lgla™Yo)ds
0

is also a martingale.
It remains to check that a=*Lg(a~ty) = Lf(y). This follows because

a”*Lgla™ty) = a‘o‘/[g(a‘ly+ k) —gla™ y)n(a™ y, k)dk
= [1f(y+ak) ~ f@)nlay, R)ak
=t [0y +ak) — S0y, ab)dk
/[fy+h (u)ii(y. h)dh

We will also need the following fact.

Proposition 2.3. Suppose A and B are Borel sets that are a positive distance from each
other. Then

t
Zl(Xs_eA,XseB) —/ 1A(Xs)/ n(Xs, u— Xs)duds
0 B

s<t

is a P*-martingale for each x.

Proof. Let f € C? with f =0on A and f =1 on B. Let Mtf denote the martingale in
(2.1). Then fg 14(X,_)dM] is also a martingale under P?, since the stochastic integral
with respect to a martingale is a martingale. Since f(X;)—f(Xo) = >, [[(Xs)—f(Xs-)],
this says that -

S [ (Xa ) (f(Xa) = F(Xa )] - / LA(Xo ) LF(X0)ds

s<t

is a martingale. Since X,_ # X for only countably many values of s, then

S LA, ) (F(X) — (X, )] — / LA(X,)LF(X0)ds (2.4)

s<t

is also a martingale. Now if x € A, then f(z) and V f(z) are both equal to 0, and so
Lf(x)= / flx+ h)n(z,h)dh = / flun(z,u—x)du.
R {0} Rd—{0}
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Note n(z, h) is integrable over h in the complement of any neighborhood of the origin.
Because A and B are a positive distance from each other, the sum on the left of (2.4) is
actually a finite sum. With these facts we can pass to a limit to see that

Z[lA(XS)(1B(XS)—1B(XS)]—/O 1A(X5)/Bn(Xs,u—Xs)duds

s<t

is a martingale, which is equivalent to what we wanted to prove. 0O

Remark 2.4. By taking limits, it is not necessary to assume that A and B are a positive
distance apart, but only that they are disjoint.

We let B(z,7) denote the ball of radius r centered at . We use |A| to denote the
Lebesgue measure of A. Set

T4 =inf{t >0: X, ¢ A}, Ty=inf{t >0: X, € A}.

The letter ¢ with subscripts will denote finite positive constants whose values are unim-
portant and which may have different values in different places.

3. Harnack inequality.
We begin this section by proving a tightness result.

Proposition 3.1. There exists ¢; depending only on k and not x such that

P*(sup | Xs — Xo| > 1) < eqt.
s<t

Proof. Let f be a C? function taking values in [0, 1] such that f(0) = 0 and f(y) = 1 if
ly| > 1. Let f.(y) = f(z +y). By the Taylor expansion of f,

|(fa(z + 1) = fo(2)) + (folz = h) = fa(2))] < ca|h]*. (3.1)

Since n is symmetric, this and Assumption 2.1(b) imply
LR Gt h) -~ L@+ | [ fa+ )~ L b
|h|<1 |h|>1

< 03/ |h]2n(z,h)dh+04/ n(z, h)dh
|h|<1 |h|>1

< ¢s.

We now use (2.1) to write
TB(I,I)/\t
B fo(Xrpe ont) — fa(z) = Ef/ LE.(X)ds < cst.
0
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If X; exits B(z,1) before time ¢ then f, (XTB(a:,l)/\t> = 1, and so the left hand side is greater
than P* (TB(m,l) < t) U

Lemma 3.2. Let ¢ > 0. There exists ¢; depending only on ¢ such that if x € R? and
r > 0, then

inf E*Tg(s.m > c17¢.
z€B(z,(1—¢e)r) Bwr) =™

Proof. By scaling we may assume r = 1. By Proposition 3.1 and scaling, if z € B(z,1—¢)

P*(Tp (1) < €%t) <P*(sup | X, — Xo| > ¢) < cot.

s<eot
Thus
E*TB(2,1) > €"tP*(T(2,1) > €7t) > e¥t(1 — cot) .
Taking t = 1/(2¢2) yields a uniform lower bound. 0

Lemma 3.3. There exists c; such that sup, EZTB(LT) < cire.

Proof. By scaling, we may suppose r = 1. Let S be the time of the first jump larger than
2. We want to show there exists c2 € (0, 1) such that P*(S < 1) > ¢, for all z. For z such
that P*(S < 1) > 1, there is nothing to show. So suppose z is such that P*(S < 1) < 3.
By an argument similar to that in Proposition 2.3,

D l(xa—x._|>2) — // n(Xs, h)dh

s<t (1h1>2)

is a martingale. Then by optional stopping and by the lower bounds on n

P*(S<1)=E~ Z Lix.—x._|>2)

s<SA1

SA1
/ / n(X,, h)dh ds
(|h]>2)

> CgE S/\ 1 > Cng<S > 1) > 63/2

Letting co = (1 A ¢3)/2, we have P*(S < 1) > co.
If there is a jump larger than 2 before time 1, then 75(;,1) < 1. So

supP*(7p(z,1) > 1) <1 —ca.



Let 6; be the usual shift operator for Markov processes. By the Markov property,
P*(T(z,1) > m+ 1) <P*(T(z,1) > M, TB(2,1) © Om > 1)
=E* IEDX’”(TB(LD > 1);TB(x,1) > M
< (1 = c2)P*(TB(z,1) > m).

By induction, P*(7p(;,1) > m) < (1 — c2)™, which implies that 75, 1) has moments of all
orders. O

Next we show X; will hit sets of positive Lebesgue measure with positive probability.

Proposition 3.4. Suppose A C B(x,1). There exists ¢; not depending on x or A such
that
Py(TA < TB(m,S)) > 01|A‘7 y e B((L‘, 2)

Proof. Fix y € B(x,2). Write 7 for 75(,,3). If X; is in A for some ¢ less than time
7 with probability larger than 1/4, we are done, so assume P¥(T4 < 7) < 1/4. Using
Proposition 3.1 and scaling, choose £y small enough so that the probability that 7 occurs
before time %, is also less than 1/4. Note that T4 cannot equal 7 because A C B(z,1).
For |h| < 4, n(Xs, h) is bounded below by Assumption 2.1. Hence for X, € B(x,3) and
u € AC B(x,1), we have | X; —u| <4, and consequently n(Xs,u — X) is bounded below.
So

PY(Ta<7)2EY > Ix, 2x.x.e4)
s<TaANTAty

TANTAtg
:Ey/ /n(Xs,u—Xs)duds
0 A

> C2|A|Ey(TA ANTA to).

Now
Ey(TA /\T/\to) Z Ey(tQ;TA Z T Z to)

=toPY(Th > 7 > ty)

> to[l — ]P)y<TA < 7') — IPy(T < to)] > t0/2.
Combining this with the above,

PY(Ty < 7) > calAlto/2.

O

Proposition 3.5. There exist ¢; and cy such that if z € RY r > 0,z € B(z,r), and H is
a bounded nonnegative function supported in B(x,2r)¢, then

. . H(y)
E H(XTB<x,r)> S € <E TB(m’T)>/\y—:€]d+ady
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and

. . H(y)
]E H(XTB(m,r)) 2 02 (E TB(m,r)) / |y o x|d+a dy

Proof. Note H(w) =0 if w € B(z,r) and H(X,, ) > 0 only if there is a jump from
B(z,r) to B(x,2r)¢. By Proposition 2.3 and optional stopping, if B C B(x,2r)¢

; B tAT(B(z,r))
E l(Xt/\-r(B(z,r))eB) =E /0 /B n(X87 U — Xs)du ds

tAT(B(z,r)) cs
<E*? —— dud
. / /B\u—Xs\d+a o

dy
<y E*(t A TB(g.r /—
£ B )) B ’y—$|d+a

Letting ¢ — o0, using monotone convergence on the right and dominated convergence on
the left, we have

2 P 1By
E 1B(XTB(®,7‘)> §C4<E TB(m,T)>/|y _B££|d>+ady

Using linearity we have the above when 15 is replaced by a simple function; approximating
H by simple functions and taking limits, we have the first inequality in the statement of
the proposition.

The proof of the second inequality is exactly similar, using the lower bound for n
instead of the upper bound. O

We say a bounded function h : R* — R is £L-harmonic in a domain D if h(Xarp ) is
a P®-martingale for all x. It is easy to see that if h is C? in D, and Lh(z) =0 for z € D,
then h will be £-harmonic.

Theorem 3.6. There exists ¢; such that if h is nonnegative and bounded on R? and
L-harmonic in B(xg,16), then

h(z) < c1h(y), x,y € B(zp, 1).

Proof. By looking at a constant multiple of h, we may assume infp, 1)h = % Choose
29 € B(xo,1) such that h(zg) < 1. We want to show that h is bounded above in B(zg,1)
by a constant not depending on h. We will establish this by contradiction: if there exists
a point © € B(xzg,1) with h(x) = K where K is too large, we can obtain a sequence of
points in B(zg,2) on which A is unbounded.



Let € < 3 be chosen so that |B(0,1 —¢)|/|B(0,1)| > 3. Using Lemma 3.2, Lemma
3.3, and Proposition 3.5, there exists ¢y such that if x € R?, > 0, and H is a nonnegative
function supported on B(z,2r)¢, then for y,z € B(x, (1 —&)r),

EzH(XT(B(%T))) < CQ]EyH(XT(B(x’T))). (32)
By Proposition 3.4 there exists c3 such that if A C B(xg,4),
PY(Th < o) 2 eslAl v € Blao.8). (33)

Also by Proposition 3.4 there exists ¢4 < 1 such that if x € R? r > 0, and C C B(z,7/3)
with |C|/|B(z,7/3)| > %, then

P*(Te < TB(QS’T)) > cq. (3.4)
Let 1
Cq —
1=% (= iagh) (35)

Now suppose there exists x € B(zg,2) with h(z) = K for some K > 2. Let r be

chosen so that
|B(z,7/3)] = 2/(csCK). (3.6)

Note this implies
r=cs K4, (3.7)

Let us write B, for B(x,r), 7, for Tp(,,) and similarly By, and 7,. Let A be a compact

set contained in
A" ={w e B(x,r/3) : h(w) > (K}.

By (3.3) and optional stopping,

1 2 h(ZO) 2 EZO [h(XTA/\TB(xO,16)); TA < TB(CE0716)]
> (KP* (T4 < TB(2,16))

Z C3§K‘A’7
hence
|Al 1 1
< < -
|B(x,r/3)] — e3(K|B(x,r/3)] ~ 2

This implies |A’|/|B(z,7/3)] < 3. Let C be a compact set contained in B(z,r/3) — A’

such that
C]

1
B3] = 3 )
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Let H = hlBgr. We claim
E*[h(X,); X7, & Ba| <nK

If not
E*H(X, ) >nK,

and by (3.2), for all y € B(x,r/3),
hy) =2 EYh(X5,) = EY[M(X7,); X7, ¢ Ba,]

>y 'EYH(X,,) > ¢y 'nK
> (K,

contradicting (3.8) and the definition of A’.
Let M = suppg, h(z). We then have

K =h(z) =E*[hX1.);Tc <1, ] +E*[A(X;.); 7 < Tc, X;, € Byl
+EA(X,); 7 < To, Xy, & By

™

< (CKP*(Te < 1) + MP* (1, < Tg) + nK
= (KP*(Te < 7p) + M(1 = P*(Tc < 7)) + 1K,

" M 1y (P (To <)
K= 1-P(Tc <)

Using (3.4) and (3.5) there exists 8 > 0 such that M > K(1+23). Therefore there
exists «’ € B(x,2r) with h(z") > K(1 + ).

Now suppose there exists x; € B(xg, 1) with h(x1) = K. Define r; in terms of K
analogously to (3.6). Using the above argument (with z; replacing = and x5 replacing z’),
there exists xo € B(x1,2r1) with h(zy) = Ko > (1 + §)K;. We continue and obtain ry
and then z3, K3,73, etc. Note x;,1 € B(w;,2r;) and K; > (1 + )" 1K;. In view of (3.7),
Yoilrier — @] < CGKl_l/d. So if K1 > ¢, then we have a sequence 1,2, ... contained
in B(zo,2) with h(z;) > (1 + 3)"'K; — oo, a contradiction to h being bounded on R<.
Therefore we cannot take K larger than ¢; = ¢, and thus sup B(wo,1) h(y) < ¢1, which is

what we wanted to prove. O

Corollary 3.7. Suppose D is a bounded connected domain and r > 0. There exists
¢ depending only on D and r such that if h is nonnegative and bounded in R% and L-
harmonic in D, then h(z) < c1h(y) if z,y € D and dist (z,0D) and dist (y,0D) are both
greater than r.

Proof. We form a sequence z = yo, y1, Y2, - - . , Ym = y such that |y;+1—v;| < (a;+1/Ma;)/32,
where a; = dist (y;,0D) and each a; < r. By compactness we can choose M depending
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only on r so that no more than M points y; are needed. By scaling and Theorem 3.6,
h(yl) < Cgh(yH_l) with ¢ > 1. So

h(z) = h(yo) < c2h(y1) < -+ < 5 hlym) = ¢5"h(y) < 3" h(y).

4. Regularity.
In this section we obtain some estimates on equicontinuity of resolvents.

Theorem 4.1. If h is bounded on R% and £-harmonic in a ball B(zg,2), then h is Holder
continuous in B(xg, 1): there exist ¢; and 3 > 0 such that

h(z) = h(y)| < cillhlloclz —yl”, @,y € B(o, 1).
Proof. By Proposition 3.4 there exists ¢y such that if x € R% r > 0, and A C B(x,7/3)
with |A|/|B(xz,7/3)| > %, then
P*(Ty < TB(QZ,T)) > Co. (4.1)

By Proposition 3.5 and Lemma 3.3 with H = 1p(; 4)c, there exists c3 such that if s > 2r,
then
Pm(XTB(:B,r) ¢ B(l’, S)) < C3Ta/sa' (42)

Let

o 1 A4S coy?\ /e
e eI
7 4 P=3"3 8cs

By linearity and scaling it suffices to suppose 0 < h < M on R¢ and h is £-harmonic on
B(z,1). We will show

sup h— inf h < MAH* 4.3
B(w,pk)  Blw.p") 4

for all k.
We write B; for B(x, p') and 7; for Tp(y, ). Let

a; = inf h, b; = sup h.

Suppose b; — a; < M~* for all i < k; we want to show
byt — app1 < MAFTL (4.4)
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We have a, < h < by on Bjyq. Let
A = {Z € Bi41: h(z) < (ak + bk)/2}

We may suppose |A'|/|Bj41| > 3, for if not we look at M — h instead of h. Let A be
1

a compact set contained in A’ with |A|/|Bxy1| > 3. Let € > 0, pick y € Byy1 with

h(y) > bgy1 — €, and pick z € Biyq with h(z) < agy1 + €.
By optional stopping

h(y) — h(z) = EY[n(X1,) — h(2); Ta < 7]
+Ey[h(X7-k) — h(z);Tk < TAaXTk S kal]

+ Y EY[(Xs,) = 1(2); Tk < Ta, Xr, € Be_i—1 — Bii].
=1

The first term on the right is bounded by

<ak + by

5 —ak>]P’y(TA <7'].€).

The second term is bounded by
(bk — ak)Py(Tk < TA) = (bk — ak)(l — Py(TA < T]g))

Using (4.2) the infinite sum is bounded by

oo

Z(bk—i—l —ap—i—1)PY(X;, ¢ Br_i)

=1

<D M) (PP

=1
= csMA*1 Y (0% /7)'
=1

< 2c3 M~ % p”

< = MAF.
=7 0
Therefore
1
h(y) — h(z) < §(bk —ap)PY(Ty < 78) + (b —ar)(1 —PY(Ty < 711)) + cszyk/él
< (bg — ax)[l — 3PY(Ta < 7)) + c2M~" /4

< My*[1 = (c2/2)] + coM~* /4
= MA*[1 — (c2/4)] = My
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We conclude that
bk_|_1 — Qf+41 S M’7k+1 + 2¢.

Since ¢ is arbitrary, this proves (4.4) and hence (4.3).
If 2,y € B(wg,1), let k be the smallest integer such that |x — y| < p¥. Then
log |z —y| = (k+1)logp, y € B(x, p"), and

[h(y) — h(z)] < MA* = Mekloen

< cyMeloglr—yl(logy/logp) — caM |z — y,logv/logp_

Define .
Srg(x) = ]Em/ e Mg(X,)dt.
0

Proposition 4.2. Suppose g is bounded and has compact support. There exists ¢; > 2
and ( € (0,1) such that

1S09(x) — Sog(y)| < e1(1S0gllo + llglloo) (|2 — y| A 1)P.

Proof. Suppose |x — y| < 1, for otherwise there is nothing to prove. We write

TB(x,r)

Sog(z) =E* / 9(X)ds + ESog(X )
0

and S
Sog(y) = Ey/ 9(Xs)ds + EySOg(XTB@,T))-
0

Taking the difference,

: T —yl\?
1Sog(x) — Sog(y)| < 2[|gloc sup E TB(m,r)JrCQHSogHoo(‘ . |> )

using Theorem 4.1, scaling, and the fact that z — E*Syg(X ) is L-harmonic inside

1/2

TB(z,r)

B(x,r). Taking r = |z — y|'/* and using Lemma 3.3, we obtain our result. O

Theorem 4.3. Suppose g is bounded and A > 0. There exists ¢; > 0 and € (0,1) such
that

192g(z) — SxgW)| < erllglloo (|2 — y[ A1)

Proof. Without loss of generality assume g > 0. Temporarily assume g has compact
support. Let h = g—AS\g. Note Sph < Spg+AS)S0g, so h is bounded. We have Syg = Sph
by the resolvent equation. Since [[Srglco < c2]|g]l0o, then ||Soh|lso + [|2]|oo < €3]|g]|0o- Our
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result now follows by Proposition 4.2 if g has compact support. Taking limits allows us to
remove this restriction. O

Remark 4.4. The solution to the integral equation
Lu(@) - Au(z) = —g(2)

is given by u(z) = Shg(z). So Theorem 4.3 provides a regularity result for the solutions
of such integral equations.

Remark 4.5. Theorem 4.3 also has applications to the uniqueness of the martingale
problem for £. One important technique in proving uniqueness of martingale problems is
perturbation. In the diffusion case, one looks at the operator #{;%U x, Where U) is the
resolvent operator for Brownian motion, and one needs to establish L bounds for suitable
p. The case of L? is quite easy, but the L? estimates for other p rely on singular integrals.

To establish uniqueness for the martingale problem for £, one needs to obtain
estimates for an analogous operator. Again the L? estimates are relatively straightforward,
but the LP estimates are much harder. However, it is possible to establish uniqueness and
to weaken the hypotheses of [K| by using Theorem 4.3 and the L? estimates. The argument
is rather lengthy, so we do not include it here, but a similar argument is used in [A].
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