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1. Introduction.

There is a huge literature on the subject of transition probabilities of random walks
on graphs. For a recent and comprehensive account, see the book [Wol. The vast majority
of the work, however, has been for nearest neighbor Markov chains. The purpose of this
paper is to obtain good transition probability estimates for Markov chains on the integer
lattice Z¢ in d dimensions in the case when the probability of a jump from a point z to a
point y is comparable to that of a symmetric stable process of index « € (0, 2).

To be more precise, for z,y € Z* with z # y, let C, be positive finite numbers
such that Cpy = Cy, for all z,y and ) C,. < oo for all z. Set C,, = 0 for all . We call
Cyy the conductance between z and y. Define a symmetric Markov chain by

Cay
Zz Ca:z ’

In this paper we will assume that o € (0,2) and there exists x > 1 such that for all  # y

P(Xi=y|Xo=2)= x,y € Z°. (1.1)

k1 K

o=y =S ooy .
Write p(n, z,y) for P*(X,, = y). The main result of this paper is
Theorem 1.1. There exist positive finite constants ¢; and co such that
p(nrx?y) < C1 (n_d/a A L)7 (13)
- |z —y|d+e
and for n > 2
(n,x,y) > c Ll L — (1.4)
p{n,xr,y) = C2 |:E—y|d+o‘ . .

Ifn=1 and x # y, (1.4) also holds.

The Markov chain X, is discrete in time and in space. Closely related to X, is
the continuous time process Y;, which is the process that waits at a point in Z¢ a length
of time that is exponential with parameter 1, jumps according to the jump probabilities
of X, then waits at the new point a length of time that is exponential with parameter 1
and independent of what has gone before, and so on. A continuous-time continuous state
space process related to both X, and Y; is the process U; on R? whose Dirichlet form is

et = [, | 0w~ r@yce i,

where C(z,y) is a measurable function with

/<o_1 K

- <(C S
w—gre <O S pTa
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The process U; stands in the same relationship to X, as the diffusion process corresponding
to a uniformly elliptic operator in divergence form does to a nearest neighbor Markov chain.

The methods of this paper allow one to obtain bounds for the transition probabilities
of Y; and the transition densities of U;. In fact, these are considerably easier than the
bounds for X,,, so we concentrate in this paper only on the estimates for X,,. Some results
for Y; are needed, however, along the way.

Our methods are quite different from those used for diffusions or nearest neighbor
chains. Recall that for a nearest neighbor Markov chain on Z¢, the transition probabilities
are bounded above and below by expressions of the form

crn”= Y2 exp(—ealw — y[* /n)

as long as |z — y| is not larger than n; see [SZ]. One way of obtaining these results is
to use a method of Davies as developed in [CKS|. The lack of a suitably fast decay in
the conductances in (1.2) makes the powerful theorem of [CKS] only partially successful.
We use that theorem to handle the small jumps and use a perturbation argument to
handle the large jumps. Another difficulty that shows up is that, unlike the diffusion case,
P*(|X,, —y| < 1) is not comparable to P*(maxy<, |Xx — x| > | — y|) when |z — y| is
relatively large. We circumvent this by proving a parabolic Harnack inequality and using
another perturbation argument.

Previous work related to this paper includes [Kl] and [Km]. In both these works
partial results were obtained for estimates for the process Uy mentioned above. [SY] studies
nearest neighbor chains on Z¢. In [HS-C] upper bounds of Gaussian type were obtained
for Markov chains whose jumps had bounded range or where the conductances decayed at
a Gaussian rate.

After some preliminaries, we obtain in Section 2 some probability estimates on the
time for our Markov chain X, to leave a ball. This is followed in Section 3 by a parabolic
Harnack inequality. In Section 4 we obtain the upper bound in Theorem 1.1, and in Section

5 we prove the lower bound.

2. Time to leave a ball.

We denote the ball of radius r centered at z by B(z,r); throughout we use the
Euclidean metric. T4 will denote the first hit of a set A by whichever process is under
consideration, while 74 will denote the first exit. The letter ¢ with subscripts will denote
positive finite constants whose exact value is unimportant and may change from occurrence
to occurrence.

We assume we are given reals C,, satisfying (1.2) and we define the transition
probabilities for the Markov chain X, by

p(L,z,y) =P"(X1 =y) = T #y, (2.1)



where Cp = > C,., and p(1,z,2) = 0 for every x. The process X,, is symmetric (or
reversible): C, is an invariant measure for which the kernel C,p(1,z,y) is symmetric in
x,1y. Note that (:1_1 < (C./Cy < ¢; for some positive and finite constant ¢;.

Our main goal in this section is to get estimates for the time for X,, to leave a ball.
See Theorem 2.8 for the exact statement.

We will need to introduce several processes to obtain our estimates. For the conve-

nience of the reader, we give a brief summary.

X, a discrete time, discrete space Markov chain

Y; a continuous time, discrete Markov chain

Ui a continuous time continuous space pure jump process
Zy a pure jump Lévy process

Vi a rescaled version of Y;, with generator A + B

W, the process V; without large jumps, with generator A.

We start with need Y;, the continuous time version of X,,, which we construct as
follows: Let Uy, Us, ... be an i.i.d. sequence of exponential random variables with parameter
1 that is independent of the chain X,. Let Ty = 0 and T} = Zle U;. Define Y; = X, if
T, <t < Typ1. If we define A(z,y) = |z — y|*"*Cyy/Cy, then by (1.2), there is a finite
positive constant k1 so that /{1_1 < A(z,y) < K1, and the infinitesimal generator of Y; is

Az, y
> ) - f(ff)]#-
yF#z

We introduce now several processes related to Y;, needed in what follows. The
rescaled process V; = D™1Ypa, takes values in S = D™1'Z% and has infinitesimal generator

AP (z,
> ) - f(x)]ﬁ,

YES, y#T

where AP (z,y) = A(Dx, Dy) for z,y € S. If the large jumps of V; are removed, we obtain
the process W; with infinitesimal generator

Dl'
Af@) = X 1)~ @) (22
(it

To analyze W, we compare it to a Lévy process with a comparable transition kernel.
Let Z; be the Lévy process which has no drift and no Gaussian component and whose Lévy

measure is

1

y#0,|y|<1
yeS

Write qz(t,x,y) for the transition density for Z;.
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Proposition 2.1. There exist ¢y, co such that the transition density qz(t,x,y) satisfies

D~d=d/le ¢ <1
t, , < C1 3 = 4
4zt y) < {czD—dt—d/Q, t>1.
Proof. The characteristic function ¢;(u) of Z; is periodic with period 27D since Z; is
supported on S = D7'Z?. By the Lévy-Khintchine formula and the symmetry of nz,

1
z€S,|z|<1

Let
Qa) ={(u1,...,uq) : —a <wu; <a,i=1,...,d}. (2.4)

We estimate ¢; as follows.

Case 1: |u| < 3.
Since |z] < 1, we have 1 —cosu -z > c3(u - 2)? = c3|ul?|z|*h.(z), where h,(z) =
(u-2)?/|ul?|z|>. Thus

1 e
Z[l—COSU'w]W > calul® > hu(@)]a)* 4D

|z[<1 lz|<1

> C4D°‘_2]u\2/ 2|2~ by (z)dx
B(0,D)

D
:C4Da_2’u‘2/ pl=e / hy(s)or(ds)| dr,
0 S(r)

where S(r) is the (d — 1)-dimensional sphere of radius r centered at 0, and o,(ds) is
normalized surface measure on S(r). Since h,(z) depends on x only through x/|z|, the
inner integral does not depends on r. Furthermore, by rotational invariance, it does not
depend on u. Thus,
1 2
Z [1 — CoSsu - QL‘]W S C5|U| .
lz|<1

Case 2: 1 <|u| < D/32.

Let A={zx € S: ﬁ <zl < |47|/\1,1 > u-x > i<} Ifz € A, then [I—cosu-z] > cg,

~% s cr|u|?t®, and a bit of geometry shows that there are at

the minimum value of |z|~¢
least cg|u|~?D? points in A. (Notice that |u| < D/32 is required to prevent A from being

empty.) We then have

1 1 _
Z [1— cosu - x]W > Z[l — cosu - x]W > coer|u| T eslul T = colul®.
o<1 A



Case 3: D/32 < |ul, u € Q(nD).

At least one component of u must be larger than ¢;oD where ¢ = 1/(32/d);
without loss of generality we may assume it is the first component. Let yg = (D1,0,...,0).
Since |u1| < 7D and u - yo > c19, then 1 — cosu - yo > ¢11. Hence

1 _ —d—
> [t —cosu- I]W > c11 D7 yo| =T = c12D* = caslul®,
lz]<1

since u € Q(7D).

For uw € Q(mwD), we then have that ¢;(u) is real and
0 < (pt(u) S e_Cl4t|fu,‘2 + 6—815t|u|°“

Since Z; is supported on S,

1 .
" _ iu-(x—y) d
QZ( ,x,y) |Q(7TD)| Q(nD) € @t(u) U

_1
|Q(mD)| Joixp)

C16 _ 2 _ @
< / (e c14t|u| + e cl5t|u| )du’
Rd

o (u)du

= Dd
where |Q(7D)| denotes the Lebesgue measure of Q (7 D). Our result follows from applying
a change of variables to each of the integrals on the right hand side. O
We now obtain bounds for the transition probabilities of W:

Proposition 2.2. If qw (t,x,y) is the transition density for W, then

ey D=4 <
t < ) )
aw (t,2,y) < {CQD_dt_d/27 t> 1.

The proof of Proposition 2.2 is almost identical with that of Theorem 1.2 in [BBG], and
is omitted here.

To obtain off-diagonal bounds for gy we again proceed as in [BBGJ. Let

DQ’J
D@ = 3 (@) - S0P pi

YyES
o<|z—y|<1

A@W)? = [le™"T(e”, e”)loc V €T (e, e™¥) o0,
B(t,z,y) = sup{|¢(z) — ¥(y)| — tA()® : A(y) < oo}
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Proposition 2.3. Fort <1 and z,y € S,
qw (t,z,y) < ey D~V e E@LTY),

Proof. Allowing for slight differences in notation, the proof is very similar to the proof
of Lemma 1.4 in [BBG]|. The principal difference is the following. Let K be an integer
larger than % + é Let M be a sufficiently regular manifold with volume growth given by
V(z,r) ~ r?%d r > 1 and V(z,r) ~ r?, r < 1, where V(z,r) is the volume of the ball
in M of radius r centered at x. We can then find a symmetric Markov process V, on M
independent of W whose transition density with respect to a measure m on M satisfies

g (ta,y) <et™ 2, 0<t <1,

gy (tm,y) < et 1<t < oo,

g (ta,x) > est™ 2 0<t<1,

AR cst™ K, 1<t<o0.
Then qW(t,x,y)qﬁ(t, y) < e, D=4~ U5+3) for all ¢ while aw (1, x,y)qf‘;(t, 0,0) >
cs D=~ U5+3) for ¢ < 1. With these changes, the proof is now as in [BBG]. O

The next step is to estimate E(t,z,y) and use this in Proposition 2.3.
Proposition 2.4. Suppose t < 1. Then
qw (t,2,y) < ey D=4~/ e o=yl
In particular, for i <t<1,
qw (t,z,y) < 1D~ dem eyl

Proof. Let (&) = B -§, where B = (y — x)/|y — x|. Note that if [ — (| < 1, then
(e¥ Q=¥ —1)2 = (eB(¢=9 — 1)2 is bounded by ¢3|B|?|¢ — £|? = ¢2|¢ — £]?. Hence

) _ AP (g, ¢
HONE g = (@ WLDQW

¢es
0<|g—¢[<1

cs Y, DTUg—(¢Pie
€S

0<|é—¢|<1
Since the sum is over ( € S that are within a distance 1 from &, this in turn is bounded
by cs. We have the same bound when 9 is replaced by —, so A(1))? < c¢3. Moreover the
bound does not depend on z or y. On the other hand,

Y(y) —v(@) =Yy —2) (y—2)/ly—=z| =y — x|

Using this in Proposition 2.3 and recalling ¢ < 1, we have our result. O

is bounded by

From the above estimate we can obtain an estimate for the time for W; to leave a
ball.



Proposition 2.5. There exists ¢; such that if t <1 and A > 0, then

P® (sup |[Ws — x| > \) < cre” M2,
s<t

Proof. From Proposition 2.4 and summing, if ¢ € [1,1] and A > 0,

PE(|Wy —z| > A) < Z cot~ DAVl < pgeH2, (2.5)

yES
ly—z|>X

Let Sy = inf{t : |W; — Wy| > A}. Then using (2.5),
P?(sup |[Wys—z| > X) =P*(S\ <1/2)
s<1/2

=P*([W1 — z[ > A/2) + P*(Sx < 1/2,|W1 — 2 < A/2)

1/2
< cze M +/ B[y — W] > A/2, Sy € ds).
0

By the Markov property, the last term on the right is bounded by

1/2
/ E*[P7(
0

using (2.5) again.

1/2
Wi_s — Wo| > A/2); S\ € ds| < 03e>‘/4/ P*(Sy € ds) < cze M4
0

Adding gives
P* (sup | W, — x| > \) < cue™ 4 (2.6)
s<t
aslongast < 3. Fort € (3,1], note that if sup,, [Ws—x| > A, then sup,< 1 [Ws—xz| > A/2
or supi . ,<1 |Ws— Wi 2| > A/2). The probability of the first event is bounded using (2.6),

while the probability of the second event is bounded using the Markov property at time %
and (2.6). D

Define B to be the infinitesimal generator of V; without small jumps:

Bl = X 1)~ f@)l e (2.7

yeS
ly—z|>1

Our next goal is to obtain estimates for the process V; = D~ 'Ypa,;, whose generator is

A+ B.



Proposition 2.6. Let V; be the process whose generator is A+ B. There exist ¢y, co and
0o such that if 6 < §y and \ > 1, then

P (sup |Vs — 2| > \) < cre”* + ¢10.
s<é

Proof. Since summing D%|y — 2|4~ over |y — x| > 1 is a constant,

1Bf ()] < esll fllos, (2.8)

and hence B is a bounded operator on L.
Define QY f(z) = Y. qw (t,7,9) f(y). Let Q} be the corresponding transition semi-
group for V;. Let So(t) = Q}¥ and for n > 1, let S,,(t) = [ Sp—1BQ} ,ds. Then

QY =) Su(t);
n=0

see [Le], Theorem 2.2, for example. Obviously Q}V is a bounded operator on L° of norm
1, so for t < §p = 1/(2¢3) the sum converges by (2.8). In particular, for ¢t < § < §g, we
have

QY f(z) — Q) f(2)] < cad| flloo-

Fix z and apply this to f(y) = 1p(,2)(y). We obtain
PE(|Vi — x| > A) = QY f(x) < QY f(x) + cad = P*(|Wy — 2| > ) 4+ ¢4 < cse™ M8 + ¢40.
We now obtain our result by applying the method of proof of Proposition 2.5. O

Now notice that Y; = DV} pa. Translating Proposition 2.6 in terms of Y}, we have

Corollary 2.7. If A > 1 and § < g,

P*( sup |Y; — x| > AD) < cre”* 4 ¢16.
s<dD«

for every D.

We can now obtain the result for the time for X,, to leave a ball.

Theorem 2.8. Given C > 1 and 3 € (0, 1), there exists v such that

P* Xy, —z| > C8) < 2.9
(kg[lgga]l kx| >C8) < p (2.9)
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for all S > 0.
Proof. Let § € (0,1). By Corollary 2.7 we may choose A and § < dp/2 so that

P*( sup |Ys—z|>AD) < [3/2
s<28D«

for every D. Define D = C'S/\. We may suppose Y is constructed as in Section 2. Then

P*( max ]|Xk —z| > CS)

k<[sDe
<P*( sup |Ys—z|>CS)
s<286 D«
+P*(|Tispa) — [6D°]| > [6D°])
B C3
< — .
=37 5Da

We used Chebyshev’s inequality and the fact that Tjspe; is the sum of i.i.d. exponentials to
bound the second probability on the right hand side. Choose Sy large so that c3/dD* < 3/2
if S > Sy5. We thus have the desired result of S > 5.

Finally choose ~ smaller if necessary so that vS§ < 1. If S < Sp, then vS* < 1.
But X} needs at least one unit of time to make a step; hence the left hand side of (2.9) is
0if S < Sp. O

Remark 2.9. Given the above probability estimate, one could formulate a central limit
theorem. Under a suitable normalization a sequence of Markov chains whose jump struc-
ture is similar to that of a symmetric stable process should converge weakly to a process
such as the U; described in Section 1.

Remark 2.10. We expect that our techniques could also be used to prove tightness for
Markov chains where the conductances decay more rapidly than the rates given in this
paper. In this case one might have a central limit theorem where the limiting distributions
are those of processes corresponding to elliptic operators in divergence form. It would be
quite interesting to formulate a central limit theorem for Markov chains where the limit
processes are diffusions but the Markov chains do not have bounded range.

3. Harnack inequality.

It is fairly straightforward at this point to follow the argument of [BL] and obtain
a Harnack inequality of Moser type for functions that are harmonic with respect to X,,.
In this paper, however, we are primarily interested in transition probability estimates. As
a tool for obtaining these, we turn to a parabolic Harnack inequality.

10



Let T = {0,1,2,...} x Z%. We will study here the 7-valued Markov chain (Vj, X4),
where Vi, = Vo + k. We write PU®) for the law of (Vj, Xj) started at (j,z). Let F; =
((Vi, Xx) : k < 7). A bounded function ¢(k, z) on 7 will be said to be parabolicon D C T
if q(Viknrp, Xkarp ) s @ martingale.
Define

Q(k,z,r)={k,k+1,....k+ [yr®]} x B(z,7). (3.0)
Our goal in this section is the following result:
Theorem 3.1. There exists ¢; such that if q is bounded and nonnegative on 7 and

parabolic on Q(0, z, R), then

max k,y) <c min 0,y).
(k,y)eQ([yR*],z,R/3) q( y) ! yEB(z,R/3) Q( y)
We prove this after first establishing a few intermediate results.
From Theorem 2.8 there exists v such that for all » > 0

p* X, — 2) <
(kggfa]! k= >7/2) <

. (3.1)

B~ =

Without loss of generality we may assume ~y € (0, %)
We will often write 7, for 799 5. For A C Q(0,z,7) set A(k) = {y : (k,y) € A}.
Define N(k,z) to be P*2) (X, € A(k + 1)) if (k,z) ¢ A and 0 otherwise.

Lemma 3.2. Let

n—1

Tn = 14(Ve, Xn) = 1a(Vo, Xo) = Y N(Vi, X).
k=0

Then J,ar, is a martingale.

Proof. We have

E[Jesvara = Jenta | Fr] = E[La(Viggr)yaras Xer)ara) — La(Viars, Xiars)
— N(Vints, Xiara) | Fil-

On the event {T4 < k}, this is 0. If T4 > k, this is equal to

PYeX0(V, Xy) € A) = N(Vi, Xi,) = PY* (X € A(Vi +1)) = N(Vi, X3) = 0.

Given a set A C 7, we let |A| denote the cardinality of A.

11



Proposition 3.3. There exists 6, such that if A C Q(0,x,r/2) and A(0) = (), then

|A]
rdt+a’

PO (Ty < 7,) > 6,

Proof. Observe that T4 cannot equal 7,.. If IP’(O@)(TA <7.)> % we are done, So assume

without loss of generality that IP(O’”:)(TA <7< %. Let S = T4 A 7. From Lemma 3.2
and optional stopping we have

S—1
E®"14(8, Xs) > E®" Y " N(k, Xp).
k=0
Note that if (k,z) € Q(0,z,r)
x C1 Co
N(k,z) =P*2 (X, € A(k+1)) > > P—T > e Ak + 1)].

yEA(k+1)

So on the set (S > [yr®]) we have Zf;é N(k, X) > c3]|Al/ré*+e. Therefore, since 7, <
[yre],

(0,x) |A| x @
E 1A<S’XS)ZC4Td+aP (S > [yr?))

Al

> C4rd+a

[1—P%(Ty <7.) —P%(7. < [yr9))]-

Now P*(7, < [yr®]) < 1 by (3.1). Therefore E©®1,(S, Xg) > es|A|/rit®. Since A C
Q(0,z,7r/2), the proposition follows. O
With Q(k,z,r) defined as in (3.0), let U(k,x,r) = {k} x B(x,r).

Lemma 3.4. There exists 02 such that if (k,z) € Q(0,z,R/2),r < R/4, and k > [yr®|+2,
then
PO Ty (har) < TQ0.2.R)) = Oar™ T /RITE.

Proof. Let Q' ={k,k—1,....k — [yr®]} x B(z,r/2). By Proposition 3.3,
P(O’Z) (TQ/ < TQ(O,z,R)) > 01Td+a/Rd+a.

Starting at a point in @', by (3.1) there is probability at least % that the chain stays
in B(z,r) for at least time yr®. So by the strong Markov property, there is probability
at least 3¢;rdT/RITe that the chain hits Q' before exiting Q(0, z, R) and stays within
B(z,r) for an additional time cor®, hence hits U(k, x,r) before exiting Q(0, z, R). O

12



Lemma 3.5. Suppose H(k,w) is nonnegative and 0 if w € B(x,2r). There exists 03 (not
depending on z,r, or H) such that

ECDH(V,, X, )] < 0sECVHV, X, ), y € B(z,r/3).

Proof. Fix z and r and suppose k < [yr®] and w ¢ B(x,2r). Assume for now that
[yr®] > 4. We claim there exists ¢; such that

7j—1

C1
My = 1) (Viney: Xjnr,) = Y T — gpira i< e-1(Vi)
=0

is a submartingale. To see this we observe
E [1(k,w) (Vier1)ares Xt 1)ar) = Likw) Vinr., Xinr,) | Fil
is 0 if 7 > 7. and otherwise it equals
E (Vi’Xi)l(k,w)(Vl/\n, Xinr,)-
This is 0 unless k = V; +1. When £ =V, 4+ 1 and ¢ < 7, this quantity is equal to

) C2 C3
PXi( X, = w) > > .
(X =w) 2 = e 2 g w)ire

Thus E [M; 11— M; | F;]is 0if ¢ > 7. or k # V;+1 and greater than or equal to 0 otherwise
if ¢q is less than c3, which proves the claim.
Since PY(max; <[] | X; — Xo| > r/2) < §, then

E Y7, > [y PO (1, > [yre]) > [yr°]/2. (3.3)

The random variable 7, is obviously bounded by [yr®], so by optional stopping,

Cy car®

> .
|lx — w|dte = |z — w|dte

POD(V,,, X)) = (yw)) > (B9, 1)

Similarly, there exists c5 such that

j—1
Cs

L) (Vine,s Xjnr,) — Z ml(mmlkq(%’)
i=1
is a supermartingale and so
0%

Cq < CgT
|z — w|dte = |p — wldte’

PO (V,,, Xr,) = (k,w) < (E©7,)

13



Letting 03 = cg/c4, we have
E O 1 g0y (Vs X)) < 03E O (10 (Vi , X))

It is easy to check that €5 can be chosen so that this inequality also holds when [yr®] < 4.
Multiplying by H (k,w) and summing over k and w proves our lemma. O

Proposition 3.6. For each ng and z, the function q(k,z) = p(ng — k, x,x¢) is parabolic
on {0,1,...,n0} x Z.
Proof. We have

E(q(Vit+1, Xik+1) | Frl = Ep(no — Vi+1, Xk+1,xo0) | Fl
= E(Vk’xk)[p(no — V1, X4, 20)]

= Zp(]'vXka Z)p(”() - Vk - ]-a 2:7'1.0)'

By the semigroup property this is

p(no — Vi, Xk, o) = q¢(Vi, Xk).

Proof of Theorem 3.1. By multiplying by a constant, we may suppose

i 0,y)=1.
ety Y
Let v be a point in B(z,R/3) where ¢(0,v) takes the value one. Suppose (k,z) €
Q([yR*],z,R/3) with ¢q(k,x) = K. By Proposition 3.3 there exists co < 1 such that
if r<R/3,CCQ(k+1,z,7/3),and |C|/|Q(k+1,z,7/3)| > 3, then

PE2)(Te < 7,) > ey (3.4)
Set . .
1=2, (=3 A0, (35)
Define r to be the smallest number such that
|Q((Z§iz/3)| > 0121( (3.6)
and Ldta )
Tdta > K0, (3.7)
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This implies
r/R = gk 1/ (d+a), (3.8)

Let
A={(i,y) € Qk+1,z,7/3) : q(i,y) > CK}.

Let U = {k} x B(z,7r/3). If ¢ > (K on U, we would then have by Lemma 3.4 that

1= q(O, U) =E (O’D)q(VTU/\TQ(O,z,R) ) XTU/\TQ(O,Z,R))

Oar (K

> CKP(O’”)(TU < TQ(0,2,R)) = Rdta

a contradiction to our choice of r. So there must exist at least one point in U for which ¢
takes a value less than (K.
If E*® gV, X.); X, ¢ B(z,2r)] > nkK, then by Lemma 3.5 we would have

q(k,y) > EED gV, , X, ); X, ¢ B(z,2r)]
> 03B * D [q(V,, X, ); Xy, & B(x,2r)] > 6snK > CK

for y € B(x,r/3), a contradiction to the preceding paragraph. Therefore
E*g(V,,, Xr,); Xr, ¢ Bl,2r)] < nk. (3.9)
By Proposition 3.3,

1= Q(07 'U) > E (0.0) [Q(VTA ) XTA); TA < 7—Q(O,Z,R)]

) 01|A|CK
> gK[P’(O’ )(TA < TQ(O,Z,R)) > Rd+a
hence
4] L .

< < —.
Q(k+1,z,7/3)| = 61|Q(k+1,z,7/3)|CK — 3
Let C = Q(k+1,7,7/3) — A. Let M = maxq(y+1,z,2r) ¢- We write

q(k,z) = E®D[q(Vig, Xro): Te < 7]
+ E (kwr) [Q(Vna XTr); Tr < TC’, XTr ¢ B(CE, 2T)]
+E (k,2) [Q(VTM XTT); Tr < Tc, XTT < B(l‘, ZT)]'

The first term on the right is bounded by (KP®**) (T < 7,). The second term on the
right is bounded by nK. The third term is bounded by MP®*%) (7, < T¢). Therefore

K < (KP*2)(Ty < 7,.) + nK + M1 — PF2)(Te < 7).
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It follows that
M/K >1+4p

for some (3 not depending on z or 7, and so there exists a point (k',z’) € Q(k + 1, z, 2r)
such that q(k',2") > (1+ B)K.

We use this to construct a sequence of points: suppose there exists a point (k1,x1)
in Q([yR"],z,R/6) such that q(k1,21) = K. We let x = x1,k = k; in the above and
construct 1y = r,zo = 2/, and ko = k’. We define ro by the analogues of (3.6) and
(3.7). We then use the above (with (k,x) replaced by (k2,z2) and (k’,2’) replaced by
(ks,x3)) to construct ks,zs, and so on. We thus have a sequence of points (k;,z;) for
which k;y1 — ki < (2r)%, |viz1 — x| < 21y, and q(ki, x;) > (14 3)" K. By (3.8) there
exists K’ such that if K > K’ then (k;,x;) € Q([yR%], 2, R/3) for all i. We show this
leads to a contradiction. One possibility is that for large ¢ we have r; < 1, which means
that B(x;,7;) is a single point and that contradicts the fact that there is at least one
point in B(x;,r;) for which q(k;,-) is less than n(1 + 8)""1K. The other possibility is
that q(ki, z;) > (14 3)"" 1K’ > ||q||oo for large i, again a contradiction. We conclude q is
bounded by K’ in Q([yR?*], z, R/3). D

4. Upper bounds.
In this section our goal is to obtain upper bounds on the transition probabilities for

our chain X,,. Again we need some auxiliary processes.

XN/t a rescaled version of Y;, with generator A+ B
W, Vi without large jumps, with generator A
(e a pure jump Lévy process

We start by proving a uniform upper bound. Let is begin by considering the Lévy
process (; whose Lévy measure is

ndr) = 30 g5, (d).
yEZL,y#0

Proposition 4.1. The transition density for (; satisfies q¢(t,z,y) < et~ e,

Proof. The proof is similar to Proposition 2.1 (with D = 1). The characteristic function
ot(u) is given by
or(u) = exp ( — 2t Z [1— cos(u - x)]ﬁ)
xezd
For |u| < 1/32, we proceed similarly to Case 2 of the proof of Proposition 2.1: we set
D=1, setA:{xEZd:L<|a:] <A 1>u-z> %6}, and obtain

Alu| = [ul?
1 «
Z[l —cosu-x]W > colul®.
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Let Q(a) be defined by (2.4). For |u| > 1/32 with u € Q(7), we proceed as in Case 3
of the proof of Proposition 2.1 and obtain the same estimate. We then proceed as in the
remainder of the proof of Proposition 2.1 to obtain our desired result. O

Proposition 4.2. The transition densities for Y; satisfy

gy (t,z,y) < et~V

Proof. This is similar to the proof of Proposition 2.2, but considerably simpler, as we do
not have to distinguish between t < 1 and ¢ > 1. O

Now we can obtain global bounds for the transition probabilities for X,,.

Theorem 4.3. There exists ¢; such that the transition probabilities for X,, satisfy

p(”?‘ray) S Clnid/ay T,y S Zd.

Proof. Recall the construction of Y; in Section 1. First, by the law of large numbers
T,/n — 1 a.s. Thus there exists co such that P(Tj,, /o) < %n < T,) > ¢y for all n.

Let Cp =), Cy., and set r(n,z,y) = Cyp(2n, x,y). Since Cpp(1,z,y) is symmet-
ric, it can be seen by induction that C.p(n,z,y) is symmetric. The kernel r(n,z,y) is
nonnegative definite because

3@ 1) = 3303 S @Cepl a2 0) )
_ZZZf )C.p(n, z,z)p(n, z,y)

—ZC<Zf nzx) > 0.

If we set rar(n, x,y) = r(n,z,y) if |z|,|y| < M and 0 otherwise, we have an eigenfunction
expansion for rp;:

(n,,y) Z/\Z pi(x (4.1)

where each \; € [0,1]. By Cauchy-Schwarz,

rv(n,x,y) <Z>‘Z ©i(x )1/2<Z)\?%‘(y)2>

(3

1/2

= TM(nv €T, $)1/2TM (TL, Y, y)l/Z.
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Also, by (4.1) rpr(n,z,x) is decreasing in n. Letting M — oo we see that p(2n,z,x) is
decreasing in n and

p(2n,x,y) < p(2n, z, ) *p(2n, y, y)*/?.

Suppose now that n is even and n > 8. It is clear from (1.2) and (2.1) that
there exists c3 such that p(3,z,2) > c3 for all z € Z9. If k is even and k < n, then
P*( Xy = x) > P*(X,, = x). If k is odd and k < n, then

PY( Xy =) =p(k,z,z) > p(k — 3,z,2)p(3,x,x) > c3P*(Xi—3 = x) > c3P*(X,, = ).

Setting t = %n, using Proposition 4.2, and the independence of the T; from the X, we
have -
at PV =2) =) PU(Xp=2,Tk <t < Tip)
k=0
> Y PUXp=2)P(T <t < Thyr)
[n/2]<k<n
> c3P( X, = 2)P* (T}, 9) <t < Th) 2> cae3P¥(X,, = ).

We thus have an upper bound for p(n,x,z) when n is even, and by the paragraph above,
for p(n,z,y) when n > 8 is even.
Now suppose n is odd and n > 5. Then

05(n_|_3)—d/oz zp(n+37x7y) Zp(na':l:?y)p(gvyvy) Z CSP(n7xay)7

which implies the desired bound when n is odd and n > 5.
Finally, since p(n,x,y) = P*(X,, = y) < 1, we have our bound for n < 8 by taking
c1 larger if necessary. O

We now turn to the off-diagonal bounds, that is, when |z — y|/n'/®

is large. We
begin by bounding P*(Y;, € B(y,rté/a)). To do this, it is more convenient to look at
V, = tal/aYtot and to obtain a bound on P*(V} € B(y,r)) for z,y € S = tgl/aZd. The

infinitesimal generator for V; is

1/«

Ao (z,y)
t3/% |z — yld+a

> fy) - f(@)]

yeS

Fix D and let E = D'/2. Let Q, be the transition operator for the process W;
corresponding to the generator

1/

Alo (z,y)
1w — yli+e




(Compare with the process defined by (2.2).) Define

to' " (o
Biw) = S [f) — f(x) dfi (y’|i)+a

yeES |'f1j
ly—z|>E

and || fll1 = > g |f(y)|. (Compare with the process defined in (2.7).)

Proposition 4.4. There exists c; such that

1Q:fll1 < el flls, 1Q¢flloo < [1flo- (4.2)
Also
1Bl < il 1B e < ol (13)

Proof. The second inequality in (4.2) follows because @, is a Markovian semigroup.
Notice that C,Q:(x,y) is symmetric in x,y. Then

HQtf||1<ZZQtwy|f |—Z|f WD Qi) <) If )

because > Qi(z,y) = Zx C—”Qt(y,x) < ¢ Zm Q+(y,z) = co. This establishes the first
inequality.
Note

[/
3 Ao @y _ pa (4.4)

T d/a’x yldta ~
ly—z|>E

Then
1/a

. Al
Bf@I<20flle > -

yeSs 0 |
ly—z|>FE

To get the first inequality in (4.3),

(z,y)

<2c3E7¢ .
e 2B

; A" A (2, y)
2 BI@N<d > WOl L@ 3, -
z T |y— m|>E ‘ o |y—w|>Et | y‘
l/a
Alo (z,
<D MWl Y. e Z |
Y |lz—y|>FE t ‘ ’
Applying (4.4) completes the proof. O

Let K be the smallest integer larger than 2(d + «)/a and let
A, = DU/D+0/K).

Let us say that a function g is in £L(n,n) if

1 1
92)1 < 1] g+ [y oA () HG)

for all z, where H is a nonnegative function supported in B(y, A,,) with ||H||1 + || H||s < 1.
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Lemma 4.5. Suppose DY/(*5) > 4 and n < K. There exists ¢, such that if g € L(n,n),
then

(a) Bg e L(n+1,c1n);

(b) for each s <1, Qsg € L(n+ 1,¢1m).

Proof. In view of (4.2) and (4.3), [|B(D~%)||o < c2D~% and the same bound holds
when B is replaced by Q;.

Next, set
1
v(z) = WlB(y,An)“(Z)-

Note ||[v|l1 + ||v]|loo < ¢3, where ¢z does not depend on n or D. Let

Jo(2) = [B(v + H)(2) 1 (y,4,,41)(2)

and J(z) = Jo(2)/(||Joll1 + |Jollec). Because of (4.2), we see that Jy has L' and L
norms bounded by a constant, so J is a nonnegative function supported on B(y, An+1)
with ||J||1 4 ||.]lec < 1. The same argument serves for Q, in place of B.

It remains to get suitable bounds on |Bv| and Qv when |z — y\ > Apt+1. We have

Bu(z)] < > ()|w |d+a+ > v m (4.5)

|lw—z|>E |lw—z|>E

Clearly the second sum is bounded by c5v(z) as required. We now consider the first sum.
Let C ={w:|w—2z|>|w—yl|}. f weC, then |w— z| > |y — z|/2. Hence

1 1
N T L T
wel,|z—w|>E

1 1
< g —
ly — 2|t w§>1 w —y|d+e
C7
- |y _ Z|d+a'

If w e C° then |w —y| > |y — 2|/2, and we get a similar bound. Combining gives the
desired bound for (4.5).
Finally, we examine Q;v(z) when z € B(y, A,+1)°. We write

Qv(z) = Z Q+(z, w)v(w) + Z Q+(z,w)v(w). (4.6)
|z—w|<Ant1/2 lz—w|>Any1/2

If |z—y| > Apsq and |z — w| < Apy1/2, then |w — y| > |z — y|/2. For such w, v(w) <
cg/|z — y|4t*, and hence the first sum in (4.6) is bounded by

Cs

Iz —y |d+aZQtzw 2 yld+a
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For |z — w| > A,41/2, v is bounded, and the second sum in (4.6) is less than or equal to

S Quzw) SPH(W — 2 > Ap1/2) < coeeoAni/24n)

|z—w|>An+1/2

using Proposition 2.5. This is less than

A 8K*?
CH(A = ) < oD,
n+1

Combining the estimates proves the lemma. O
Proposition 4.6. There exists ¢; such that P*(Y; € B(y,1)) < ¢1/|x — y|*+.

Proof. Let D = |z — y|. Assume first that D > Dg, where Doy = 445, Let f = 1B(y,1)-
Clearly there exists n such that f € L£(1,7). Then Q.f € L£(2,con) for all ¢ < 1 by
Lemma 4.5. Set Sy(t) = @Q; and Si(t) = fot QsBQ;_.ds. Since Qif € L(2,con) and
|z —y| = D > Ay we have

1S0(1)(2)| < esler — v~

By Lemma 4.5, for each s < t < 1, Q.BQ;_.f € L(4,c3n). Hence |Q.BQ;_.f(x)| <
caD~% Integrating over s < t, we have

[S1(t) f(x)] < eaD™T7

Set Sa(t) = f(f S1(s)BQy_sds = fot fos Q,BQs_,BQ;_sdrds. By Lemma 4.5 we see that
Q,BQ_BQ,_sf € L(6, c3n) and therefore |QTI§QS_TZ’;’Qt_Sf(:E)| < cgD™4, Integrating
over r and s, we have

[S2(t) f(2)] < ce D77

We continue in this fashion and find that for all n < K we have
1S, (1) f ()] < ez(n) D=7
On the other hand, by Proposition 4.4

1Bl < cs/E.

Take Dy larger if necessary so that cgD,, /2 < % If D > Dy, we have by the argument of
Proposition 2.6 that

[Sn (1) flloc < (cs/E*)™.
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Consequently,

> 1S f(@)] < e/ BN < eroDT
n=K

If we set P, =Y S, (t), we then have

K
\PLf(2)] < (Z cr(n) + clo)D_d_a — en D4,

n=0

This is precisely what we wanted to show because by [Le], P; is the semigroup corresponding
to 17;

This proves the result for D > Dy. For D < Dy we have our result by taking c;
larger if necessary. O

From the probabilities of being in a set for Y; we can obtain hitting probabilities.

Proposition 4.7. There exist ¢c; and co such that

. 1/« . t(l)/a dta
P*(Y; hits B(y,city ) before time tg) < 02<| |> :
r—y

Proof. There is nothing to prove unless |z — y|/t(1)/a is large. Let D = |z —y| and let A be
the event that Y; hits B(y, t(l)/a) before time #9. Let C be the event that sup,<, |Ys—Yp| <
Cgt(l)/ “. From Theorem 2.8, P*(C') > 3 if c3 is large enough. By the strong Markov property,

P*(V;, € B(y, (1+ca)ty®)) > B [PYS(C); A] > 1P*(A),

where S = inf{t : Y} € B(y,té/a)}. We can cover B(y, (1 + 03)t(1)/a) by a finite number

of balls of the form B(z, t(l)/ “), where the number M of balls depends only on c3 and the
dimension d. Then by Proposition 4.6, the left hand side is bounded by ¢4 M (t(l)/ ¢ /D)%t
O

We now get the corresponding result for X,,. We suppose that Y; is constructed in
terms of X,, and stopping times 7;, as in Section 2.

Proposition 4.8. There exist ¢c; and cy such that

|z — y|

P*(X,, hits B(y, cln(l)/a) before time ng) < 02<

Proof. Let A be the event that X, hits B(y, n(l)/a) before time ng, C' the event that Y;
hits B(y, n(l)/ “) before time 2ng, and D the event that T}, < 2ng. By the independence of
A and D, we have

P*(A)P(D) =P*(ANn D) <P*(C).
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Using the bound on P?(C') from Proposition 4.7 and the fact that P(D) > ¢y, where co
does not depend on ng, proves the proposition. 0O
We now come to the main result of this section.

Theorem 4.9. There exists ¢; such that

n
n,xr,y) <c (n_d/o‘/\—).
p( y) = 1 |.CE _ y\d+a

Proof. Let D = |z — y|. Fix ¢y sufficiently large. If D < con!/®, the result follows from
Theorem 4.3. So suppose D > con'/®. Let m = n + [yn], where « is the constant in
Theorem 2.8. By Proposition 4.8,

m1+d/a

Dd—l—a :
On the other hand, the left hand side is Y ¢ g, m1/ayP(m, @, 2). So for at least one z €
B(y,m'%), we have p(m, z,2) < cym/D¥* < csn/D*. Let
q(k,w) =p(n+ [yn] — k,w,x).

By Proposition 3.6, q is parabolic in {0, 1,...,[yn]} x Z%, and we have shown that

min  ¢(0,w) < csn/D*Te.
weB(z,nl/«)

Thus by Theorem 3.1 we have

C C
p(n@,y) = Zrp(n.y,3) = ZFa(lmly) < cgn/D,

5. Lower bounds.
Lower bounds are considerably easier to prove.

Proposition 5.1. There exist ¢; ands co such that if |z — y| < cynt/® and n > 2, then

p(n, x,y) > con~ Y.

Proof. Let m =n — [yn]. By Theorem 2.8 there exists c3 not depending on x or m such
that

N | =

P* (max | Xy — 2| > esm!/) <
k<m
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By Theorem 4.9 provided m is sufficiently large, there exists ¢4 < ¢3/2 not depending on
2 or m such that
P*(X,n € B(x,cam'®)) <

>

Let E = B(x,c3m'/®) — B(x,c4m!/®). Therefore

P*(X,, € E) >

PNy

This implies, since P*(X,, € E) = >  _pp(m,z,z), that for some z € E we have
p(m,z,2) > csm™ "% > cgn=?"% If w € E, then by Theorem 3.1 with q(k,-) =
p(n —k,x,-), we have

p(”’a T, w) > C7n_d/a-

This proves our proposition when n is greater than some n;.
By (1.2) and (2.1) it is easy to see that there exists cg such that

p(2,$,$) Z cs, p(3,CL’,fL’) Z Cg.

If n <npand n=2¢+1 is odd,

p(n,z,y) > p(2,2,2) p(1,2,y) > ckn=Y.

The case when n < by and n is even is done similarly. O

Theorem 5.2. There exists ¢; such that if n > 2

n
n,xr,y) >c (n_d/o‘/\—).
p( y) -t |23 — y‘d-i-a

Proof. Again, our result follows for small n as a consequence of (1.2) and (2.1), so
we may suppose n is larger than some n;. In view of Proposition 5.1 we may suppose
|z —y| > con/*. Let A = B(y,n"/?). Let N(z) = P*(X; € A) if z ¢ A and 0 otherwise.
For z € B(z,n'®) note N(z) > c3n®®/D%**  As in the proof of Lemma 3.2,

JNT A

1A(Xjar,) —1a(Xo) — ) N(Xi)

i=1
is a martingale. By optional stopping at the time S =n A Tg(, ,1/+) We have

and/a

Dd—i—oz

S
P*(Xg € A)=E") N(X;) > E“[S — 1].
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Arguing as in (3.3), E*S > ¢4n. We conclude that
P*(X,, hits B(y,n'/) before time n) > csn' T4/« /Da+e,

By Theorem 2.8, starting at z € B(y, nt/ @), there is positive probability not depending on
z or n such that the chain does not move more than c¢gn!/® in time n. Hence by the strong
Markov property, there is probability at least ¢;n't4/® /D4t that X,, € B(y, csn'/®). Let

m = n — [yn] Applying the above with m in place of n,

ml—l—d/a nl—l—d/a

P* (X € B(?JaCin/a)) = €0 Hdta 2 Ci1 Dita

However this is also Y, c gy con1/e) P(T; T, w). So there must exist w € B(y, con'/®) such
that p(m, z,w) > c1an/DY*. A use of Theorem 3.1 as in the proof of Theorem 5.1 finishes
the current proof. O

Proof of Theorem 1.1. This is a combination of Theorems 4.9 and 5.2. If n = 1 and
x # y, the result follows from (1.2) and (2.1). O

Remark 5.3. Similar (but a bit easier) arguments show that the transition probabilities
for Y; satisfy

1 (t—d/“ A ) <gy(t,z,y) <co (t—d/a A ;) (5.1)

|$_y|d+a |x_y|d+a

One can also show that the transition densities of the process U; described in Section
1 also satisfy bounds of the form (5.1). One can either modify the proofs suitably or else
approximate U; by a sequence of processes of the form Y; but with state space €Z¢, and
then let € — 0.
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