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Pure jump Markov processes X, on the line associated to the operators Af(x)=
Sifix+ ) -fix)-f (x)hl_y ¢ h)}v(x, dh) are considered. Sufficient conditions for X, to have
local times that serve as occupation time densities are given. In the case where v(x,dh)=
|}~ (1*eD the stable-like case, these conditions reduce to: inf a(x) > 1 and a{x) Dini continuous.
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1. Introduction

Let X, be a symmetric siable process of index a € (0, 2). Then X, has infinitesimal
generator

fx+h)—flx) |

Aaf(x)=ou Ih!l+n

h (1.1)

and Lévy measure
v(dh) = 6,|h)~"",

where 6, is a constant chosen so that E exp(iuX,) = exp(—|u|®). The process X, has
infinitely many jumps in finite time and has no continuous part. It is well known
(see. e.g., [6]) that X, has a local time L,(y) if and only if a > 1. By local timc we
mean in this paper an occupation time density:

jf(y)L.(y) dy=j f(X)ds (1.2)
0
for all ¢ and all bounded and Borel f, a.s.
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Now suppose that X, is a pure jump Markov process on the line that is not
necessarily a Lévy process. The purpose of this paper is to give sufficient conditions
for X, to have a local time that is an occupation time density.

Perhaps the simplest interesting examples to consider are what we call stable-like
processes. Roughly (see Section 2 for a precise definition), a stable-like process is
one with generator

A =0, | LS g, (13)

and Lévy measure
V(xo dh) = 0a(x)|h|—“+a(xn’ (1-4)

where a:R~(0,2) is a given function. Such a process may be thought of as one
that at the point x behaves like the symmetric stable process of index a(x), but the
index a(x) varies from point to point.

For such a process to have a local time, we would expect that we must require

l<infa(x)ssgp a(x)<2. (1.5)

It turns out this condition is not sufficient, however, and we must require a certain
amount of continuity for a. In fact, in [1] an example of a stable-like process
satisfying (1.5) was constructed where the process spent positive time in a set of
Lebesgue measure 0 and thus could not possibly have an occupation time density.
In [3] it was shown by a rather complicated argument using the Malliavin calculus
that a € C? together with (1.5) is sufficient. This raises the question, what is the
right condition? In this paper we show, using an argument much simpler than that
of {3], that a Dini continuous and (1.5) suffices (see Theorem 2.1). In fact (see
Remark 2.3) we expect that a Dini continuous is, in a certain sense, best possible.

Of course, the stable-like processes are only a particular case of a more general
situation, processes with generator

Af(x) = J [/ +h) = f(x) = f'(x)h 1y 01(h)]v(x, dh). (1.6)

Our methods also give : ufficient conditions for these more general pure jump Markov
processes to have local times (see Section 6). What is involved are a substitute for
(1.5), some inild regularity assumptions on », and an integral condition (Theorem
6.1(iii)) replacing the assumption of Dini continuity of a(x).

The general problem of when a purely discontinuous martingale has a local time
was raised by Meyer [7]. Yor [10] and Yoeurp [9] both showed that Tanaka’s
formula was of no use whatsoever in this problem. The Lévy process case had
previously been thoroughly worked out by Kesten [6] (see also Bretagnolle [5]). In
{1] a rather narrow class of purely discontinuous martingales was considered, and
in [3] a much larger class was dealt with by the Malliavin calculus; still in [3]
considerable regularity was required.



R.F. Bass / Occupation time densities 67

There is an interesting connection with pseudodifferential operators that should
be mentioned. A pseudodifferential operator A is associated with a symbol
o(x, u) by

Af(x)=2m)™" j e o (x, u)f(u) du,

where f denotes the Fourier transform. When o(x, u)=|u|", then A is a constant
multiple of the generator A, of thc symmetric stable process of index a. A symbol
o is said to be of order m if

o(x, u) = a(x)¢(u)+lower order terms,

where ¢ is homogeneous of order m: ¢(bu)=b"¢(u). Our stable-like processes
correspond to operators of variable order: o(x, u) =|u|***’; and our results can be
interpreted as saying that an operator very closely related to (A — A) ™' is a bounded
operator from L' to L™. So far as we know, operators of variable order have been
very little studied, and few techniques have been developed with which to approach
them.

Indeed, we believe this paper to be among the first to treat processes with
generators A given by (1.6) without requiring considerable regularity of ». In a
companion paper [2], we build upon the estimates of Section 3 to prove uniqueness
for the martingale problem for A in (1.6).

In the next section we state the precise results for stable-like processes. The main
work takes place in Sections 3 and 4: in Section 3 we use some elementary Fourier
analysis to obtain some estimates on A,. In Section 4 we use these to show the
expected occupaiion time hus a density. Once we have this density, the remainder
of the task of constructing local times is routine. In Section 5 we show that local
times exist and that these local times are continuous in . We also make some
remarks about additive functionals. Finally, we treat the general pure jump Markov
case in Section 6.

We denote the Fourier transform of f by f and the Lebesgue measure of A by
|Al. The letter C denotes a constant whose value is unimportant and which may
vary from line to line.

2. Results for stable-like processes

We now proceed to the statement of our main theorem conce:zning stable-like
processes (see Section 6 for the general case).

Definition 2.1. X, is a stable-like process corresponding to the function a(x) if, for all
feC?,

f(X,)—f(Xo)—J Af(X,) ds

(4]

is a local martingale, where A is defined by (1.3).
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Now suppose that x, is fixed and that there is one and only one probability
measure P such that

(i) P(X,=x,), and
(ii) f(X,)=f(Xo)—fo Af(X,) ds isa P-local martingale (2.1)
forall fe C%
Let

B(8)= sup |a(x)-a(y),

Ix-yl=8

a=infa(x) and a=supa(x).
One of the main results of this paper is

Theorem 2.1. If
(i) 1<asa<2,
(ii) B(e)=o(In(1/€e)—1)as -0, and
(iii) fo(B(x)/x)dx<co,

then (X,, P) has an occupation time density.

Remark 2.1. In the presence of (iii), condition (ii) is a very weak one. If one wanted,
one could replace both conditions (ii) and (iii) by the single condition

1
L x—‘if—;% dx <00, (2.2)

As will be seen from the proof of Theorem 2.1, (2.2) is the condition that enters
into the estimate of K,. And if (2.2) holds, then there is a sequence ¢, | 0 such that
B(e,) In(1/€,) =0, which is all that is needed in the analysis of J..

Remark 2.2. By the usual argument (cf. Section 5), it would suffice for the conditions
of Theorem 2.1 to hold locally.

Remark 2.3. We conjecture that the Dini condition is best possible. By this we mean
that if [, B(x)/x) dx =00, then we expect there exists a Tunction « with 8 as a
modulus of continuw.y for which X, does not have an occupation time density.

Remark 2.4. In a paper to appear [2] we show that (ii) and (iii) together imply

that the martingale problem (2.1) has a unique solution. Hence it is superfluous to
assume it.

3. Estimates for stable-like processes

In this section we obtain some estimates for approximations to the resolvents of
stable-like processes. For use in Proposition 4.3 we need to estimate —Ah, for a

0253
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certain function h.. We write —Ah, =J, + K, estimate J, in Proposition 3.2 and
bound K, in Proposition 3.4.

Let p.(t, x) be the probability density for Y,, a symmetric stable process of index
a started at O (so that = exp(iuY,) = exp(—iju|”)).

Let A be fixed, and lat

ro(x)= r e "'pa(t, x) dt.
(1]

Hence 7, (u) = (A +|ul*)~". Let ¢ be an even nonnegative C* function with support
in [-1,1] and with [o(x)dx=1. Define ¢.(x)=¢""'¢(x/e). Let ri(x)=
§ ro(x = y)@.(y) dy. Then, of course, #5(u)= @(eu)/(A +|u|*). The function ¢ will
remain fixed throughout the paper and any constants C that appear may depend
on the choice of ¢.

We first prove

Proposition 3.1. If a=a > 1 and § <min((a —1)/2,3), then

(i) ri(x)<C, and
(i) |rs(x)-rs(MI=<Cix-yl°

where C depends only on a.
Proof. Since ¢, is trivially in the Schwartz class &, then so is &,. We see that r, € L'

by Fubini and 7, € L' by inspection. Hence r, * ¢, € L' (* denotes convolution) and
7. ¢. € L'; we may thus apply the Fourier inversion formula to get

~ixu Cﬁ(EU)

£ — -1
ra(x)=(2w) J e A+ du. (3.1)
Then
e\l du
Irﬂ(x)l == C I A +'u'a 1]

and (i) follows. ‘
Now |e® —1]=|0]=<|6)® for |6] <1, while |’ — 1| <2=2|6|" for |6]|> 1.
Then

|ul®

A+|ul®

du
A+ |ul®

]

|,-Z(_x)—r2(y)iscJle—iu(t—}‘)_l' s(jlx_ylﬁ J’
and (ii) follows. OO

Let 8 <min(}, (a — 1)/2), and let I, be a fixed interval with |I,| < & and B(|1|) < 8.
Let I and I, be intervals such that I is contained in the interior of I,, which is
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contained in the interior of I,, and |I,|<Z|I|. Let g be a C™ function such that
1,=g=<1,. Let

h.(x) = I rag(x=y)g(y) dy. (3.2)
An immediate ;:onsequence of Proposition 3.1 is that

sen 13 2 Al el 1] 2
) |r.AX)|< Cjg]i.', and

.. 33
(i) [k, () - b, (M= Cligherlx - yI" 33)
Note that, since ¢, € C~, so is r, for each a, and hence h. e C™.
We now want to study
fx+r
J.(x)= J = Aaor Tan(x = y)g(y) dy. (34)

Proposition 3.2. Under the hypotheses of Theorem 2.1, J.(x) - g(x) uniformly in x as
e-0.

Proof. We may suppose &£ <3. For the moment suppose 1<ga <a,, a,. Recalling
that ¢, has support in [—1, 1], we see that if |z| =2, then

e(z+h)-o.(2) Cllell=
Aa p(z =90|I +a dhs +a, *
(#(2) TR (z-1)"=

Since A, r;,,(2) = ra, * A,, @, (2), it follows that A, rf, € L'. Since @ is in the Schwartz
class, then (A,, rf,z)‘ is also in L'. (Recall that A‘a‘(u) = —{u|™, where A“., denotes
the Fourier transform of the operator A,,,.) We may then apply the Fourier inversion
formula to get

Xte al(x)
-’.?(x) o= (zw)“l I B} j e-lu(x-)‘) Al.:l'TI“m (ﬁ(é’“) du 8(}’) dy- (3.‘5)

A change of variables gives us

J(x)=02n)" J’l Je”‘“" lu/e["™ Slu)dug(x+ey)dy
¥ L " A +|u/e|a(!(+m') -

]
=(2mw)"" J j e "“@(u) dug(x+ey)dy
-1

+(2m)! Jfl

I e IV, (x,y,u)-11¢(u) dug(x+ev)dy, (3.6)
!

where

‘u/siu(l‘)
/\ +Iu/8|u("+n*)‘

¥, (x,y,u)=
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By the Fourier inversion formula, the first term on the last line of (3.6) is equal

to §', ¢(»)g(x+ey) dy, which converges uniformly to g(x) as ¢ >0 since ge C*

with compact support and ¢ has support in [ -3, 1]. We will see that the second

term on the last line of (3.6) converges uniformly to 0 as ¢ -0 once we show
J |¥.(x,y, u)—1]|¢(u)ldu->0 ase->0 uniformlyin x and y. 3.7)

Now
|9, (x, 7, W </ €] < Ju ] +lu/ o]
since x, y € I, and B(|],]) < &. Then, recalling that ¢ ¥,
j l'I'e(x,y,u)—lH@(u)ldusCs"’*I (A+jul®)udu-0. (3.8)
juj=e!

[ =

Next,

j "2l¥'¢(x,y,u)—l!lé(u)ldu<Cs"’j . lul™® du-0. (3.9)

Finally, by Hypothesis (ii) of Theorem 2.1,
| (x, y, u)—|u/ €]~ >0
and
Ilu/slo(x)—a(x+e‘)‘) —1}-0
as & -0, uniformly for ju;c[£'/?, £7'). This, with the fact that |$(u)| is integrable,
(3.8), and (3.9) proves (3.7). OO

Now let
K.(x)= = Aan Tan(X=y)g(y) dy. (3.10)
[x-ex+e}

Clearly,
IKF(x)iﬁj M(x, y)g(y)dy,

where
M(x,y)= sup tAa(x)";(y)(x_V)'- (3.11)

O<safx~y}

So we need to study M(x, y).
To do this, we define for e (0, 1)

1';(::)=J e "o(et) dt (5..-)

4]

Af(u)=j r.(t)de, (3.13)

¢
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and

sin ux

Hu(x)= (3'14)

Proposition 3.3
(i) rx-'(u):_Hu* ":’-’r(l);

(ii) |[I.(u)|<C(julal), Cindependent of e,

(iii) 1A (u)l< C(¥’a1), C independent of ¢; and
i3s3y <2\ "™/} -\ (4] ( J ’

(iv)  for each &, |I.(u)l<C.(1alu|™>).

Proof. The ~nnvolution in (i) is well-defined since H, € L’. Fix u. Let g, be C*
functions with support in [-2u,2u] and range in [0, 1]; let G, be their inverse
Fourier transforms. Then

2m)™ J e 'ga()é(et) dt = G, * p.(1) =J G.(y)e.(1-y)dy

=I G.(y)e.(1-y) dy, (3.15)
l-yl=e/2

and
G.(y)=(m)™" J e g (1) dt. (3.16)

Now suppose g, converges boundedly and pointwise to 1;_,,(t) as n >0, The
left side of (3.15) converges to (2w) ™' {* e “@(et)dt=#""I.(x) by dominated
convergence. And since all the g, have support in [-2u, 2u], and are uniformly
bounded, G,(y)-(2w)"'f", e ' dt boundedly and pointwise. Direct evaluation
shows that this last integral is —w 'H,(y). So taking the limit in (3.15) as n>©

and recalling the support of ¢, is [—€/2, €/2], we get

'rr“'ll(u)=J‘

Weypl=e/2

““MlHu(y)‘Pf‘(l "y) dy = "17“‘ IHu(y)‘Pov(l "y) dys

which proves (i).
To prove (ii), observe that

II;(u)lsL“ I @]~ di < Cu. -
And from (i),
T () = Ige‘;“(:t'y—)my)dyl
y
sw ¢/2 Wl J o, (y)dy<2.
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From (3.17), we see jA.(u)|< Cu’. And

" sin ¢
1A, (u)| = I J Y (1~ y) dy dr!
0 Jit-pi=es2 ¥ !
i—-cosu i
= ” ————-——%E(t—y)d.v[
1-yi<es2 J’
I—cosu
< sup l——’z—x ,r%(l-y) dy <8,
t-pl=es2 | Y L.

which proves (iii).
Finally, for fixed e<1,
I e "@(et) dt = me (1) =0,
0

and so

x©

II‘e(u)I=I-I

']

e "@let| d:lsf |@(et)]dt<C.u™
since g€ ¥. 0O
Recall the definition of M in (3.11). We now can prove the following result.

Proposition 3.4. Under the hypotheses of Theorem 2.1,

B(x - y!))
M cli
(x.y)= (+ Ix =yl

Proof. As in the proof of Proposition 3.1,

miuz ( al(x) .
=Aslap(2)=(2n)" J “ W‘P(s“)du,
where z = x - y. Since
lu!aix) Iuimx) ) A l lau)”a(”
A_i_[ula(y) ‘uia(,v) A'Huia‘y)

_ OM(ul® +]u] %)
T A+l

which is integrable, and & is bounded, it suffices to show

B,(Y y"iw
Ix =yl

2

(3.18)
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where
- -1 (. —itezl v A s A1
B.(x,y)={2w) J [ |u]'pleu) au,
PR VRN S B I IR » PN Y SR py Ry P
z=x-y, y=al{X)—aly), and |Z| = E. By 4 Cnange 01 variavics,
fco
T s =1+ y) _—iu_ Y2\ AL 2 10)
b AX,y)=7 |2 J € U \fu)au, \J.17)
(4]

and imaginary parts separately):
|'N
=ity YA 2N Aes = Pl 3) 12?1V — A (1) ? 1IN
J B Pl\eB)UB T Ie\B)B Iy Téig\WJw L]
n
N -
+y(y—1) J A (uw)u”"* du. (3.20)

n

Recalling that |y| < 8 <} and using Proposition 3.3,

o

$|7(7~1)IJ |Ae(u)|u” " du<Cy.

0

J‘w e “u"$(Eu) du

0

Hence

Cy CB(x-
B.(x,y)< 'z',l’,s Bl(z||’f+yyl)‘

The proof of (3.18) and thus of the proposition is completed by realizing that
Hypothesis (ii) of Theorem 2.1 implies that |z|” is bounded independently of x and
y, provided x, ye I,. (O

4. Expected occupation times

Throughout this section we assume the hypotheses of Theorem 2.1 hold. By
Hypothesis (iii) of Theorem 2.1, we see that

lim sup sup J M(x,y)dx=0.
jfallo ¥ Iy
So let 6 =min(§, (@ —1)/2), and suppose I, is an open interval satisfying |Io} =<,
B{|I|) =< 8, and sup, {,, M(x, y) dx<}. Let T =inf{r: X, ¢ I}, and define 2 measure
T

S(A)=E I 14(X,) ds. (4.1)

[

The goal of this section is to show S(A) < C|A|, C depending only on 8.
We need a couple of preliminary propositions. Let T, =inf{s: | X, — xo| = n}.
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Proposition 4.1. If n<1, then P(T,<r)<Cr/7n".

Proof. Without loss of generality, assume xo=0and Iy [-1, 1]. Let f be a bounded
C? function with bounded first and second derivatives such that f(x) = x* if |x|<2
and f(x)=4 if |x| =2. We have

Jy+h)-f(y)

Af(y)=o¢(y) Ih'|+a(y) dh=0‘,(},) | f(,}"f'h)-i-f(y—h)-.gf(y)

h t+aly) dk'

0

For h=1, the integrand is bounded above by C||f|l.=h~"**’, which is integrable
on [1, ). For h <1, the integrand is bounded by C||f"||.~h*/h***’ = ch'~¢, which
is integrable on [0, 1]. Hence Af is bounded above. Then

Tﬂar

7’ P(T,<r)< Ef(Xs,..) - Ef(Xo)=E j Af(X;) ds

]
<r|Afll.~. O
We also have the following result.

Proposition 4.2. ET < C <0, where C depends only on a and a.

Proof. Without loss of generality, assume X,=90 and I,c[-1,1].
Suppose z =4, and let g be a C? function with range [0, 1] such that g(x) =0 if
|x|<z/2+1, g(x)=1if |x|=z, and ||g"||,=<4. For x¢ I,.

+ — ©
Ag(x) = 05x) I L Il'-i—)n(xg)(x) dh$2CI cnlfa= Cz™%.
|h| 2/2 h*™e
Then
Tht
P(|X7.|=2)< Eg(Xr.,)—g(0)=E j- Ag(X;)ds
0
<Cz ?°E(Tn1). 4.2)
Multiplying (4.2) by (1+ 8)z° and integrating from 4 to o, we the: get
E| X7, "< C(+E(Tan). (4.3)

Next let f be a convex C? function = O such that f(x) = x?for|x|<2and f(x) = C|x|
for |x|=3. Note for ye I, and h=1,

J+h)+fy-h)-2f(y) _CIf l=h

hl-t-a(y) = hl+g s

which is integrable on [1, ].
We then conclude Af( ) is bounded for v € I, (cf. proof of Proposition 4.1). Also,
since f is convex, if y € /o, then
1 By !
f(y+h)+f(y h) zf(y)d;lacj hi-gdhzc’

h|+a(}')

Af(y)=48.., l{

1] 0
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Approximating f from below by bounded C? functions which have uniformly
bounded first and second derivatives and which equal f on |x| <2, ii is easy io see
that

Tat

Ef(Xr0)-f(0)=E j Af(X,)ds=CE(T a1). (a.4)

0

Since Ef(Xz.,)< C(1+ E|Xr,,|), we then get

ETat=sC . O It RAL AR}

< C(1+(E(Tap)V0+8), (4.5)
But this implies ET a t < C with C independent of t. Now use monotone convergence
tolet t1oo. O

Proposition 4.3. Suppose a(x)e C', and let L= |a’||,~<co. Suppose a < a(x)< a.

Then E [} 14(X,) ds< C(t*”> A 1)|A| for all Borel sets A< I, with C depending

only on a and & and independent of t and L.

Proof. Since —Ah (x)=J.(x)+ K,(x), we have from Propositions 3.2 aid 3.4 that
—Ah(x) = g(x) — ve(x) — Mg(x) (4.6)

for ye I,, where v,(x) -0 uniformly as € >0 and Mg(x) =L0 M(x, y)g(y) dy.
Proposition 3.4 tells us that

M(x,y)= C(l +M) sC(1+1L),
lx = y|
and hence
Mg(x)scQ+L)|gl.. (4.7)

By Proposition 3.1()), | Eh.(X,) = Eh.(Xr,,)| < Clig|l,'. But we also have, taking

1/3

n=1t"" in Proposition 4.1,
|ER.(Xo) = Ebe(Xral = b o= P(| X700~ Xol = 7) + Cligll o 7°
=Clgl(P(T,<0+>7)
<Cligllu (e +6>?),
Therefore,

|Eh(Xo) ~ Eh, (X, )| < Cllgll (1 a 7). (4.8)
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Choose ¢ small enough so that

loe =< llglo(1 n 2>?). (4.9)

From

P Tt

Eh.(Xo)— Eh.(X7.,)=E - Ah(X;) ds

Jo

PTat Ta:

=E g(Xs)ds—EI v.(X,)ds

JO (]

Tat
-E j Mg(X,) ds,
[
and Proposition 4.1, (4.7), (4.8), and (4.9),

Tas
EJ g(X.)ds<Cligll.:(1 A **+(1+ L)ET)

)
=[G )+ G+ Dl (4.1C)

with C, and C, independent of ¢ and L. Since 1, <g, and || gl <|I|<2|I|, we get

Tat
EI 1,(X,)ds<[C,(1 A t**)+ C(1+ L)}1|. (4.11)

[

Since the interval I was arbitrary, the measure S(1, A)=E [ "' 14(X,) ds has a
density s,(x) with respect to Lebesgue measure that is bounded by C,(14 %)+
Cs(1+L).

But we can use this fact to get a better estimate for the Mg term.

Tas
E I Mg(X;)ds= j Mg(x)s,(x)dx = I I M(x, y)s,(x)g(y)dx dy
0 Iy

<allslle-ligle. (4.12)

Using (4.11) and also (4.8) and (4.9) in (4.10) yields

Tat
£ j g(X,)ds< Cliglle (1 a ) +ilsill e~ lglle (4.13)

0

As above, this implies that the density s,(x) of S(¢, A) is bounded:

iis:ill' = C(l A ’ﬁ/})'*'}i“SIHL‘
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5/3)
b

or since ||s,|| .~ is finite, we have finally ||s,|| ~<C(1a ¢ C independent of t and

L D
The key estimate can now be proven.
Theorem 4.4

r
(i) EJ. 1.(X;)ds=< C|Al, and

0

T
(ii) EJ' e 1,4(X,) ds< CA™*/|A|.

0

Proof. Let «, be a sequence of C' functions converging uniformly to «
such that a<inf,, a,(x)<sup,,a,(x)<a, |a,]|,~ is finite for each n, and
SUP njx—yi<5 |@n(X) — a,(¥)| < B(8). Let P, be the solution to the martingale problem
(2.1) with a replaced by a,.

There is no difficulty constructing P,: let 0,(x, z) = 0,(,)|z| />, and construct
the stochastic differential equation

ax" =J (X7, 2yu(dz, ds),  X3=%, (4.14)

where u is a Poisson point process with compensator dz d¢ (cf. [3]). It is easy to
check that such a o, satisfies the conditions of [8, Ch. 3], so a pathwise unique
solution to (4.14) exists. Let P, be the probability measure induced on D[0, )
by X7.

Standard techniques (using, e.g., Proposition 4.1) show that the sequence is tight,
and moreover it is easy to see that any subsequential limit point solves the martingale
problein for a. Since we are assuming uniqueness for this martingale problem,
P,-»"P.

Take g as in Proposition 4.3. If I,=(a, b), M, =sup,., X,, and m, =inf,<, X,,
then since P, »" P,

Eg(X)pm. -.)l(m\>a)$|im'§up E.g(X)lm<t)lim>a)-

The estimate in Fropositiou 4.3 depends only on @, @, and B, and so applies
uniformly for all the P,’s. Therefore,

Tat t
E I g(X,)ds=r I g(Xs)l(M‘(\h)!(ml:-a)ds

0 0

Tat
<limsup E, I g(X,)ds<Clgllo(1at?3). (4.15)
]

n

Letting ¢ ] 0o proves (i).
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To prove (ii), write

fTat

= J Ae“"'EJ g(X,)dsdr

<Clig| j Ae™*r®3dr. O (4.16)
(1]

5. Local times

With the estimates of Theorem 4.4 we can now finish the proof of Theorem 2.1. Let
Q.(w, dw’) be a regular conditional probability for E(- | %,):

Q(w, A)=E(A| % )w) as.

By the arguments of [ 1, Section 4] we see that (X, ., Q,) is a solution to the martingale
problem for a, but with starting point X,(w) instead of x,. If B={y: there is more
than one solution to the martingale problem for a starting at y}, it is not hard to
see that P(X, ever hits B) =0; consequently a.s. (X,.,, Q,) is the unique solution
to the martingale problem for a starting at X;(w). We may then apply Theorem 4.4
to (X,+s, Q.) to conclude (cf. [1])

Tvs
E“ (X)drlf*‘]<Cllguuu A1), (5.1)

We now apply, nearly verbatim, the arguments of [1, Section 4] to see that there
exist local times L,(y) that are an occupation time density for X, up to time T'; by
[1, Section 5], these L,(y) are continuous in ¢ By looking at (Xr.,, Qr), we can
repeat the procedure (cf. [1, Section 6]) to construct continuous L,(y), t < T,, where

=inf{t: | X, — X1,| =3|Iol} and T, = T. Continue by iteration to get L,(y) for t< T,
Proposmon 4.1 implies that there exists a y <1 such that Qe “T<wy, as., forall i
Then

Ee :=Ee Qre "syEe sy’

By induction, E e” "< y" >0, hence T, - 0, hence L,(y) can be defined for all «.

Theorem 2.1 is proved.

We defined our processes in terms of a martingale problem, partly to accommodate
the approximation of a by a, and partly to be able to use the machinery developed
in [1]. But we could also have used the machinery of additive functionals and
potential theory (see, e.g., [4]). Suppose that for every starting point x the martingale
problem for a has a unique solution P*. Consider the process X, killed at time T.
We will show below that U(x, A)=E~ L}; 14(X,) ds has a density §(x, y) with respect
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to Lebesgue measure that is excessive in x for every y. One would then et L,(y)
be the additive functional whose potential is £(x, y). An additional argument (that
would use Theorem 4.4(ii)) is necessary to show L,(y) is a continuous additive

functional. That additional argument, as well as details involving measurability, are

1afe thha ndas
iviiL I,U ‘IIW IGGUDI

that U(x A) fa s(x, y) dyfor all x and A.

Proof. Let U%f(x)=E* [ e”*'f(X,) ds. Let s(x, y) be a jointly measurable density
for U(x,dy). If f=0 is bounded and continuous, Uf(x)= fs(x, »)f(y)dy =
E* |, f(X,)dt is excessive and, by [4, II. 2.3],

aU*Uf(x) < BUPUSf(x) < Uf(x) if a <.

It follows that for every x, a, and B with a <p that
aU®S(x, y)<BUPs(x, y)<s(x,y) foralmost all y.

So by Fubini we can find a null set N such that if y¢ N, then
aU“(x, y)<BUPs(x, y)<s(x,y) foralmostall a <p, x.

If ye N, let §(x, y) =0. This is trivially excessive in x.

Now fix y¢ N. Fix a <, and pick ye(a, B) such that yU"s(x, y)<s(x, y) for
almost all x. Since X, spends 0 time in the set {x: yUs(x, y)> s(x, y)} by Theorem
4.4, then

x

UPyU"s(x,y)=E* I e P'yUs(X,, y) dt

0

<E* I e s(X,,y)dt=U"s(x,y).

0

Using the resolvent identity,
yU's(x, ) = yUPs(x, y) +(B = y) UPyU"s(x, y)
< yUPs(x, y) +(B - y)UPs(x, y) = BUPs(x, y).

A similar argument shows that aU“s(x, y) < yU”s(x, y). We thus have that if y& N,
BUP®s(x, y) increases as B8 - 0. Call the limit 5(x, y).
We have for f bounded and continuous

j $(x, »)f(y) dy = lim _[ BUPs(x, y)f(y)dy = lim BUPUf(x)

= Uf(x).
So §(x, y) is a density for U(x, dy).
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Since ||yUs|l =< |s|l .= <oo,

BUPs(x, ) =lim BUPYU s(x, ) = lim f_—’—’;w’stx, ¥)= UPs(x, )]

=BUPs(x, y) < 5(x, y).

And this same calculation shows BU®s(x, y) = BUPs(x, y), which increases to §(x, y)
as g->oo. So by [4, IL 23], 5{x, y} is excessive in x. I

6. Pure jump Markov processes

In this section we consider the general case where we have Lévy measure »(x, dh)
and

Af(x)= I [f(x+h)-f(x)-f(x)h1_y (B)]v(x, dh) (6.1)

for fe C>. We suppose thers is one and only one prcbability measu-e P for which
P(Xo=x,)=1 and f(X,)—- f(XQ)—f:, Af(X;)ds is a P-local martingale for each
feCx

Let

d(x, u)= j [ =1 —iuhl_1.p(h)]o(x, dh), (6.2)

and let
W(x, y, u) = d(x, u)/ ®(y, u).

We make the mild regularity assumptions:
There exists 8 € (0, 1) such that

(i) infd(x,u)=Clul'*®for|ul=1;

(ii) supj (h* A 1)p(x,dh) <oo; and (6.3)
2
(i) u? 5 Wiy u) < Gy (lul ™" +|ul®).
Define
R(e)= sup  sup lw(x,x+ sy,y-)—l I (6.4)
jule eV 261 xeRyl<t €
and

x

(u*al) du. (6.5)

-3 (‘)z u
- — b -3 W s Y1
M(x,y)=|x-y| J ou’ (x 4 lx—yl)
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iIf »,(x,dh) is another Lévy measure, define A,, P,, @,, W,, R,, and M,
aralogously. We suppose that there exists a sequence of measures v,(x, dh) such
that (6.3) is satisfied for each n (the constants may depend on n), and P, »" P.

We then have the following result.

Theorem 6.1. If
(i) foreachn, R,(e)->0 ase-0.

(ii) for each n, sup M,(x, y)<oo; and

X,y

&
(iii) llmsupsupj. M,(x,y)dx=0,

6'0 n 0

then (X,, F) has an occupation time density L,(y) that is continuous in . for each y.

Remark 6.1. The assumptions (6.3) are really quite mild. For example, in the Lévy
process case one needs | [A + ®(u)]™" du <o to have a local time, and so (i) is only
slightiy more restrictive. The assumptions could undoubtedly be weakened slightly.

Remark 6.2. The assumption of a sequence of measures v, is somewhat inelegant.
For any particular example of a v, it is clear how the v, should be defined, but it
is difficult to give a recipe that works in general.

Remark 6.3. Many of the assumptions and definitions are given in terms of ®(x, u)
rather than v(x,dh) directly. That should not be unexpected: even in the Lévy
process case most results about local times are stated in terms of the Lévy-Khintchine
exponent.

Proof. The hypotheses of the theorem are set up so that the proof of Theorem 2.1
goes through step by step; only two comments are required. The first is that
Hypothesis (ii) is used to get the analogue of Proposition 4.1. The second is that
instead of con~t-ucting local times up to time T =inf{r: X, & I,} and then iterating,
construct local times up to time 7 A 1, and then iterate. This makes the analogue of
Proposition 4.2 unnecessary.
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