The Liouville property and a conjecture of de Giorgi

Martin T. Barlow! 2 | Richard F. Bass® * , Changfeng Gui! 2

Abstract. We consider bounded entire solutions of the non-linear PDE Au+u—u? = 0 in
R?, and prove that under certain monotonicity conditions these solutions must be constant
on hyperplanes. The proof uses a Liouville theorem for harmonic functions associated with
a non-uniformly elliptic divergence form operator.

0. Introduction.

In 1978 De Giorgi [Gi] formulated the following:

Conjecture. Suppose that u is an entire solution of the equation

Au+u—u® =0 (0.1)
satisfying
0
(@) <1, ——(z) >0 forz = (¢, zq) € R, (0.2)
c%zd
lim u(z’,z4) =1, and lim w2, zq) = —1.
Ld—00 Tq— —00

Then the level sets of u must be hyperplanes, i.e. there exists g € C?(R) such that
u(x) = g(a - x), for some fixed a € R? with |a| = 1.

Let F' € C?**¢(R) be a non-negative function such that F(£1) = 0 and F”(£1) > u >
0 for some constant p. A more general form of (0.1) is the equation

Au — F'(u) =0, for z = (2/,24) € RY, (0.3)
where 5
u(z)| <1, ——(z) >0 for z = (¢, 24) € RY, (0.4)
axd
lim w(z',z4) =1, and lim w(z',zq) = —1.
Trq— 00 Tg——0OQ

A generalization of the De Giorgi conjecture is that any solution of (0.3)-(0.4) is constant
on hyperplanes, and so of the form u(z) = g(a - x), for some fixed a € R? with |a| = 1. Tt
is clear that the function g must be a solution of the ODE

g'(t)—F'(g(t)) =0, teR, [g(t)] <1, and tl}rinoog(t) = +1. (0.5)
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This ODE has a solution which is unique up to translation. Note that in (0.1) we have
F(u) = $(u® — 1)%, which satisfies the conditions above with F”(u) = 3u® — 1.
It is known [GT] that any bounded solution u of (0.3) is C3¢ in R?. In [MM] and

[CGS], it is shown that any bounded solution of (0.3) satisfies the gradient bound
|Vu(z)|* < 2F(u(z)) for all 2 € R?. (0.6)

It is also proved there that the (generalized) De Giorgi conjecture is true in any dimension
for any solution u such that equality in (0.6) holds at some point zo € R%. Also, in [MM]
it is proved that if d = 2 then the de Giogi conjecture holds for any solution w for which
the level sets are the graphs of an equilipschitzian family of functions. See also [M1], [M2]
and [CGS] for other results, and also [DFP] for the existence of some entire solutions of
(0.1) of a quite different form. [GNN] obtained some striking results on a related problem.

Recently, in [GG] Ghoussoub and Gui proved the De Giorgi conjecture for d = 2
without any extra assumptions. They also showed that when d = 3 the conjecture is still
true provided that the convergence of u(a’,z3) to £1 is uniform as x3 tends +oc.

Our first result is that under this additional uniform convergence condition the con-
jecture is true for all dimensions d > 3. We understand that this result has also been
proved, using different methods, by Berestycki, Hamel and Monneau.

Theorem 1. Suppose that u(x) satisfies (0.3), converges to 1 uniformly as x4 tends to
00, and converges to —1 uniformly as x4 tends to —oo. Then u is necessarily of the form
u(x’,xq) = g(xq), where g(t) is a solution of (0.5).

We can relax the uniform convergence condition if make some additional assumptions
on F, and assume that the level sets of u are Lipschitzian.

Theorem 2. Assume that F'(u) in (0.3) has only one critical point ug in (—1,1) and that
F"(ug) < 0. Suppose that u(z) satisfies (0.3), u(x’,zq) — 1 as x4 — oo, u(a’,x4) — —1
as rq — —oo, and that the level sets of u(z’,xq4) are the graphs of Lipschitzian functions
of 2’ i.e. there exists a continuous positive function L(b) for b € (—1,1) such that

Ou(x)

I z € RY.
Td

Varu(z)] < L(u(x))

Then u is necessarily of the form u(z',x4) = g(a - x) for some a € R? with |a| = 1, where
g(t) is a solution of (0.5).

Remarks. 1. Note that F(u) = ;(u? — 1)? satisfies the conditions of Theorem 2.

2. The Lipschitzian condition on u in Theorem 2 is weaker than that in [MM], where (as
well as taking d = 2) L(b) is assumed to be bounded. Indeed, all we need is that L(b) < co
on an interval [—1 4 §,1 — 4], where the constant § > 0 depends only on F.

3. Let e = (0,1) € R¥! x R be the unit vector in the x4 direction. It is easy to see
that the Lipschitzian condition on u in the above theorem is equivalent to the following
monotonicity condition of u in a small cone: for any b € (—1,1) there exists a dg(b) > 0
such that if |v| =1 then

v-Vu(z) >0 whenever v-e >1—§(u(z)), zeR™
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The basic strategy in the proof of both theorems is similar, and uses ideas introduced
by Ghoussoub and Gui in [GG]. Let
Ou(x)

o(x) = 9rg (0.7)

In the case of Theorem 2, o(x) > 0 in R¢ by hypothesis, while it is shown in [GG] by using
the moving plane method that the hypotheses of Theorem 1 imply that o(x) > 0 in R9.
For a € R? with |a| = 1 define the directional derivative ¥, (z) = a - Vu(z). Differentiating
(0.3) we have that both o and v, satisfy

Ap — F'(u(z))p =0, = eR

Let bu()
) = 05
and set
L=12%072V(0?V) =LA+ (67 'V0o)V. (0.8)

Then A is L£L-harmonic, since
2Lh = 072V (0?Vh) = 0 2V (¢ Vo — aV,)
=g 2 (waAa — UAl/Ja) = 0.

Note also that oh = 1, is bounded, by (0.6).
Suppose that the operator L satisfies the Liouville property in the form:

(LP) If h satisfies Lh = 0 in R? and oh is bounded, then h is constant.
Then for each a there exists a constant c¢(a) such that
Ya(2) = a- Vu(z) = c(a)o(z), x€R™ (0.9)

It follows immediately from (0.9) that w is constant on any hyperplane orthogonal to
Vu(0).

Thus the proof of Theorems 1 and 2 reduces to establishing the Liouville property
(LP). If o is any C? function on R? satisfying 0 > ¢ > 0, and £ = L, is defined by (0.8),
then (LP) is well known. However (LP) may fail for general o > 0 — see [GG] and [Ba] for
counterexamples in the cases d > 7, d > 3 respectively. The proof in [Ba] is probabilistic,
and shows that the Liouville property fails for suitable £(= L,) by proving non-trivial
tail behaviour of the diffusion process X = (X¢,t > 0) associated with £. However for o
arising from (0.7), the bound (0.6) implies that

o(z',24) — 0 as |zg| — oo for each 2’ € R41, (0.10)

As X tends to avoid regions where o is small, (0.10) suggests that, in the case of Theorem
1, where the convergence is uniform, the process X largely lives on some ‘slab’ D of the
form D = R4~1 x [—¢, ¢]. Since (see Section 4) one can prove that o(x) > &1 > 0 for x € D,
X is in some sense close to a uniformly elliptic divergence form diffusion, which suggests
that (LP) should hold for X and L.

Some additional smoothness conditions are needed to establish the Liouville property.
In the theorem below, the simplest case, which is sufficient to prove Theorem 1, is when
v =0.



Theorem 3. Let v: Rt — R be C2%, with |Vy(z2')| < Ko, 2’ € R47L, for some constant
Ky < 0. For —o00o < a <b < oo write

I(a,b) = {(2/,24) € RY: y(2') +a < g < y(2') + b}

Let o : R? — (0,00) be a C? function, and let £ = %(7_2V(0‘2V). Suppose that there exist
constants 0 < eg < 1,1 < K7 < Ky < 00, K3 < o0 such that o satisfies

(Sl) o Ao > 2ep on ](—Kl,Kl)c,

(52) o> 60/2 on I(—KQ,KQ),

(S3) l|o]|oos [|VO||oo and ||Ac||« are all bounded by Ks.
If Lh = 0 and oh is bounded, then h is constant.

Remark. Though we will not use this fact, these conditions on ¢ imply that o(2’,z4) — 0
as |zq| — oo.

Write
H(\) =1(\N), XeR.

Let X be the diffusion associated with £. One approach to Liouville theorems such as
Theorem 3 is to obtain global upper and lower bounds on the transition density k(t,x,y)
of X, which is the solution to the heat equation

ok

L’k—a.

There is a substantial literature on bounds of this type, but with most approaches some
kind of uniform ellipticity condition on £ is essential. We avoid this difficulty by considering
instead the time-change of the process X on the submanifold H(0). Write X for this
process, and let Y be the projection of X onto R, Y is a pure jump process with
generator of the form

Ly f(x) = /Rdl(f(y’) — f(@)n(',y")dy', (0.11)

where n is symmetric and continuous away from the diagonal. Let ¢ = ¢(¢,2,y’) be the
transition density of Y: ¢ solves the equation

dq
Lyqg=—.
Yq ot
We obtain upper and lower bounds on ¢, and from these prove a Liouville theorem for
Ly-harmonic functions. Theorem 3 then follows easily.

The contents of this paper are as follows. In Section 1 we consider jump processes
Y given by (0.11), and, under suitable conditions on the function n(z,y), which include
exponential decay as |r — y| — 00, we obtain upper and lower bounds on ¢ and prove a
Liouville theorem for Ly . In Section 2 we use Girsanov’s transformation to construct the
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diffusion X associated with £. The main result in this section is an exponential bound on
| X+, — Xol|, where ¢ is the first hitting time of H(0). Section 3 deals with the construction

of the processes X and Y from X, and estimates on the jump measures n. The exponential
bounds on | X, — Xy| lead to exponential decay of n(z,y) as |t—y| — oo. Finally, in Section
4 we complete the proof of Theorems 1 and 2, by showing that the function o = du(x)/0z4
satisfies the conditions of Theorem 3.

We write ¢; for unimportant positive finite constants; these are fixed within each
lemma, proposition, theorem and corollary.

Acknowledgement. We thank Nassif Ghoussoub for some helpful discussions.
1. Heat kernel of a jump process.
Let N be a measure on R” x R™ — D (where D is the diagonal) with a symmetric

density n(z,y). Throughout this section we will assume that there exist constants ag > 0,
¢; such that

/ n(z,y)dy < cpe” ", r>1, (1.1)
ly—z|[>r

cilz —y|m" ) <n(z,y) < elr —y[ T,z —y[ <1 (1.2)

Let £y be the generator

Lf(x)= | (fly) = f@)n(z,y)dy, fe€CGR),

Rn

and € be the Dirichlet form on L?(R"™,dx) with core C$°(R™) given by

6.0 = [ [ (G- f@) niz)dedy, 1€ CFR")

(An argument similar to that in [FOT, p. 100] implies that £ is regular). Let Y = (Y;,t >
0,Q%, x € R™) be the symmetric Markov process associated with £. Set also

no(z,y) = |z —y| """ (pyi<1), Ty ER™, T Ay,

Replacing n by ng in the equations above, let £y and & be the corresponding generator
and Dirichlet form of the Markov process Y° = (Y2t > 0,Q%,z € R").
From (1.2) we have

Ef, )z a&lf.f), feCFTR. (1.3)
The process YV is a Lévy process, and therefore Y,? has characteristic function ¥(\), given
by
E0eiMYe = et A e RY
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where, since Y is symmetric,
PY(A) = / (1 —cosA-z)ng(0,z) dx. (1.4)

Lemma 1.1. For each t > 0, under QY, Y? has a continuous density q?(z), © € R, which
satisfies

Q) <et™?2, t>1.
q(z) < et ™, t<1.

Proof. By the radial symmetry of (1.4) we have

¢(>\) - / (1 - COS(%l’)\’))‘x’_n_l dx = ’)\’ (1 _ COSyl)’y’_n_ldy.
lzl<1 yl<|A|

Hence if [A| > 1 then ¥(\) > c2|A|, while if [A] < 1 then 1 — cosx1|A| > c3zF|A|?, so

BV > e\l / Slal " dr > e A2

|z|<1
Therefore [ IANPe=(Nd)\ < oo for any p < oo, and by Fourier inversion Y,” has a C™

density ¢?(-).
Also, by the Fourier inversion formula,

(@) = [ e ey

< ¢(0) :/ e

</ €—C4t|,\|2d)\+/ 6—02t|)\|d)\
VYRS IA|>1
1 fe’e)
:c5/ r”_le_c4tr2d7’—|—c5/ rtleme2tr gy,
0 1

Estimating these integrals, the bounds (1.5), (1.6) follow easily. O
We can now use Theorem 2.9 of [CKS] to deduce similar estimates for Y.

Theorem 1.2. Y has a transition density q.(x,y) which satisfies

gz, y) <eit™™2 t>1,
qi(z,y) <crt™™, t<1.

Proof. Write ¢?(z,y) for the transition densities of Y?. As Y is a Lévy process ¢¥(x,y) =
q)(y — z). From Lemma 1.1 we have, for a suitable ¢y < oo,

Qx,y) < ot ™!, > 0.
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So, by Theorem 2.1 of [CKS], and writing m = 2n, &, satisfies a Nash inequality

LA™ AT ™ < es [Eo(f, £) + 1113

Using (1.3), & satisfies a Nash inequality of the same form, and hence, by the converse
implication in [CKS, Theorem 2.1], Y has a transition density ¢;(x,y) which satisfies

q(x,y) < cgt™ e, t>0.

The bound (1.8) is immediate.
To obtain bounds for ¢ > 1, we use the conditional Nash inequalities discussed in
[CKS, Theorem 2.9]. First, from (1.5) it follows that &, also satisfies

AT AT ™ < es&o(f, f)  whenever  E(f, f) < [|fII3. (1.9)

Again, by (1.3), & satisfies an inequality of the same form. Also, by (1.8) ¢1(z,y) < ¢
for all z,y, and so we can use the converse implication in [CKS, Theorem 2.9] to deduce
that q;(z,y) < cgt~™2 for t > 1. Adjusting the constant c; if necessary this completes the
proof of the theorem. O

We now wish to use Davies’ method to obtain off-diagonal upper bounds on ¢, for
t > 1. We encounter one technical obstacle, due to the different behaviour of ¢; for large
and small ¢. This means that £ only satisfies a conditional Nash inequality of the form
(1.9), rather than a full Nash inequality. Since verifying that the functions f;, (which arise
in [CKS, Section 3]), satisfy the condition E(f, fi) < ||f:]|3 is quite awkward, we will avoid
this difficulty by using a trick.

Let Z = (Z¢,t > 0) be an “auxiliary” symmetric Markov process on a state space
(M, m), independent of Y, with a transition density r;(z,y) with respect to a m which
satisfies

() < et ™2, 0<t<1,2',yeM
re(z’y) <eit™™, t>1, 29y eM (1.10)
re(x' ') > ert™2 (v 1) T2 > 0.

For example, if M is a sufficiently regular n dimensional manifold with volume growth
given by V(z,r) < r?" r > 1and V(x,r) < r", r < 1, we have (see for example [Gr]) that
r satisfies (1.10). Let X; = (Y3, Z;) € R™ x M. Then X has a transition density p; given
by
pt((‘ru I/), (y7 y/)) = qt(mu y)rt(ﬂf/7 y/)7 T,y € Rnu xlu y/ € M7
which plainly satisfies
[pell o < crt™"2, £ >0. (1.11)

Write Ex for the Dirichlet form of X: Ex therefore satisfies the Nash inequality (p = 3n)

IFIZTPIFITYP < ebx (f, £). (1.12)
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(Here || - ||. is of course the norm in the product space (R™ x M,dx x dm)). Fix 0 € M.
We can now use [CKS, Theorem 3.25] to deduce off-diagonal upper bounds for p;. These
yield immediately off-diagonal upper bounds for ¢, since if

pt((x,O), (y,O)) < gt PP KbmY) >
then by (1.10) ¢ (z,y) < cat /2 exp(—K(t,z,y)). In fact, the auxiliary process Z plays
no role in the calculations, and to simplify notation in what follows we will therefore omit
it.
Definition 1.3. Set for f € C(R")
D@ = [ (F@) = 5@) nlzy) dy,
where we allow T'(f, f) = +00. Define for ) € C(R")
A(q/))2 = ||e_21/T(e¢,e“/’)||OO V Hewf‘(e_w,e_lb) H
Foo ={th € C(R") : A(4) < o0},
D(t,z,y) = sup {|¢(y) — »(x)| —tA(Y)?* : ¥ € Foo} .
From [CKS, Theorem 3.25] and the remarks above, we obtain
Lemma 1.4. Fort > 1, x,y € R",
@ (x,y) < et 72" PRETY),

oo’

It remains to estimate D(¢, z,y).
Lemma 1.5. (a) For R > 1,

/ |z — y*n(z, y)dy < c1.
I<|z—y|<R
(b) For R>1, 0 < ay/2,
/ ee‘x_y‘n(x,y)dy < 2cqe (@0 -OR
|[z—y|>R

Proof. Write F(r) = || n(z,y)dy. Then F(r) < cge”®", by (1.1). So

le—y|>r

R
/ 1 — y?n(z, y)dy = — / P2F(dr)
1<|z—y|<R 1

R
= F(1) — R*°F(R) —i—/ 2rF(r)dr < c4.

Similarly,

/ 17 Vln(x, y)dy = —/ " F (dr)
lz—y|>R R

< eORF(R) —I—/ c3fe= (0= gy
R

S 656_(a0_9)R.



Proposition 1.6. There exist a constant ¢y such that if a is a unit vector in R™, o €
(0,1 A (ap/4)), and 1o () = aa - x, then A(1)4)? < coa.

Proof. We need to bound
6_2¢a(x)r(ewoc7e"pa)(x) — / (1 _ elpa(y)_wa(x))Qn(x’ y) dy (1.13)
Split in the integral in (1.13) into three pieces, and write
nw=[ o aw- R
lz—yl<1 1<|z—y|<1 /@ lz—y|>1/a
Then since e — 1 <2z for0 <z < 1,

J(@) < e / o?le — ylPn(z, y) dy
lz—yl<1

< cza2/ |z — y|_nJrl dy < c30.
|z—y|<1
Similarly
R@) < e [ 02l — ylnlz,y) dy < cs0?,
1<|z—y|<1/
by Lemma 1.5(a). Also, by Lemma 1.5(b)

J3(z) < / e2lv=lp(z,y) dy < cee™/* < ¢,
lz—y|>1/c

since a < ap/4. Combining these estimates we have
e~ W@ (e¥a e¥e)(z) < oo, x € R™

This bounds [e™2¥=T'(e%=,e¥*)||__, and replacing a by —a gives an identical bound on

Hewap(e—wa,e—wa)”w 0
Theorem 1.7. There exists a; > 0 such that
@(z,y) < et P exp(—anle —y/t),  t>1, |z—y| <t (1.14)
wle) < et Pesp(anle —yl), 121, eyl >t (1.15)
Proof. We have, writing 5= 1A (ap/4),
D2T,z,y) > sup (Wja(x) — Yaly)| — 2TA<¢)04>2)
0<a<p
> sup (a|r —y| — 2c0aT).
0<a<p
If | —y| < T, take o = Op|z — y|T ! where 6y = B A (1/4cp), to obtain
1
DET.2.y) > Lolo — yf?/T.
If |x —y| > T, let a = 6p; then
1
The bounds (1.14), (1.15) now follow from Lemma 1.4. O

Integrating the bounds in Theorem 1.7 we deduce
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Corollary 1.8. There exists \y < oo such that fort > 1,

/ q(z,y)dy < 3.
|z—y|>Xotl/2

We now turn to lower bounds. The first step is to obtain a suitable Poincaré inequality.
Let v € C*°(R, (0,00)) be such that v(z) = |z| for |z| > 2, v(z) = v(—z), [v'| <1, and
[e v Wdt = 1. Set () = (z1,...,2,) = >y v(z;), and for R > 1 let
or(z) = R e ¥@/R)

Note that |Vi| < n, and that [;, ¢r = 1. Write C for the set of cubes of side length 1 in
R™ with corners in Z™ and edges parallel to the axes. If f € L'(R") set

f(C)Z/Cfd:I:, CecC.

Define a(C,D) = 1 if C, D are adjacent (i.e. C' N D) is a n — 1 dimensional set) and
a(C, D) = 0 otherwise. From Lemma 1.19 of [SZ] we have:

Lemma 1.9. Let g : C — R, and write

Jr = Z 9(C)er(C).
C

Then there exists ¢; (independent of R) such that

Z (9(C) - §R)290R(C) < e R? Z Z a(C, D)(g(C) - Q(D))QSOR(C) A @r(D).
C c D

Let m : R™ x R®™ — R, be a measurable function such that m(z,y) > 1 whenever
lz —y> <n+1. Som(z,y) > 1if x,y € C for some C € C, and m(x,y) > 1if x € C,
y € D and a(C,D) = 1.

Proposition 1.10. Let f € C(R",R), and write fr = [ fordz. Then there exists cy,
independent of R, such that for R > 1,

| (f@) = Fr) en(a)do <
aft [[ (@) = 1) en@) A enwm(eg) dedy. (116
Proof. From the definition of pr we have that there exists co > 1 such that
cglgoR(C) < pr(r) < copr(C) if zed. (1.17)
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It follows that
¢;2or(D) < @r(C) < 3pr(D)  if a(C,D)=1.

If b € R, then

/n (f(z) —b)*pr(z) dz = Z/C (f(z) = b)°or(z) da

C
§03%:¢R(C’)/C(f(x)—b) dx
=1 > ¢n(C) [ (7@) = F(0)) o+ e Y on(©)(F(C) - B)°
C C

=51+ 5.

Since

L @ - sw) iy =2 [ (7@ - 1(€)* i

using (1.17) we have

2

S =C3;¢R(C)/O(f(x)—f(0)) dx (1.18)
<al / /C (f@) = £0) *en(C) dudy
< 0520://cw (f(@) = fW) ¢r(®@) A or(y)m(z,y) dz dy
= s / / (F(@) — £@)0r(x) A pr(y) mz, y)da dy.

For S5, by Lemma 1.9, if b = fr = Yoo f(C)pr(C),

ST er(C)(f(C) —1)* < R2Y .S a(C,D)(F(C) — £(D)) 0r(C) A pr(D).
C C D

Now if C, D € C,
/C /D (f(@) — f(y))* dady = /C £ /D 12— 24(C)1(D)
> (f(C) - f(D))™.

)
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So, again using (1.17),

C 2 a X)) — 2 X X
S <erl 3 a(C,D) /C /D (f(@) — 1)) or(®) A prly) dody

(1.19)
<l [[ (1@) = 1)) o) A orly)m(e.v) do dy
Since R > 1, and
[ (@ =T enw)ds < [ (70) -0 erla) do,
combining (1.18) and (1.19) completes the proof of the Proposition. O

Exactly the same argument (but with a subdivision of R™ into cubes of side (n+1)~1/2)
gives, using the bound (1.2) on n(z,y), the following weighted Poincaré inequality.

Theorem 1.11. Let f € C(R™,R). There exists c¢1, independent of R, such that for
R>1,

/ (f(x) — Fr) onl) de < ¢, R? / / (F(2) - 1)) r(x) A ory)n(z, y) dz dy.

We now use an argument of Fabes and Stroock [F'S] (see also [SZ]) to obtain lower
bounds on ¢;(z,y). Let o € R", and fix T = R? > 1. Set

u(t,z) = qi(xo, x), G(t) = /ch(x) logu(t, z) dx.

Then since u; = Ly u,

z/ﬁngdx
u
:/ulgoR,Cyudac

= —E(pr/u, U)

//< . t%) (u(t,z) —u(t,y))n(z, y) dz dy.

As in [SZ], using the inequality

(%l — g) (b—a) < —1(cAd)(logb— loga)® + 5 (1.20)

which holds for any positive a, b, ¢, d, we have
G'(t) > 3 // (logu(t, z) — logu(t, y))QgDR(x) A er(y)n(z,y)dedy (1.21)
~3 // (¢r(@) = or®))" (¢r(@) A pr(y) " n(z,y) ddy.
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Writing A(R) for the second term in (1.21), it follows from Theorem 1.11 that
G'(t) > R~ / (log u(t, ) — (1)) 2pr(z) dx — A(R). (1.22)

Lemma 1.12. There exists a constant A € (0,00) such that A(R) < AR™%2, R > 1.
Proof. We have

2A(R):/A1(a;) dm+/A2(x) dx+/A;(x) dac+/A§(x) da,

where

m@ = [ (en) —on)* (or@) A on) " nie0) dy

and As(w), A3 (z), Ay are defined similarly, but with the integration over the regions
{y:1<le—yl<RL{y:le—yl>R0{y:or(y) 2 eR(@)} {y : [z —y| > R} n{y:
vr(y) < ¢r(x)} respectively.

Now since |V¢| < n, if |z —y| < R then vgr(y) > e "pr(z), and

lor(z) — pr(y)| = R—ne—w(w/R)H — ew(x/R)—w(y/R)L

Hence
2 —1 n v/ R)— 2
(pr(z) — 0r(®)) (Pr(2) Apr(y)) < e"pr(z)(l— et/ M=vW/R) (1.23)
< ClC’DR(%)(enloc—yl/R _ 1)2
< 02¢R(I)R_2|x—y|2, if |x—y| <R.
So,
Ai(z) < 03R_2/| | or(z)|zr — y|2n(x,y) dy (1.24)
z—y|<1
< C4R*2¢R(x) / |z — y|2*("+1) dy = C5R72QOR(I).
le—y|<1

Similarly, using (1.23) and Lemma 1.5(a)
As(z) < copr ()R [ —y[*n(z,y) dy (1.25)

I<|z—y|<R
< crR2pg(z).

Now writing B = {|z — y| > R} N {¢r(y) > ¢r(2)},
A5 @) = [ enle)™ (onls) = orta)) nia.u) dy (1.26)
< pr(z)™! /B er(y)*n(z,y) dy.
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Since pr(y) < e™*=Y/Bpp(x), if R > 2n/ag then

A (z) < soR(x)/ el n(z, y) dy
ly—z|>R
< cgpr(z)e 0t — Lol p (1),

By symmetry [ A3 (z)dz = [ A3 (x)dx, so combining the estimates (1.24)—(1.26),
A(R) < c10 (R_2 + e_O‘OR) /ng(x) de < c11R™2,

which proves the lemma. 0

Lemma 1.13. Let T, R,G(t), z¢o be as above. Then there exists a constant c¢; such that
G(T) > —c1 +1og(T~™/?) provided |xo| < R. (1.27)

Proof. Set ug(s,x) = R"u(sT,x), and
Gols) = / () log uo (s, z) dz = G(sT) + log R™.
Then for 0 < s < 1, using (1.22) and Lemma 1.12,
Gy(s) =TG'(sT) > —A+ 1 / (logu(Ts,z) — G(Ts))2g0R(x) dx
= A+ / (loguo(s, z) — Go(s))*pr(x) dz.

We can now follow very closely the argument of [F'S, Lemma 2.1]. By (1.7) we have

and so, since (logug — Go)?ug* > (log K — Go)?K " when ug > €2t we have
Gy(s) > —A+ cQ/ or()ug(s, z) dx.

ug(s,x)>e2tGols)
Let 6 > 1. Thenforégsgl,
/ Yr(x)uo(s, r)dr > /QOR($)U0(S,$) dx — e21Go(s)
up(s,x)>e2tGo(s)
> / or(x)ug(s, x) de — e*+Go(s)
|z|<OR
> R™ inf ng(a:)(l —/ u(T's, x) dx) _ 2+Go(s)

14



Now

R"™ inf z) = inf e YW > 10
o2 PR = Ik, =

while by Corollary 1.8, if € is chosen large enough,

N[

/ u(Ts,z)dx < 3 for <s<1.
|| >6R

We can now proceed, exactly as in [FS], to deduce that G{(s) satisfies a differential
inequality which implies that G{(1) > —c¢;. (1.27) is then immediate. O

Theorem 1.14. There exists a constant a; such that
@ (z,y) > et ™2 for t>2, |z—uy| <ayt'/? (1.28)

Proof. Tt is sufficient to prove this for 2 = 0. Write T = /2, R = T'/2. Since

¢r(0,y) = /qT(O,l‘)qT(%y) dz

> / 010, 2)qr(z, y) R (x) de,

then by Jensen’s inequality,
log T~"/2q7(0,y) > / (log q7(0,2))pr(x) dz + /wR(I) log g7 (2, y) dz.

So if |y| < T'/?, from Lemma 1.13,
10g Tﬁn/QQQT(Ou y) > _201 + 210g Tﬁn/Qu

which establishes (1.28). O

We can now obtain lower bounds for ¢ from (1.28) by a chaining argument. We
omit the proof, as the argument is standard and the bound (1.28) is already sufficient to
establish the Liouville property for Y.

Theorem 1.15. There exist constants ¢; such that
@z, y) > crt ™™ exp(—ca|z — y[?/t), t>2, |r—y|<ecst.
Definition 1.16. Write (Q¢,t > 0) for the semigroup of Y: Q:f(z) = Q*f(Y:). A

bounded function A is Y-harmonic if Q:h = h for all ¢ > 0, or equivalently, if h(Y;) is a
martingale/Q" for all x.

15



Theorem 1.17. Let h be bounded and Y -harmonic. Then h is constant.

Proof. Suppose h is non-constant. Replacing h by ah + b if necessary, we can assume
that infh = 0, suph = 1. So there exists zo € R™ such that h(zg) > 2. We can assume

xo = 0. Let \g be as in Corollary 1.8, and write B(t) = B(0, A\gt'/?) for t > 1. Then since
h(O) = ch(O), and

/ ¢(0,9)h(y)dy <%, t>1,
B(t)e

we must have

/ @(0,y)h(y)dy = 3, t=1.
B(t)
Let z € R™. Choose t large enough so 2 € B(t), and so that t'/2 > \y. Then for y € B(t),
41(0,y) < ext™ ™/ exp(—caXo).
But if s = 2\¢t/a1, by Theorem 1.14
qs(xa y) > CSS_n/2 = C4t_n/2 > CSqt(Oa y): y e B(R)a

where c5 > 0. Thus

h(z) = / 45, ) h(y) dy > o5 /B @)y = fes

So inf h > ¢5/4, a contradiction. O

2. Probabilistic estimates and Girsanov transformation.

For z € RY = R" x R we write z = (2/,74) where 2’ = (z1,...,2,) € R¥7L Let
7 :R" — R be C?, with
V(2| < Ky, 2 € R™.

For —o0o < a <b < 0o set

I(a,b) = {(2/,2q) € R : v(2)) + a < 24 < y(z') + b},
HO\) =I(\A), AeR.

Let o0 : R? — (0,00) be a smooth function. We assume that there exist constants
0<eg<1,1<K; <Ky <oo, K3 < oo such that o satisfies

(Sl) O'_lAO‘ Z 250 on I(—Kl,Kl)c,
(82) g Z 60/2 on I(—KQ,KQ),
(S3) l|o]loos [|VO||oe and ||Ac||s are all bounded by Ks.

We will require the following easy geometric property of the sets I(a,b).
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Lemma 2.1. For § > 0, ' € R™ set

C(@',0) ={(y',ya) : Iy — 2'| <0},
Co(2',8) =C(2",6) N{(¥,ya) : =K1 — 6 < yqg —v(z') < K1 + 6}

Then there exists g = do(e0, Ko, K1, K2) > 0 such that for ' € R"
Co(l’,,do) C I(—Kg + (50,K2 — 50),

and
H(O) N O()(IL‘I, 50) = H(O) N C(ZL‘/, (50)

Let
L=13%07?V(0?V) =LA+ (67'V0o)V. (2.1)
We use Girsanov’s theorem to construct a diffusion with generator £. Let X = (X;,t >

0,P%, 2 € RY) be a standard Brownian motion on R? defined on a probability space (€2, F)
with filtration (F;). Set

t t
Ut:/ V(logo)(Xs)dXs—%/ |V 1ogo(X,)|? ds.
0 0

By It0’s formula, since
t t
log /(X)) = log o(Xo) + / V(log o) (X)X, + 1 / Alog o) (X.) ds,
0 0
and Alogo + |Vlogo|? = 07t Ao, we have
t
U, = logo(X,) — log o(Xo) — & / (0-1Ac)(X,) ds. (2.2)
0

Write V = %O'_IAU, and set
t
2= exp(U) = (X (X0) exp (4 [ (o7 A0)(x) s )
0
t

:a(Xt)a(Xg)_lexp<—/ V(Xs)ds).

0

Note that u > g9 on I(—K7, K7)¢, and |u| < Ks/eg on I(—Ks, K3), so that —u <
K3 /ey everywhere.
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Lemma 2.2. (a) If Xy € I(—K;,K;)¢ for 0 < s <t, then

sup Zs < 0(Xo) to(Xy)e 0t < 0(Xo) Tt Kze %0,

s<t
(b) If X, € I(— K>, K3) for 0 < s <t, then

Z7' < LR lege Kstleo < 7,

1
2
(c) Z satisfies

sup Zs < o(Xo) 1 Kseffst/50,
s<t

(d) For each x € R%, Z is a martingale with respect to P*.

Proof. (a), (b) and (c) are immediate from the definition of Z, and the properties of o and
V.

(d) Z is a local martingale, since Z is of the form Z; = exp(M; — 5(M),), where M is a
continuous local martingale. But then Z is a true martingale, since (c¢) implies that Z is
P* -a.s bounded on every interval [0, t]. O

We can now use Girsanov’s transformation (see for example [RW, Theorem 38.9]) to
define a probability measure P* on (€2, F) such that dP*/dP” |z, = Z;. Then under P,

t
X — / Viego(Xy)ds = Wy, (2.3)
0

where W is a Brownian motion with respect to P? with Wy = x. So, under ]?D”“', X isa
diffusion with generator £ given by (2.1). Define

7 =inf{s >0: X, € H(\)}.
Lemma 2.3. (a) If A\ > Ky, y € I()\,00) then P¥(y < 0o) = 1.

(b) For any y € RY, ﬁy(To < o0)=1.
(c) For xz € H(0), P*(7k, < o0) = 1.

Proof. (a) Let ¢ > 0. By the definition of PY, and Lemma 2.2(a),

PY(1y > t) = EV1(1,51) 2% (2.4)
<o(y)  Kze 'PY(1y > t) < o(y)  Kse =

Letting ¢t — oo (a) is immediate.
(b) Let x = (2/,zq) € I(—K1, K1), and set

F = {XS S C()(CL’,,(S()),O <s< 1} N {7‘0 < 1}.
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By the support theorem for Brownian motion (see [Bsl, p.25]) there exists pg > 0 (inde-
pendent of ) such that P*(F) > py. By Lemma 2.1 the cylinder Cy(z', ) C I(— K1, K1),

so using Lemma 2.2(b)

P*(F) = E®1pZ, > Ky 'ege /%0,

Using this and (a), if € I(0,00), then a standard renewal argument implies that

P*(19 < 00) = 1. Exactly the same argument works for x € I(—o0,0).

(c¢) This is proved, using the support theorem, by an argument similar to the above.

O

The main result of this section is an exponential moment bound on |X,, — z| for
x € I(—K;,K7), under P*. As in Lemma 2.3, it is enough to treat the case x € I1(0, K7).

Define stopping times
TO = 07
Sp=min{t >T,,_1: X, € HO)UH(K2)}, n>1,
T, =min{t > 5, : X, € H(K1)}, n>1,
and let
N =min{n >1: Xg, € H(0)}.
These random variables are all P*-a.s. finite by Lemma 2.3. Set
& = |Xs, — X1,_, |,

Clearly
N N—-1
|X7'o —I| < Z€n+ Z Nn-
n=1 n=1

Note that if € H(K>), then P*(Ty = Sy = 0) = 1.
Lemma 2.4. There exist ¢y, ¢1 such that
I?D“(nn > M| Fs, ) lnen) < coe”
Proof. Using the strong Markov property of X, it is enough to prove
PY(m > A) < coe” y € H(K>).
So let y € H(K3). Then n = | X7, —y| and
PY(p > A) <PY(Ty > \) +PY(Ty < Ay > A).

Using (2.4), we have
PY(Ty > \) < coe 0N,

For the second term in (2.7), note that by Lemma 2.2(a) Zxar, < c3e™*°, so that

PY(n > \T1 < X)) < cae 0 PY( sup | X, —y| > A)
0<s<A

< c5exp (—epA — ),

= | X1, — Xs,|, n>1.

(2.5)

(2.6)

where we used a standard bound on Brownian motion in the last line. Combining these

estimates for the two terms in (2.7) proves the lemma.
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Lemma 2.5. There exist 61 > 0, ¢1,co < 0o such that
P*(&, > A | Fr, ) lnsn_1) < c1e”, A >0, (2.8)
P*(Xs, € H(0) | Fr, )l(nsn_1) > 61 (2.9)

Proof. As in the previous lemma, it is sufficient to take x € H(K;) and prove unconditional
versions of (2.8) and (2.9) with n = 1.

The estimate (2.9) follows from the support theorem for Brownian motion by the same
argument as in Lemma 2.3(b).

Let 01 € C%(R%) be defined by taking o1 = o in I(—K>, Ks), and be such that
se0 < 01(y) < 2K5 for y € R%. Let X* = (X7, t > 0,Q7%, 2 € R?) be the divergence form
diffusion with generator L* = %VO’%V. Then Xy, s € [0,T1], is, under PZ, a time change of
X*, and so P*(& > \) = Q*(| X5, — x| > A), where R=inf{t > 0: X; € H(0) UH(K>)}.
The bound (2.8) now follows from standard properties of uniformly elliptic divergence form
diffusions; see [BBu|, Lemma 2.2. and Section 4 and [Bs2], pp. 187-188. O

Theorem 2.6. There exist constants cq, c¢1, such that
PP (| X, — x| > A) <coe Y, A>0, zel(—Ks Ky).
Proof. Set V; = &1, and
Vi =1Xs, = Xs,_, [1(vsn-1) < En+M-1)l(n>n-1), 1=>2.
Combining (2.6) and (2.8) we deduce that there exists o > 0 such that
IAP;””(VH >N| Fs, ) <cie ™, A>0.
Integrating this bound, for 6 < «,

019

E°(eV" | Fs, ) S 1+

Write ¢ () = log(1 + 2%). Then if

Mn = exp <0im - mﬁ(@) ’
=1

E* (M, | Fs, ,) = My_1e VOE (V" | Fs, ) < My,

so that M,, is a supermartingale. Since N is a stopping time with respect to (Fg, ), if
k > 1 then E*(Myar) < 1. So, by Cauchy-Schwarz

NNk NNk

” exp(160 Z = E”(exp(50 ) Vi = (N A k)9(6)) exp(5(N A K)(6)))
i=1

NAk 1/2
exp 0 Z Vi— (N AK)Y (9))) (fExew(e)(N/\k)>

< (fExew(G)N> 1/2.

1/2
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The bound (2.9) implies that P(N =n | N >n—1) > §;,s0 P(N >n) < (1 —6§)"1,
and
E*(e?ON) < 0o provided ¥ (1—4;) < 1.

So, taking #; small enough so that this last condition holds, and letting k& — oo, it follows

that
N N
E* exp (%92%) < 0 for 6 < 6.
i=1
Since
N
’XTO —Xol = ’XSN - XO‘ < ZV:M
i=1

this implies that |X,, — Xo| has exponential moments with respect to ]?Dm, proving the
theorem. ]

The final result in this section will be used to weaken the hypotheses of boundedness
in our Liouville Theorem.

Proposition 2.7. Let h € C?(R?) be a function such that Lh = 0 and oh is bounded.
Then h is bounded.

Proof. We can assume that |oh| < 1. Set M; = h(X}). By Ito’s formula M is a continuous

local martingale with respect to P*, and M;Z; is a continuous local martingale with respect
to P*. However,

|MtZt| - U(Xt)_1|J(Xt)h(Xt)|eXp < — /0 U(Xs)d8> S O-(Xt)—leth/EO’

so that |M;Z;| is bounded on each interval [0,¢]. Therefore MZ is a martingale with
respect to P*, and hence M is a martingale with respect tojsw,

Set T =inf{t > 0: X; € I(—K>, K2)}; by Lemma 2.3 P*(T < co) = 1 for all . Note
that, as h is bounded by 2/e¢ on I(—Ks, K3), |h(X7)| < 2/e¢. Since M is a martingale
with respect to P?, E*h(Xinr) = h(z). So

E*h(Xr) — h(z)| = [E*1(rss (h(X1) — h(Xy))] (2.10)
< 265 'PY(T > t) + E™1pspy | h(X4)]-

By Lemma 2.2(a) the second term in (2.10) is bounded by
U@)ilEm1(T>t)U(Xt)|h(Xt)|67€°t < U(m)*le*‘got.

Since P*(T = oo) = 0, letting t — oo in (2.10) it follows that E*h(Xr) = h(z). Hence
|h(x)| < E*|h(X71)| < 2/ep, proving that h is bounded. O
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3. Transformation to a Jump Process

We continue with the notation and hypotheses of the previous section. We write
X = (X3, t > 0,P* 2 € R?) for the diffusion with generator £. When we refer to properties

of X, it is with respect to the probabilities P*. Let u(dz) = 02(z)dz, and define

E(f.f) = / V(@) @)de, f e CIRY).

Then (see [FOT, Thm. 3.1.3]) £ can be extended to a regular Dirichlet form (£,D(€)) on
L?(R%, i) with (special standard) core C2(R?), and X is the Hunt process (in fact a Feller
diffusion) associated with (€, D(E)).
Define 7 : H(0) — R4~ by 7((2’,24) = 2’. Let v be the measure on R? with support
H(0) given by
V(AN H(0)) = [x(AN H(0))],

where | - | denotes d — 1-dimensional Lebesgue measure. Let A;, ¢ > 0 be the continuous
additive functional with Revuz measure v. Note that A; increases only when X; € H(0).
Set (; = inf{s > 0: A; > t}, and let

j\(:t - XCt

It is clear from Lemma 2.3 that P*((; < oo) = 1 for all ¢, so that X is a conservative
Markov process.

We now use the relation between traces of Dirichlet forms and time changes of Hunt
processes — see [FOT], Theorem 6.2.1, to describe the Dirichlet form of X. Let

[(z,dy) =P"(X,, €dy), =R~ H(0),y < H(0),

be the harmonic measure on H(0) for X. Since X is a diffusion with C? coefficients, T is
absolutely continuous with respect to v. Write I'(x, y) for the density of I':

D(z,dy) =T(z,y)v(dy), yeH(), zeR—H(0).
Further T'(x, %) is continuous on (R? — H(0)) x H(0). For g € C3(R%), set

(.flf), if x € H(O);
Lg(z) = {E}F(m’dy)g(y), if z € R — H(0).

Then I'g is £-harmonic on H(0)¢, and continuous on R, By [FOT, Theorem 6.2.1] X is

a v-symmetric Hunt process with Dirichlet form (€, D(€)) with core C2(H(0)), where € is
given by

E(g,9) =E(Tg,Tg), ge CqH(0)). (3.1)

Remark 3.1. Let W be BM (R?); W has Dirichlet form
ea(s.f) = [ IVi(@)ds
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If H(0) = {x : 24 = 0}, then a similar construction gives a Dirichlet form £g. See [FOT,
Example 6.2.2] for a detailed discussion of this case: £p is the Dirichlet form of the d — 1
—dimensional Cauchy process, and is given by

En(9,9) = ca / /H PNCCR )2z -y~ d dy. (3.2)

Since the law of X is locally absolutely continuous with respect to that of Brownian motion,
one expects an analogous expression for €.

We now wish to identify more precisely the Dirichlet form £. We first show there
exists a nice harmonic function to compare to.

Lemma 3.2. There exist ¢; and ¢y and an L-harmonic function h such that h = 0 on
H(0), h=1o0n H(1), |[Vh| < ¢; in I(0,1), and Oh/On > co on H(0).

Proof. Let h(z) = P®(11 < 7). Since h solves a Dirichlet problem in a C? domain with
C? boundary values and C? strictly elliptic coefficients for the operator, the upper bound
on |Vh| follows. We need only prove the lower bound.

We flatten the boundary. That is, we look at X; = ®(X,), where ®(z', z4) = (2, x4 —
~v(x')). A routine calculation using Ito’s formula shows that on ®(1(0,1)) the process X; is
associated with an operator in divergence form that is strictly elliptic, that the coefficients
are C?, and that the normal derivative gets mapped into the conormal derivative; also the
angle made by the conormal vector with the hyperplane is bounded away from 0. If A is
the image of h under this map, we need to show that dh/0n > cs.

Since the coefficients of the operator are C?, the process )?,;f is a semimartingale
M, + A¢, where ¢4 < d(M),/dt < c¢5 and |dA:| < cgdt. By performing a nondegenerate
time change, we may assume M; is a Brownian motion. By a comparison theorem, (see,
e.g., [IW], p. 352)

h(x) > P*(W,; — ¢zt hits 1 before 0),
where W, is a standard one-dimensional Brownian motion. This, it is well known, is larger
than cgxy. ]

Next we need some routine harmonic measure estimates. For z € H(0) we let
Broy(z,7) be {y € H(0) : |y — x| <1}, G be the Green function for the process killed on
hitting H(0), and y,(z) the point whose coordinates are the same as those for z, except
that the x4 coordinate is r larger; thus y,(z) lies r units above z. Since K; > 1 L is
strictly elliptic on 1(0,1).

Proposition 3.3. Suppose x¢ € 1(0,1) with dist (zo, H(0)) > 1/4. Let x € H(0) with
|z — 29| < 2. Then there exist ¢1,ca, c3, cq, and Ag not depending on xg or x such that
(a) c1 <T(zg,y) <cgifly—z| < 1.

(b) If A > Ag, then P* (| X, — x| > \) < c3exp(—cs)).

Proof. Suppose xg € 1(1/2,1). As in [Bsl], Theorem I11.5.4,

['(zo, Br(oy(x, 7)) ~ G(mo,yr(x))rd_z, r< %.
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4 Y

Here ‘~’ means that the ratio is bounded above and below by positive constants not
depending on z or r as long as r < 1. The proof in [Bsl] is given for Brownian motion, but
the identical proof works for strictly elliptic divergence form operators. We now apply the
the boundary Harnack principle for divergence from operators (see [BBu]) to compare the
harmonic functions h(y) and G(zo,y). We conclude G(xg,y,(x)) = h(y,(x)) and hence
G(zo,yr(x)) = . So I'(zo, (B(z,r)) = r¢~!, aslong as r < § and |z — x| < 2. Since the
surface measure of B(x,r) is comparable to r4~1, (a) follows.

(b) follows immediately from Theorem 2.6. O

Now we estimate OI'/On. Let S be the surface measure on H(0): note that S and v
are absolutely continuous. Since I is a solution to a Dirichlet problem, OI'/On exists. Set

mizy) = 2LV ()

Proposition 3.4. There exist ¢, ca,c3,cq, and Agy such that for x,y € H(0),
(a) If |z —y| <1, then
crlz =yl < m(z,y) < colw — vyl

(b) If A > Ay, then
/ m(z,y) S(dy) < czexp(—c4sA).
B (o) (z,A)°

Proof. Let us first flatten the boundary as above. Pick z € I(0,1) with 2’ = 2’
First suppose |z — y| = 1. By the boundary Harnack principle, I'(z,y) is comparable
to
h(z)
h((2,1/2))

This is comparable to z4 by Lemma 3.2 and Proposition 3.3. (a) follows when |z —y| =1
by letting z4 — 0. (Recall that the angle between the conormal vector and the hyperplane
is bounded away from 0.)

We get the case where |z — y| < 1 by scaling. Let r = |x — y| and scale by a factor
1/r. This enlarges things, so the region on which o is nice is larger and the coefficients are
smoother. This increases the area of a surface ball by a factor 7¢~!, and since the distance
from z to the boundary becomes r times as large, the derivative increases by a factor r.
So altogether we get a factor ¢, as we should.

To get (b), we use the boundary Harnack principle as above. So I'(z, (Bg (o) (z, A4)°)
is comparable to

L((2',1/2),9).

h(z)
'((z',1/2),(B A)9).
h((z’, 1/2)) ((Z ) / )7( H(O)(Iv ) )
By Proposition 3.3, this is less than czzge~ 4. (b) now follows by letting z4 — 0. U

A measure J(dx dy) on H(0) x H(0) is symmetric if it remains unchanged under the
map (z,y) — (y, ).
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Proposition 3.5. There exists a symmetric measure J such that

Eg.g) = / (9(z) — 9(y))>T (dzx dy). (3.3)

H(0)

Proof. Since the Dirichlet form & for X is regular, with core C3(R9), [FOT], Theorem
6.2.1 implies that &£ is also regular, with core

C'={f:f=gln forsome g € CF(R)} = CF(H(0)).

Hence, by [FOT], Theorem 3.2.1 £ can be written in the form & = £ + @ 4 £®) where

EWD(f,g) = / / (F(2) — 1)) (g() — g()) T (de dy):

here J is a measure on H(0) x H(0) that is symmetric.

Since Y is conservative, the killing term E®) = 0. By [JY], all martingales adapted to
the filtration of X can be written as stochastic integrals with respect to d fixed martingales;
the quadratic variation of each of these is absolutely continuous with respect to dt. Since
X spends zero time on H(0), any continuous martingale on the filtration of X which is
constant except on {t : X; € H(0)} is therefore constant everywhere. It follows from

[FOT], Section 5.3 that £(¢) = 0. O

When f and g are both C3 with disjoint supports, we have using the symmetry of .J

ED(f,g) =2 / / £(2)9(y) I (dz dy). (3.4)

Define a metric d’ on H(0) by d'(z,y) = d'((«',x,), (v, yn)) = |2’ —¢/|. Since |V~] is
bounded, d’ is equivalent to the Euclidean metric.

Theorem 3.6. There exists a symmetric function n(z,y), x,y € H(0) such that

Eg.9) = /H o, 6@~ 9)*ni) vty (3.5)

The function n(x,y) satisfies

01|ZL‘ - y|_d < n(m,y) < 02|'T - y|_d7 dl(.I‘,y) <1, (36)

/ n(x,y)dy < coe” N > 1. (3.7)
& (z,y)>X
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for constants c1, ¢z, a € (0,00).

Proof. Let f,g € C2(R?) with disjoint support. Choose a cube D C R¢ which is large
enough so that f and g are 0 outside D. Write Dy = DN I1(0,00), Dy = D N H(0) and
D_ = DnI(—o0,0). Since Dy has measure zero,

E(f9) = /R VTf(x) - VTy(a)o(r)dr (3.8)

= i VI f(z)- VIg(z)o(z)?dx + i VI f(z)- VIg(z)o(z)?dz.

By the Gauss-Green theorem, since £LI'g = 0 on H(0)° and f =0 on D — Dy,

VIf(x)-VIg(z)o(z)*dr = /D Ff(x)a(m)2aF8LTEx)dS,

Dy
where dS is surface measure on Dy. But note that I'f = f on H(0).

Using Proposition 3.4 and the fact that f and g have disjoint support, we may pass
the limit under the integration sign to obtain

on

VIS(@) - Vrg(w)o@fde = [ fa)at)? /D 9(v) () dS(y) dS(x).

D

Summing with the analogous equality for the integral over D_ and using Proposition 3.4,
we obtain

Ef.g) = /D [ p@gtme. s as).

If we now compare this with (3.4), we see that J(dx dy) = m(z,y) dS(z) dS(y). The sym-
metry of J shows that m is symmetric. Since dS(z) < csdv(z), the bounds in Proposition
3.4 complete the proof. ([l

Note that 7 : H(0) — R9! is bijective. So, setting V; = W()Z't), n=d-—1,Y is a
Markov process on R”, with Dirichlet form &y given by &y (f, f) = E(fom, fom). Writing
n'(z',y") = n(r~(z"), 7" (y’)) we have

Ev(f. f) = / / (F(') — F()2 (! ' dy

It is immediate from Theorem 3.6 that n’ satisfies (1.1) and (1.2) so that Y satisfies the
hypotheses of Theorems 1.14 and 1.17.

Recall from the introduction that A is £L-harmonic if £Lh = 0.
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Theorem 3.7. Let~y, o be as above, with o satisfying (S1)-(S3). Suppose h is L-harmonic,
and oh is bounded. Then h is constant.

Proof. By Proposition 2.7 h is bounded. Set M; = h(X;). Then, as in the proof of
Proposition 2.7, M is a martingale/ﬁ“ for any x € R?. As M is bounded, and EDI(Ct < 00)
for all t, it follows that h(X¢,) is a martingale/P*. So, if g is the function on R" = Ré~!
defined by g(2’) = h(7~1(2)), then g is bounded and g(Y;) is a bounded martingale. Thus
g is Y-harmonic, and so g is equal to a constant ¢y by Theorem 1.17. But then for any
r € R?, since P*(19 < oo) = 1, and h is bounded,

h(z) = E*h(X,,) = co,
which proves that h is constant. 0J
4. Applications to PDE.

In this section, we apply the Liouville theorem (Theorem 3) to prove Theorems 1 and
2. First we have an elementary lemma.

Lemma 4.1. Let 0 = 0u/0xq. Suppose o(0) > 0 and for each a there exists a constant
c(a) such that a - Vu(z) = c(a)o(x) for all v € RY. Then u is of the form u(x) = g(a - x4),
for some fixed a € R? with |a| = 1.

Proof. Since o(0) > 0 we have Vu(0) # 0; let a be orthogonal to Vu(0). Using the
hypothesis shows c(a) = 0, so that a - Vu(x) = 0 for all x € R?, proving that u is constant
on every hyperplane orthogonal to Vu(0). d

Proof of Theorem 1. Let o(x) = 242 Tt is shown in Lemma 3.2 of [GG], by using the

oxq
moving plane method, that o(z) > 0 in R?. Recall from the introduction that o satisfies

Ao — F"(u(z))o =0, xR
In view of Lemma 4.1 it is enough to prove that o satisfies the conditions (S1)-(S3) in

Theorem 3.

We choose v(z') = 0,2’ € R4, Hence
I(a,b) ={z = (2/,24) ER?:a < 24 < bz’ € RI7I)

Since F"(+1) > p > 0 and u(z) — £1 uniformly as x4 — +oo, we can choose K; large

enough so that
o 'Ac = F"(u(x)) > 2, ze€l(-K, K

for some 1 > 0. It can be shown, using (0.6), that |u(x)| < 1,2 € R?. The standard
Schauder estimates for elliptic equations imply that ||o]|s0, ||V0||se and ||Ac||s are all
bounded by some K3 > 0. Also, by [GT], v and o are C?*¢ in R, Set Ky = 1+ Ky; it
remains to show that

0c>¢/2>0, z€l(—Ko, K>) (4.1)
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for some positive constant .

If (4.1) is not true, there exists a sequence {z(™} = {(x(m)/,xfim))} such that |£L’((im)| <
K5 and lim,, a(x(m)) = 0. Without loss of generality, we can assume xglm) — X4 as
m — oo. Now we define a sequence of solutions to (0.3)

™ (z) = u(z™ + ), zeR%

By the standard Schauder estimates for elliptic equations, we know that [|u(™ | catemay <

K3 < oo. Therefore there exists a subsequence of u(™), which we still denote by u("), and
a solution of (0.3) v(x) € C3t¢(R%) such that |Ju(™ — v||c2te() — 0 as m — oo for any

bounded set €. Since \x&m)] < K, v(x) converges uniformly to +1 as x4 tends to +oo.

So, by Lemma 3.2 of [GG],

)
LS50, zeR%
8$d

On the other hand, by the definition of {("™)} we have
0v(0) . Ou(z™) B

= lim
6$d m—0o0 8xd

a contradiction. This proves (4.1), and so o satisfies (S1)-(S3) with g = min{eq,e}. The-
orem 1 now follows from Lemma 4.1 and the fact that the uniform convergence condition
implies that the hyperplanes on which u is constant must be orthogonal to e(®). O

Remark 4.2. We can also prove directly by using suitable comparison functions that o
decays like exp(ut124) near x4 = 0o for some p41, and hence that h is bounded. Then a
weaker version of the Liouville theorem, not using Proposition 2.7, also leads to Theorem
1.

Proof of Theorem 2. We define 0,1, h as in the proof of Theorem 1. In order to show
that o satisfies conditions (S1)-(S3) in Theorem 3, we let y(2'),2’ € Rl be a level
surface of u(z’,z4), say u(z’,v(z')) = 0,2’ € R4, The function y(x’) is well defined in
R~ since u(z) is strictly monotone in 4, and v is C? by the implicit function theorem.
The cone condition implies that |V~ (z')| < Ky for 2’ € R?~! for some Ky < oco. Since
F"(£1) > p > 0, we can choose 0 < § < 1 and 1 > 0 such that F”(u) > 2eq > 0 when
—l<u<—1+6orl—0<u<l Let~y(2),y(2), 2 € R be the level surfaces of
u(z) with u(z’,y1(2")) = 1 — §,u(x’,v2(2")) = —1 + 0 respectively. We claim that there
exists €5 > 0 such that

o(x) >e2/2, w€{r=(2,2q) ER: yo(z) <y < yi(2)), 2 € R, (4.2)
We prove this claim by contradiction. If it is not true, then there exists a sequence
{z(m)} = {(x(m)/,xgm))} such that —1 + 6 < u(z(™) < 1 — 4§ and lim,, . o(z(™)) = 0.
As in the proof of Theorem 1, we define a sequence of solutions to (0.3)

uw™ (z) := u(z™ 4+ 2), zeR?
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and [|u(™||co+eray < K3 < 0o. Therefore, as before, there exists a subsequence of u(™),

which we still denote by u(™), and a solution v(x) € C3T¢(R?) of (0.3) such that |Ju(™ —
v||¢2+<(q) — 0 as m — oo for any bounded set 2.
Note that
14+6<v(0)<1-0 (4.3)

and

ov(0) . Qu(z™)
81761 _ﬂ’}gnoo 8£Ud N

Since ¢ = ang) > 0,2 € R? satisfies
—Ap + F"(v(x))p =0, z€RY,

the strong maximum principle (see [GT]) yields 88”7(? =0,z € R4,

Since |v(0)] <1 — 4, v cannot be identically 1 or —1. It follows that —1 < v(z) < 1,
x € R, The Lipschitzian condition on u leads to the same condition on v, i.e.

ov(x)

8.’136{

|Vev(x)] < L(v) , z€RL

Therefore Vv = 0, € R?. Hence v(x) must be a constant, and so v(z) = ug, € R?,
where ug is the unique critical point of F'in (—1,1). We now show that this is impossible.

For any ball Br(0) C R%, we know that the first eigenvalue A\; > 0 and eigenfunction
p1(x) > 0,2 € Br(0) of —A in the Sobolev space Hj(Br(0)) satisfy

Api(z) + Mp1(x) =0, =z € Bg(0),
p1(z) =0,z € OBR(0).

Since F"'(ug) < 0, we can choose R sufficiently large such that A\; < —F"(ug)/2. On the
other hand, when m is large enough we have —F"(u("™(z)) > —F"(ug)/2,z € Br(0).

Since (™) := %l(m) > 0, x € Bg(0) satisfies

—Ac™ (z) + F"(u'™ (2))c™ (2) =0, e Bg(0),
the quotient @1 (z)/c(™ (z) > 0 satisfies

(m)

\Y
Ap + 2% -Vo+V(x)p=0, xe Bgr(0) (4.4)

where V(z) = Ay + F”(u(™(2)) < 0,2 € Br(0). This contradicts the maximum principle
for (4.4) since ¢ (x)/o™) () vanishes on dBr(0). Therefore we have proven (4.2).
Since u is bounded it follows immediately from (4.2) that there exists K; < oo such

that
0<m(z) —~() <Ky, 0<y@)—y() <Ky, 2RI (4.5)
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so that
o Ao = F"(u) > 2 on I(—K;, K;)°.

Let Ky = K7 + 1; it remains to show that for some 5 > 0

O'(JJ) > 80/2, T € I(—KQ,KQ). (46)
We define (™ and v(z) as in the proof of (4.2). As before, we have 88”352) = 0 and
861;7(2:) > 0,2 € R, By the maximum principle (see [GT]) this implies that
0v(x) d
=0,z € RY. 4.7
o x (4.7)

But from (4.5) and the definition of 71,2, we have
v(0,24) >1 -6, ifzg>2K;, v(0,24) < —-1+06if x4 < —2K;.

This is a contradiction to (4.7), and therefore (4.6) holds.
So v and o satisfy the hypotheses of Theorem 3, and Theorem 2 now follows by Lemma
4.1. O
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