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Abstract

We prove well-posedness of the martingale problem for an infinite-dimensional degenerate
elliptic operator under appropriate Holder continuity conditions on the coefficients. These
martingale problems include large population limits of branching particle systems on a
countable state space in which the particle dynamics and branching rates may depend on
the entire population in a Holder fashion. This extends an approach originally used by the

authors in finite dimensions.
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1. Introduction.
We prove existence and uniqueness of the martingale problem for the infinite-dimen-
sional degenerate operator

Lf(@) = [wvi(@) fulz) + bi(x) fi(2)]

€S

under suitable Hélder continuity assumptions on the coefficients v; and b;. Here S is a
countably infinite discrete set, we write * = (z;);es with xz; > 0 for each i, £ operates
on the class of finite-dimensional cylindrical functions, and f; and f;; denote the first and
second partials of f in the direction x;.

In the last ten years there has been considerable interest in infinite-dimensional
operators whose coefficients are only Holder continuous rather than Lipschitz continuous.
See [CDY6], [D96], [L96], [200], and [DZ02], for example, which consider operators that
are perturbations of either the infinite-dimensional Laplacian or of the infinite-dimensional
Ornstein-Uhlenbeck operator. The operator £ given above is not only infinite-dimensional,
but also degenerate, due to the x; factor in the second order term. This degeneracy also
means that the diffusion coefficient will not have a Lipschitz square root even for smooth
v;, invalidating the standard fixed point approaches.

The principal motivation for this work is the question of uniqueness for measure-
valued diffusions which behave locally like a superprocess. In general assume S is a Polish
space and let Mp(S) denote the space of finite measures on S with the weak topology.
Write m(f) = [ fdm for m € Mp(S) and an appropriate R-valued f on S. Assume
{A, : x € Mp(S)} is a collection of generators, all defined on an appropriate domain Dy of
bounded continuous functions on S, and v : S x Mp(S) — R4. Let Q be C(Ry, Mp(5)),
equipped with the topology of uniform convergence on bounded intervals, its Borel o-field
F, canonical right-continuous filtration F;, and coordinate maps X;(w) = wy.

For each law p on Mp(S), a probability P on (2, F) is a solution of the martingale
problem associated with A, v and initial law p, written M P(A,~, u), if for each f € Dy,

X,(f) = Xo(f) + M/ + /0 X, (Ax. f) ds,

where M7 is a continuous F;-martingale such that

(MY, = / X (2y( X.) f2) ds.

Under appropriate continuity conditions on (A,,y) one can usually construct solu-
tions to M P(A,~, 1) as the weak limit points of large population (N), small mass (N 1)
systems of branching particle systems. In these approximating systems a particle at x
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in population X; branches into a mean 1 number of offspring with rate N~(x, X;), and
between branch times particles evolve like a Markov process with generator Ay, (see e.g.
[MR92]). The main difficulty lies in questions of uniqueness of solutions to M P(A,~, u).
A case of particular interest is S = R¢ and

AXf(y) = Z aij(yv fzy +Zb y7

i,7<d i<d

in which particles evolve according to a state dependent It6 equation between branch
times. For 7y = 7 constant, uniqueness is proved in [DK98| under appropriate Lipschitz
conditions on a, b, using methods in [P95]. The latter also effectively handles the case
v(y, X) = v(y) (and some other special cases of X-dependence) by proving uniqueness for
an associated strong equation and historical martingale problem.

Even in the case where S is finite, the problem of handling general v was only
recently solved in [ABBP02] and [BP03]. If S = {1,...,d}, then Mp(S) = R% and
A f(i) = Zj:l qi;(z) f(j), where for each z € R%, (¢;;(z)) is a Q-matrix of a Markov
chain on S, that is, ¢;; > 0 for ¢ # j and ¢;; = — Zj# ¢i;- Then X solves M P(A,~, n) if
and only if X; € Ri solves the degenerate stochastic differential equation

t
XZ=X3+/ ZX”qﬂ ds+/0<2%(Xs)X;')”2dB;', i=1..d (L1

Here ~; : ]Ri —[0,00),3=1,...,d, B,..., B¢ are independent one-dimensional Brownian
motions, and Xy has law p for a given probability measure p on Ri. More generally,

consider the generator

d

Lf(@) = [wvi(@) fulz) + bi(x) fi(2)]

i=1

for f € CZ(R%), the space of bounded continuous functions on R% whose first and second
partials are also bounded and continuous; b;(x) = >, z;¢;;(x) would correspond to (1.1).
If p is a law on R%, a probability P on C'(Ry,R%) solves M P(L, u) if and only if for all
feCPRY),

t
Mf = f060) = %)~ [ £ ds
0
is an F;-martingale under P and X has law pu.

Theorem A (Corollary 1.3 of [BP03]). Assume v; : R — (0,00), b; : RL — R are
a-Hdélder continuous on compact sets and satisfy

bi(x) > 0 on {z; = 0}, (1.2)
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|bi(2)] < e(1 + [x]). (1.3)
Then there is a unique solution to M P(L, ju) for each law p on R%.

A similar existence and uniqueness theorem was proved in [ABBP02] (see Theorem
A of [BP03]) assuming only continuity of v; and b; but with (1.2) strengthened to

bi(z) > 0 on {z; = 0}. (1.4)

A simple one-dimensional example shows these results are sharp in the sense that unique-
ness fails if only continuity and (1.2) are assumed (see Section 8 of [ABBP03]). Clearly
(1.2) is needed to ensure solutions remain in the positive orthant.

In this work we extend the method of [BP03] to the case where S is a countably
infinite discrete set and hence take a step towards resolving the general uniqueness problem
described above. Both [ABBP02] and [BP03] adapt the perturbation approach of [SV79]
to this setting by considering £ as a perturbation of Lof = >,z fii + b2 f; for some
constants 70 > 0 and b > 0. If R, is the resolvent associated with LY, the key step is to
show that on a suitable Banach space (B, || -||), one has

ICBAS)ill + [l (Bx f)aall < CIf| for all 4. (1.5)

In [ABBP02] the space B is L?(R%, Cllx??/%o_lda:i) (here b? > 0), while in [BP] the space
B is a weighted Holder space ((4.9) below gives the precise norm). In both cases the
constant C' in (1.5) is independent of d. The L? setting in [ABBP02], however, does not
appear to extend readily to infinite dimensions. The measures become infinite, there are
problems extending the Krylov-Safanov type theorems on regularity of the resolvents which
are required to handle all starting points as opposed to almost all starting points, and,
as in the finite-dimensional setting, (1.4) will not hold for the most natural @-matrices
such as nearest random walk on the discrete circle. We therefore will extend the weighted
Holder approach in [BP03]. This approach has also been effective in other (non-singular)
infinite-dimensional settings ([ABP03]).

Our main result (Theorem 2.7) states that the natural infinite dimensional analogue
of MP(L,v) has a unique solution when S is a discrete countably infinite set and X
takes on values in an appropriate space of measures. To understand the nature of the
assumptions made on the coefficients b; and -;, consider the Corollaries 2.10-2.12 when
S = 7. Basically, we require b; and ; to be Holder continuous in the j** variable, where
the Holder constant approaches 0 at a certain polynomial rate as |i — j| approaches co.
The state space of X will be measures z(-) satisfying > . |i|92(i) < oo where ¢ > 0 may
approach zero for « close to 1 but becomes large as « gets small. There are cases where
infinite measures are allowed but they require stronger Hélder conditions on the coefficients
as the mass gets large (see Remark 2.13).



The main result and a number of corollaries are stated in Section 2. In Section
3 we prove a more general existence theorem (Theorem 2.4) by truncating to a finite-
dimensional system and taking weak limits. Although these type of arguments are well-
known (see [SS80]), we could not find the particular result we needed in the literature
and have included the proof for completeness: in addition, there is an unexpected mild
condition needed. The weighted Holder spaces are introduced in Section 4 where the
infinite dimensional analogues of (1.5) are derived. Since the constants in [BP03] are
independent of dimension this should be easy, but some complications arise in infinite
dimensions since boundedness of the weighted Holder norms does not imply continuity, in
contrast to the case of finite dimensions. We must establish uniform convergence of the
appropriate derivatives of the resolvent by the corresponding quantities for a sequence of
approximating finite-dimensional functions to carry over the finite-dimensional estimates
from [BP03] and obtain continuity (Proposition 4.8). The key bounds on the weighted
Holder norm then follow from the finite-dimensional result in [BP] (Corollary 4.10). This
approximation is also used to derive the perturbation equation for the resolvent of strong
Markov solutions of M P(L, i) in terms of Ry = (A — Lo)~* (Proposition 5.4).

In Section 5 local uniqueness is established (Theorem 5.5), i.e., if ; and b; are
sufficiently close to constant functions, uniqueness is shown. In this setting our state space
may include counting measure, but as the coefficients become asymptotically constant this
is not surprising. In Section 6 we use the local uniqueness and a localization argument
to prove Theorem 2.7. Localization in infinite dimensions still seems to be an awkward
process and our arguments here are surely not optimal-we believe some of the additional
continuity conditions in Assumption 2.6 may be weakened. Still it is important to note that
the weighted Holder spaces at least allow for localization. In their ground-breaking paper
[DM95], Dawson and March establish a quite general uniqueness result in the Fleming-
Viot setting but were are unable to carry out the localization step. Nonetheless [DM95]
still represents the best available uniqueness result in general infinite dimensional settings
albeit in the Fleming-Viot setting and for close to constant coefficients. Finally in Section
7 we prove the various corollaries to Theorem 2.7.

2. Notation and statement of results.

We will use the letter ¢ with or without subscripts to denote positive finite constants
whose exact value does not matter and which may change from line to line. We use x with
subscripts to denote positive finite constants whose value does matter.

Let S be a countable set equipped with a map |-|: S — [0,00) such that S,, = {i €
S : |i| < n} is finite for all n € Z*. (So = 0). Our prototype is of course S = Z¢ with | - |
equal to the usual Euclidean length of i. Let v : S — (0,00) and for z € R¥ let

x|, = Z |zi|v; € [0, 00].
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v will be called a weight functon. We will use both v; and v(i) for the i*" coordinate of v
and similarly for other maps defined on S.
We let
M,(S) = {z € R} : |z|, < oc}.

and consider elements of M, (S) as measures on S with

(x,¢) = szgo(@) when p: S5 —R, Za:l|<,0(z)| < 0.
i€S 1€S

It is easy to see that M, (S) is a Polish space when equipped with the distance |x — 2’|,.
If v; = 1, it is easy to check that M, (S) = Mg(S) is the usual space of finite measures on
S equipped with the topology of weak convergence for the discrete topology on S.

Ry = [0,00) and C? (Ri”) is the set of bounded continuous functions f : Ri" — R
whose first and second partial derivatives f;, f;; are bounded and continuous. If z; = 0,
then the partials f;, f;; are interpreted as right-hand derivatives.

Define the projection operator m, : Ri — Rf_" by
T2 (1) = x(i), i €Sy, (2.1)
and define the lift operator II,, : Ri” — Rﬁ by
I,2(i) = 1ues,)x(i). (2.2)
Let
Cy p(My(S)) ={f : M,(S) — o0 : 3n, fr € CF(RE") such that f(x) = fu(maz)}.

These are the functions which only depend (in a C? way) on the coordinates z; with i € S,,.
Clearly Cf p(M,(S)) C Cy(M,(S)), the space of bounded continuous maps from M, (S)
to R.
For i € S assume ~v; : M,(S) — [0,00), b; : M,(S) — R, and for f : M,(S) — R
define
Lf(x) =) [wm(@) ful) + bi(2) fi(x)], @€ M(S), (2.3)
(ASK
provided these partial derivatives exist and the above series is absolutely convergent. Note
that this is the case if f € CF p(M,(S)). Let Q, equal C(Ry, M, (S)), equipped with the
topology of uniform convergence on bounded intervals. Let X;(w) = w(t) for w € Q,, let
FQ be the universal completion of o(Xs : s < u), and set Fy = Nyst Fo, F = UpsoFy.
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Definition 2.1. Let p be a probability on M,(S). A probability P on (Q,,F) solves
MP(L, ), the martingale problem for £ in M, (S) started at u, if P(Xy € ) = p(-) and
for any f € C} (M, (S))

MJ = F(X,) — f(Xo) - / L(X,)ds

is an (F;)-local martingale under P. MP(L) is well-posed in M, (S) if and only if there is
a unique solution to MP (L, u) in M, (S) for every initial law u on M,(S).

Note that s — Lf(X,) and ¢ — f(X;) and hence t — M; are all necessarily

continuous functions.

Remark 2.2 (a) As in Remark 1.1(d) of [BP03] one could also consider test functions
f(z) = fol(mnx) for some f, € CZ(R5"), (i.e., those which extend in a C? manner to all of
RS instead of ]Ri”)

(b) Changing the class of test functions changes the martingale problem. The
smaller the class of test functions for which one establish uniqueness, the stronger the
theorem. C} (M, (S)) is a reasonably small class.

(c) Let {B; : i € S} be a sequence of independent one-dimensional adapted Brown-
ian motions on a filtered probability space (2, F, F';,P) and consider the stochastic differ-

ential equation
t ) t
Y;(t) :Y;(o)+/ (2}’1-(5))%(3{9))1/2ng+/ b;(Ys)ds, i€ S, t>0. (2.4)
0 0

Here Y (0) is an Fp-measurable random vector in M,(S). If Y is a continuous M, (S)-
valued solution to (2.4), a simple application of Itd’s formula shows that the law Py of Y
is a solution to MP(L, u) where p is the law of Y(0). Conversely, given a solution P of
MP(L, 1), a standard construction allows one to build Brownian motions {B* : i € S}
and a solution Y to (2.4) on some (2 such that IP is the law of Y.

We introduce conditions on b;, the first of which we assume throughout this work:

Assumption 2.3. (a) There exists a constant ks 3,(b) such that

> |bi(@)lvi < r2.3a(d) (|2l +1), 2 € M,(S), (2.5)
€S

(b) There exists a constant ko 3,(b) such that

bl(QZ) > —Kz.gb(b)l'i, 1€ S, T € MV(S) (26)



Assumption 2.3(a) will avoid explosions in finite time while a condition such as
Assumption 2.3(b) is needed to ensure that our solutions have non-negative components
(although a weaker condition b;(z) > 0 if z; = 0 sufficed in finite dimensions — see [BP03].)

Our focus is on uniqueness in law of solutions to MP(L, J,,), but as our setting is
slightly different from that considered in the literature (e.g., Shiga and Shimizu [SS80]),
we state a general existence result. The proof is given in Section 3.

Theorem 2.4. Assume there exists 3 : S — (0,00) such that lim;_,., 5(i) = 0 and
for all i € S, b;,7; have (necessarily unique) continuous extensions b; : Mpg,(S) — R,
vi : Mg, (S) — [0,00). In addition to (2.5) and (2.6) assume there exists a constant kg 4(7y)
such that

SUP [|Yilloo = F2.4(7) < 00. (2.7)

Then for any xo € M, (S) there is a solution to MP(L,d,)-

Remark 2.5. Note the above continuity condition is trivially satisfied if ;, b; are given as
continuous functions on Rjgr with the product topology (as in Shiga and Shimizu [SS80]).
This condition is only needed to obtain a compact containment condition in the usual
tightness proof and will be easy to verify in the examples of interest. If v;,b; on M, (S)
are uniformly continuous with respect to | - |3,, the above extensions exist.

Here is our key Holder continuity hypothesis on v; and b;:

Assumption 2.6. For some 3: S — (0,00) satisfying lim;| ., 3(i) = 0 and

B(i) < kogav(i)~/?, for each i € S, b; and v; have (necessarily unique) continuous
extensions b; : Mg, (S) — R, v; : Mg, (S) — (0,00). For any z¢g € M,(S), n > 0, there
exists 6o > 0 and a ka6, > 0 such that if x € M, (S) and | — zo|g, < do, then (a) holds
and either (b) or (c¢) holds, where

(a)

[vi() — vi(wo)| | |bi(z) — bi(z0)|
; T T @ <0 (2.8)
and

(b) for any j € S,h >0,

_a/2$;a/2ha

Z |"Yz($ + hej) — 71<$)‘ n ’bz($ -+ h@j) — bz(x)’ < KQ.Gb’Yj(xO)

Yi(wo) Yi(wo)
or
(c) limy;|—oo (i) = 00 and for any j € S, h € (0,1],

< ko607 (20) "2 (1 + x;a/2>ha~

a4 hey) = i(@)| | [ + hey) = bi(a)]
S R

Our main result is the following.



Theorem 2.7. Suppose Assumptions 2.3(a) and 2.6 hold, (2.7) holds, and either
bi(z) >0 for alli € S and x € M,(S), (2.9)
or

lim v(i) = o0 and bi(x) > —ko7wivyi(x), for alli € S and x € M,(S). (2.10)

li] =00
Then MP(L) is well-posed in M, (S).
We state some corollaries to Theorem 2.7, the proofs of which are given in Section 7.

Corollary 2.8. Assume b; : M, (S) — R,~; : M,(S) — R, are continuous maps for all
i € S, where v : S — (0, 00) satisfies lim;|_,o, v(i) = 00. Assume Assumption 2.3(a)-(b),

2.7)
inf’yi(l') =¢gp > 0, (2.11)

there exists non-negative constants {C(i,j) : i,j € S} such that
|’)/i($ + h€j> — ’}/Z(l')| + |bz($ + h€j> — bl($)| < C(i,j)ha, h > 0, ze M,/(S), (2.12)
and if C(j) =3, C(i,j), then

[Supﬁ(j)] +1<a<1)20 YL/ (=), (j)=e1=5)/(1=e) o (2.13)
J

Then the hypotheses of Theorem 2.7 are valid and so MP (L) is well-posed in M, (.5).

Recall that @ = (gij)i,jes is a Q-matrix on S if ¢;; > 0 for all ¢ # j and >, ¢;j =
—q;; for all 7 € S.

Corollary 2.9. Let (¢;;) be a Q-matrix satisfying

g = sup |gii| < o0 (2.14)
D Ui #G)ggivi < kaov(i),  JES, (2.15)

where v : S — (0,00) satisfies lim|;|_, (i) = 0o. Suppose (Zi,%')ies satisfies the hy-
potheses of Corollary 2.8 (or more generally of Theorem 2.7 and (2.11) holds). If

bi( :3 +Zx]qﬂ,

then (b;, ;) satisfies the hypotheses of Theorem 2.7 and so MP(L) is well posed in M,,(.5).

Consider now the case when S = Z% and |i| is the usual Euclidean norm.
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Corollary 2.10. Let v(i) = (|| 4+ 1)? for some ¢ > d(1 — «)(a(1 — §))~", and, for some
co >0, p>d, set C(i,j) = co(|i —j| +1)7P fori,j € Z*. Let b; : M,(Z%) — R and
v M, (Z%) — (0,00) be continuous maps satisfying (2.5), (2.6), (2.7), (2.11), and (2.12).
Then MP(L) is well-posed in M, (Z%).

Corollary 2.11. Let p: Z¢ — {0} — [0,1] be a probability on Z¢ — {0} such that m, =
> 1i9p(3) < oo, where q is as in Corollary 2.10. Let q;; = Ap(j—1i) (i # j) be the Q-matrix
of a random walk which takes steps distributed as p with rate A > 0. Let v, (EZ), and (7y;)
satisfy the hypotheses of Corollary 2.10, and let b;(x) = /BZ(.T) + ;7595 Then MP(L)

is well-posed in M, (Z%).

Corollary 2.12. Let R > 0, N = {i € Z% : |[i| < R} and v : RY — [e,e™!] be Holder
continuous of index o € (0,1]. Assume ¢ > d(1 — a)(a(1 — $))~" and set v(i) = (Ji| + 1)1,
i € Z% Let q;; = M\p(j — 1), (i # j) where p is a probability on Z¢ — {0} with finite ¢
moment. If'bj(z) =, x;q5; and v;(x) = Y((wiy; : j € N)), then MP(L) is well-posed in

M, (Z4).

Corollary 2.8 is a version of Theorem 2.7 where the hypotheses are given in terms
of the Holder constants of the v; and b;; Corollary 2.9 applies Corollary 2.8 to the case of
super-Markov chains. Corollaries 2.10-2.12 are the application of Corollaries 2.8 and 2.9
to the case where S = Z? and an explicit bound is given for the Holder constants of the
v; and b;.

Remark 2.13. If we assume Assumptions 2.6 (a),(b) and (2.9) we may take v; — 0 so
that M, (S) will contain some infinite measures, that is, points = such that ), ¢ x; = co.
In this case the Holder condition Assumption 2.6 (b) becomes rather strong if x; gets large.

3. Existence.
If e = {e,} is a sequence in (0, 00) decreasing to 0 and S’ = {S),} is a sequence of
finite subsets of S which increases to S with S| = (), let

K. g ={x € M,(S): Z xiv; < ep forallm € Z, }.
i¢S!

Write K. for the above in the case when S], = S, for all n € Z.

Lemma 3.1. (a) For any ¢, S’ as above, K. g is a compact subset of M, (S5).
(b) If K is a compact subset of M, (S), there is a sequence ¢,, decreasing to 0 such that
K C K..

Proof. The standard proof is left for the reader. O
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Remark 3.2. If oy : M, (S) — M, (S) is defined by on(z)(i) = 1(;es,)2(), then for any
sequence €, decreasing to 0, it is easy to check that on(K.) C K.

Proof of Theorem 2.4. First, let X;* be the solution to

t 1/

X' = b+ 1es, | /Otbi<<xs>+>ds+ / (xpy)xz) CaBl. 2

Here (X™)* = ((X™)* :4 € S) and {B'} is a sequence of independent one-dimensional
Brownian motions on some filtered probability space. Note that

bi((x))jes,) = bi((2])jes, - (@) jese)

is a continuous function on R~ with linear growth (by (2.5) and the continuity assumptions
on b;). The same is true of

Gi(x5)jes,) = (%@ ies, s (h)ses; i)

and so the existence of X" follows from Skorokhod’s existence theorem for finite-dimension-
al SDEs. Using LY(X™%) = 0 and b;(x) > 0 if z; = 0 (by (2.6)), one can use Tanaka’s
formula to see that X" >0 for all ¢ > 0 and for all i almost surely, and one may therefore
remove the superscript *’s in (3.2). Let T = inf{t : |X}*|, > k}. For each n, T}' 1 o as
k — oo, since zg € M, (S). Define M{* =37, ¢ v; fot(%(Xg)XQ’i)l/deg, and note that

if ,, = max;eg, Vi, then

t
iy = [ e xpds
0

1€Sy

¢
S H2.4ﬁn/ |Xg|yd8
0
< Ko.4Vnkt (3:3)
for ¢t <T}'. Let
X, = IX7 +raa [ |X2ds
0
t
= |zo|, +/ Z vibi(X2) 4 kosp| X1 |ods + M. (3.4)
0 ies,
M} pn is a martingale by (3.3) and so (2.5) implies
B Xy < laoly + [ B (salPXihagly + 1) + kol Xire |, )ds
0

t
< |zolo +/€2.3at+01/ E(’X:/\T;|V)d5'
0
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The left hand side is clearly finite by the definition of 7}, Gronwall’s lemma implies
E (Y?/\Tg) < [|lzoly + K2.3at]e, t >0,
and so Fatou’s lemma gives

E(X;) < [Jwoly + k2.3atle™,  t>0. (3.5)

Therefore, using (2.6) in (3.4), we see that X, is a submartingale. The weak L' inequality
and (3.5) imply

P(sup | X}'], > k) < ]P’(squ;I > k)< k*1[|x0|y + Iig.gaT]eclT, (3.6)
t<T t<T
which implies
klim supP(T < T) =0, T > 0. (3.7)

Define X{*(¢) = > ,cq X" o(i) for ¢ : S — Ry and 3, = sup;cge B3(i) | 0. Then
(recall S§ = 9)

P(sup X' (Lse vB) > €0) < P(sup Y v(i)X{"" > £0/B,,)
t<T tSTiean

m

S _H‘/EO‘V + K2.3aT]661T~ (38)

o | R
(]

Let €,T > 0. Choose my T oo and Ky > 0 such that

— 1/2 c1 _ c1
B ) 1oy + K2.3aT1e ™ + Ko Y|z0]y + F2.3aT)e T < e, (3.9)

WK

e
Il

1

and define

K={xreMyu(S): > zwifi < (By,)"* forall k€ N,z|, < Ko}.

€55,

Then K is compact in M, 3(S) by Lemma 3.1. By (3.8) with ¢¢ = (Bmk)l/Q and m = my,
and (3.6) with k = K we get that for each n

P(X;' € K forallt <T) (3.10)
> 1= | Y Bon) ol + w23aT1e™ + K [lwols + 2 30Tl
k=1
>1-—c¢,
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by (3.9). This will give us the compact containment required for the tightness of
{P(X" €:):neN}
We claim next that if ¢ € S is fixed, then

{X™":n € N} is a tight sequence of processes in C([0, 00), R). (3.11)
By (3.7) it suffices to show

{X™"(-AT}) : n € N} is tight in C([0, 00), R) for each k € N. (3.12)
Let M,"" ' denote the stochastic integral on the right hand side of (3.2). Then for s < t,

t N4 t ) 2
E <</ 1(T§T£)dM;L’Z> > < CQE((/ I(TST,?)X;L’I’YZ(X:L)CZT> )
S 63(K2‘4)2(k‘/yi)2(t - 8)2. (313)

In addition by (2.5),

t K a
[ Vo1 < 222 / Lo (X2, + 1)dr

1
R2.3a

<

(k+1)(t—s).

7

This, (3.13), (3.2), and standard arguments now imply (3.12).

(3.10) and (3.11) imply {X" : n € N} is a tight sequence in C(]0, 00), M,5(S)). If
vB3(i) = 1, this is standard, as then M,3(S) = Mp(S) (see, e.g., Theorem I1.4.1 in [Pe02]).
In general, define ® : M, 3(S) — Mp(S) by

O(x)(i) = 2(@)vis.

Then ® is an isometry and the above result for Mp(S) gives the required implication.

By Skorokhod’s theorem we may first extract a weakly convergent subsequence
{X™m} and then assume X" — X as. in C([0,00),M,5(S5)). It is easy to use the
continuity of b;, v; on M,z(S) to let n = n,, — oo in (3.2) and conclude

t
X@_x0+/ bi( ds-l—/ V(X)) XidB: (3.14)
0

for all t > 0 and all 7 € S, a.s. Fatou’s lemma implies for any ¢ > 0

| X, = E liminf X;"™"v; < liminf | X]'™|,,
e m—oo m—o0
1E€
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and so an elementary argument implies

P(sup | X¢|, > k) < P(liminf sup | X["™], > k)
t<T m—oo t<T
< liminf P(sup | X;'™|, > k)

< k™ M|@ol, + Ko3aT]e7,

the last by (3.6). This proves

sup | X¢|, < o0, T>0, a.s., (3.15)
t<T

and so X. has M, (S) valued paths a.s.
To show that X. has continuous M, (S)-valued paths a.s. we use the following
lemma, whose elementary proof is left to the reader.

Lemma 3.3. Suppose x : [0,00) — M,(S) is such that x:(i),i € S, and |x¢|, are all

continuous. Then x is continuous.

Clearly X(7) is continuous for all i € S a.s. since it is continuous in M, 3(S). From

(3.14) we see that if M, (t) =Y ,cq Vi fo Vi (Xs)XidBE, then

> Xi(hw =) woli)vi + /Zu o)ds 4+ M, (t). (3.16)

1€S, i€Sy 1€S,

(3.15) and (2.5) show that

Yo vilbi(Xo) = Y vilbi(X,)],

1€S, ieS

which is bounded uniformly on compact time intervals a.s. as n — oo, and so

t t

su v;b; (X, ds—/ v;b;( X, ds‘

sul | 3w (Xds = 13 ub(x
/ Z vi|bi(Xs)|ds

1€ES—S,
0 (3.17)

as n — oo by dominated convergence. By (3.16) and (2.5),

T
sup ‘Mn(t)‘ S sup |Xt’l/ + |IO|V + / K2.3a(|X5|1/ + 1)d8
t<T t<T 0

14



By (3.15) and the Dubins-Schwartz theorem, this means {(M™),} remains bounded in
probability as n — oo. Therefore

T
/ ZVZ'Q%‘(XS)XS(Z')dS = lim (M"), < oo, a.s., T >0.
0

n—oo
1€S
A standard square function inequality now implies

sup | My (t) — M (t)] — 0

t<T
in probability as m,n — 0 for all T > 0, and so we may take a subsequence such that
M, converges uniformly on compact time intervals a.s. Let n = ny — oo in (3.16). The
above and (3.17) show that the right hand side of (3.16) converges uniformly on compact
time intervals a.s. to a necessarily continuous process. As the left hand side converges to
| X¢|, for all t > 0, a.s., it follows that t — |X¢|, is continuous. Lemma 3.3 therefore shows
t — X, is a continuous M, (S)-valued process. By (3.14) and Remark 2.2(c), the law of X
is a solution of the martingale problem for L starting at xz. O

4. Estimates.
We first obtain some key analytic estimates for the special case when ~; = 7Y and
b; = bY are constants. Assume

0 <) <supyf = kaa(r?) <oo, Q€S (4.1)

0<b, ek, and 9], =) bu(i) < oo. (4.2)
i€sS
Let
LOf(x) =Y Awifii(x) + 00 fi(x).
i€S

By Theorem 2.4 there is a solution P9 to MP(L,d,,) in M,(S) for each o € M, (S5). In
fact it is easy to see that under P , the processes {X; : ¢ € S} are independent diffusions
and each X" is a suitably scaled squared Bessel process whose law is that of the pathwise
unique solution to

X0 = aoli) + | (X (s)0) /24 B + bit, (43

where the B! are independent one dimensional Brownian motions. (Theorem 2.4 is only
needed here to ensure X has paths in €,.) An explicit formula for the transition kernel
of pi(z;,dy;) of X; is given in (2.2) and (2.4) of [BP03]. Let (P;);>0 and (Ry)x>0 be the
semigroup and resolvent, respectively, of the M, (S)-valued diffusion X; = (X});cs-
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Lemma 4.1. For any compact set K € M,(S), T > 0, and € > 0, there is a sequence
n = {n,} decreasing to zero such that

sup PO (X, € K, fort <T)>1—e.
roEK

Proof. By Lemma 3.1(b) we may assume K = K, for some sequence d,, decreasing to
zero. Set B(N) = 3 ,q, v(i)b). If

for n > N >0 and

then for zg € K

B0 [Zn ()] = > wo(i)v(i) + blv(i)t < 6(N) + B(N)t,
i¢Sn

where §(N), B(N) | 0 by (4.2). Since Z, y(t) is a submartingale, the weak L' inequality
implies that for any zg € Kj

Pgo(sup Zn(t) > A) = lim Pgo(sup Znn(t) > A)
t<T n—00 t<T

< lim A7'EY [Z, n(t)]

< A7Y(§(N)+ B(N)T). (4.4)
Choose Nj T oo such that
sup Pgo (sup Zn, (t) > 27%) <27k~ 1¢ (4.5)

roEKs t<T

and then 77 > 1 sufficiently large so that

sup P (sup |X;|, >7) <e/2. (4.6)
zo€EKs t<T

The latter is possible by (4.4) with N = 0 since Zy(t) = |X¢|,. Now define

|7, n<N
M = 27]6, N, <n< Nk+1-
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Then for any xy € Ks

P) (X: € K for some t <T) < PY (sup|X:|, >7) + ZPgO(sup Zn, () >27M) <«
t<T Pt t<T

by (4.5) and (4.6). O

Define e; € M, (S) by ei(j) = 1¢=j). Let a € (0,1] and for f : M,(S) — R and
1 € S define

[flasi = sup{| f(z + he;) — f(a)|e(D)Th™ 1z € M,(S),h > 0}. (4.7)

Set
fla = Sgp(v?)%lfla,i, [flla = [ fllsc + [fla- (4.8)

If
Co ={f: M,(S) — R: f continuous , || f|lo < o0},

then it is easy to check that (C,, || - ||») is a Banach space.

Remark 4.2. One difference between our infinite dimensional setting and the finite di-
mensional setting in [BPO03] is that sup, |f|a,; < oo does not imply that f is uniformly
continuous on I = {x € M,(S) : (i) > Oforalli € S} and hence has a continuous
extension to M, (S). This is true on RY (see Lemma 2.2 of [BP03]). Suppose we define
f(z) to be 1 if infinitely many of the x(i) # 27¢/v(i) and 0 otherwise. Then |f|o; = 0
but f is discontinuous on I. This complicates things a bit when checking whether various
operators preserve Cg.

Remark 4.3. A key fact in our argument is that the estimates on (Ryf); and x;(Rxf):
from [BP03] are independent of the dimension of the space. Recall that the way we ob-
tained the estimates in [BP03] was to first consider the one-dimensional case. If P} denotes
the semigroup corresponding to the operator z? f” (x) + b f/(x), then we obtained bounds
on |(Pif) (x)] and on |(P}f) (x+ A) — (P} f) (x)| in terms of constants depending only on
7Y and bY; see Lemmas 4.3, 4.4, 4.6, and 4.7 of [BP03]. If P, denotes the semigroup corre-
sponding to LOf(x) = Z?zl[xn?fii (z) + b9 f;(z)], we then derived bounds on |(P,f);(z)|
and on |[(Pf);(x + Aej;) — (P f)i(x)| with the same constants (Propositions 5.1 and 5.2 of
[BP03]); hence the constants did not depend on the dimension d of the underlying space.
We then deduced estimates on (Ry f);. The same reasoning was applied for x;(Rf)q;-

Lemma 4.4. Let f € C,, A > 0, and i € S. There is a ky4.4 = k4.4(a) independent of
f,7, A such that the following hold:
(a) The partial derivative (R f);(z) exists for every x € M, (S) and satisfies

I(Bxfilloo < Kaa(r))ETIATE | flai (4.9)
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(b) The second order derivative (R f)i;(x) exists on {x € M,(S) : x; > 0} and satisfies

2 (Ro f)is ()] < Kaa(3) ™ f v [(770)‘ naf]. (4.10)

In particular, lim,, .o x;(Rxf)i(x) = 0 uniformly on M, (S) and if z;(Ryf):i(x) is set to
be this limit on {z € M, (S) : z; = 0}, then

i (Raf)ii () [|oo < Kaa(Y2)FTIATE|f

Proof. We only prove (b) as (a) is similar but easier. Let ¢ > 0. Then argue as in the
finite-dimensional argument (Proposition 5.1 of [BP03]), noting the constants there are
independent of dimension, to see that (P.f);; exists on M, (S) (in fact on RY) and satisfies

l2i (P, f)ii(2)| < e1]flai(r9t) 21 (j(;t N 1)- (4.12)

If 2; > 0, this allows one to differentiate through the time integral (by the dominated
convergence and the mean value theorem) and conclude for z; > 0 that (R f);; exists and
satisfies

mﬂhﬁﬁ@%zémé”%xﬂﬂu@wt

A simple calculation using (4.12) leads to (4.10) for x; > 0. The fact that x;(Rxf)i
approaches 0 uniformly as x; | 0 is then immediate, as is (4.11). O

Lemma 4.5. If f € Cy(M,(S5)) and f,, = fomy,, then for any compact subset K of M, (S)

lim sup |f(2) — fu(z)] = 0.

n—oo .’L’EK

Proof. By Lemma 3.1(b) we may assume K = K, for some sequence n = {7, } decreasing
to 0. Then

sup |z — x|, = sup E xiv; < 1, — 0.
zeKy zeKy icSe
n

Since 7, (K,) C K, (recall Remark 3.2) and f is uniformly continuous on K,, the result
follows. O

Corollary 4.6. If f € Cy,(M,(S)) and f, = f om,, then for any A > 0, Rxf, — Rxf
uniformly on compact subsets of M, (S).

Proof. Let K be a compact subset of M, (S) and € > 0. Lemma 4.1 shows there is a
compact K, such that

sup (Ralke)(z) <e.

zeK
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Lemma 4.5 implies that ||Rxflx, — Rxfulk,|loc — 0 as n — oo and so

limsup sup |Rx fn(z) — Raf ()| < limsup sup |Ry folge () — Baflie ()]

n—oo x€K n—oo xz€K
< 22| floo-
]

Let RY denote the resolvent of the finite-dimensional diffusion (X );es, under {P,, }.

Then RY is a Feller resolvent (i.e., it maps C’b(Ri") to itself) and so if fn((a:i)iegn) =

F(L,(x)) for f € Cyp(M,(S)), then f, € Co(R5") and Ry fon(x) = R} fu((2:)ics,) is con-

tinuous on M, (S). (IL, is defined in (2.2).) The convergence in Corollary 4.6 therefore
shows

Ry : Cy(My(S)) — Co(M,(S5)). (4.13)

Our immediate goal is to extend the continuity on M, (S) to (Rxf); and x;(Rxf): for
f € C,. As explained earlier, this is more delicate in our infinite-dimensional setting.

Lemma 4.7. There is a k47 > 1 such that
(a) if 0 <r < R/2, then

> 2"z — 7| K47
. dz < AT
/R ¢ L(ry r “=R+1

(b) for any r > 0

o 27z — 7|
-z ——dz < 1)-1/2,
/0 e o) z2 < Kgr(r+1)

Proof. (a) In view of (b) we may assume R > 1. The integral in (a) is bounded by

(e ] r—1 o 2
/ e2 G=r)? dz,
R I'(r) rR/2

which is bounded by cR™'r~1(r + 1); see, e.g., Lemma 3.2(a) of [BP03]. This gives the
required bound if » > 1 (recall R > 1). Assume now that 0 < r < 1. The integral in (a) is
at most

oo P 0 Zr+1
F—— _dz < [ m—;
/R T+ Z—/O © Ter+1R”

—R! [%] R 'r+1)<2R<AR+1)L

(b) If » > 1 this is immediate from Lemma 3.2(a) of [BP03]. If 0 < r < 1, then the
required integral is at most

/Oo 7y +/Oo =2
e ——axz e Z = 4.
0 L(r+1) 0 L'(r)
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Proposition 4.8. Let f € C, and f, = fom,. If i € S and \ > 0, then for any compact
set K C M,(S)
lim sup [|Rxfn(z) = Baf (@) + [(Bafa)i(2) = (Brf)i(2)]

=X reK

A |25 (B fn)ii () — xl(R)\f)“(.r)H =0.

Proof. Note first that f € C, implies f,, € C, and so the existence of the above partial
derivatives follows from Lemma 4.4. We focus on the convergence of the second order
derivatives as the first order derivatives are handled in a similar and slightly simpler way,
while the resolvents themselves were handled in Corollary 4.6. Fix f € C,.

If y € M, (S), write ; = y|s_y;y and define Y (v,i) € M, (S) by setting Y (v,)(j) =
y(j) if 7 # i and Y (v,4)(i) = v; in other words, Y (v,) is the point which has the same
coordinates as y except that the i*" coordinate is equal to v instead of y;. We may then
define d,, (v;y;) = f(m, Y (v,4)) — f(Y(v,7)) and

- 0? i
hn(yz';taﬂfi) :xi@/dn(%;yi)pt(wi»d%)'

If |dy(-;Yi)|o denotes the |- |4 ; norm of d,(-;y;) with S = {i}, then |d,,(:;¥i)|a < 2|f|a.i;

and so the above derivative exists and satisfies (see Lemmas 4.1, 4.3, 4.5, and 4.6 of [BP03])

B (-5, 20) || s < cfxlflm(vot)——l(/y S ) (4.14)
Note that .
i (P fn)ii(®) — (P f)i(z) = /hn(f/y\i;taxi) 117 (=), dy;), (4.15)
J#i

where differentiation through the integrals is justified by the above bound and dominated

convergence.
If g: Ry — R, let |lg]lr = sup{|g(y)| : y < R}. Assume first bY > 0 and use (4.14)
in [BP03] to conclude that if w = z;/9t and r; = b9 /4, then

A=l — (k4 1) dz
Gist, )| < g Ot g)e 7“ 416
oG .0 Ze A e . IRy

By Lemma 4.7, if R > 0,

/OO Ly A e — (k1)
e dz
R/’y?t F(l{? —|—r1) k—l—Tz
<1 Ra4.7 11 Ra4.7
(k+m<R/2v°t)—(R/ 0f) + 1 (ktri>R/2v)t) /=7 Vritk+1

Ka4.7 vV %Qt ]

< N 1(k+m§R/27?t)W + L(ktri>R/2900) | -
20




Use this and Lemma 4.7(b) in (4.16) to see that
[on (95 T, )|

> R/t T (k)]
04)-1 kI ldn (5 i - g
™ e Lt T R

0
- Vi
+ 2| fllootiar(ri + k+1)~1/2 [1(k+m§R/27?t) VR + 1(k+r1>R/2’Y?t)H

LW w— K| YOt 1/2
Wt mz o or vz MaGaln+ () " 20f1]
—w wk |w B k’
+2[| flloc (771) ’{4-7;:01(k+m>1%/27?t)6 W it k1)
=11 + L. (4.17)

A simple calculation (see Lemma 3.3(b) of [BP03]) shows that

1< a0 (G5 A) a3+ (22) 11 (4.18)
< (3P0 + 1) lda 55l + B2 oo

If N is a Poisson random variable with mean w, the series in I5 is

E[IN — wl(ri+ N+ 17 L s rymn | (4.19)
Assume now R
3 max (1, 27, v{t). (4.20)

If r; < R/(470t), recalling z; < R/8 by (4.20), the expectation in (4.19) is at most

_wlr 1/
E[|N —w|(r+N+1) 1(Nw>R4é?)]

<E|IN = wl(N + 1)1 (x oy ryson) |

E(N —w)?
—(R/&1)32

(90 < GO < eaR72

T
R3/2
If r; > R/(470t), then (4.19) is bounded by

IF£|N—1,U|< c5 /W <06\/-T_i<c7R—1/4

Vi T R/t T
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the last by (4.20). Therefore under (4.20)
I < || flloccs((70t) ™" + 1) R4,
Now use the above bounds in (4.17) to see that for R > 8 max(1,~%t),

sup  |h(Gist, 2i)| < co((Y00) ™ + Dllldn (5 5) |5 + [1flloc R4 (4.21)
z;<VR/4

If b9 = 0, a slightly simpler argument starting with (4.6) in [BP03] will lead to the same
bound.
Now choose a compact set K in M, (S), T > 1 and € > 0. Assume R is large enough
so that R > 8 max(1,~/t),
if z € K, then z; < VR/4, (4.22)

and ||f|lcR™Y* < e. Let 1, be such that K, is a compact set satisfying the conclusion
of Lemma 4.1. Let 7;(y) = (y(j),7 € S — {i}) be the projection of y € M,(S) onto
Mm(S - {Z})7 Vi = V|S—{i}a and let

~

Ky ={y € M,(5) : mi(y) € mi(Ky),y(i) < R}.
Then it is easy to use Lemma 3.1 to check that [?n is compact, and so by Lemma 4.5

Jim sup [fu(y) - f(y)| = 0.
yeK,
This implies
lim  sup ||dn(;9)|lr = 0.

N—00 ~ -~
yieﬂi(Kn)

Choose N such that n > N implies

_sup ldn(58i)lR <&
yi€mi (Ky)

Use this with (4.14), (4.21), and (4.22) in (4.15) and conclude that for n > N and ¢t € [0, 7]
Sug |25 (Py fr)is(2) — 2i(Pef )ii ()| (4.23)
BAS
< alflai(it)z Sggpg(ﬁ()ﬁ) ¢ mi(Ky))

+oo((70) 7+ Ve + [ flloc R
< Ca’f‘a,i(fygt)%_lg + 69((7100_1 + 1>28
< c10(|flayi + D7) + e
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Use the above for t € [T~!,T] and (4.14) for t € [T, T]¢ to see that for x € K and n € N

|[zi (R fn)ii(z)—zi (R f)ii ()] (4.24)
1/T 00
el fles (101 E1 $-1y4 —Xt g
<ol las0P)E [ e [ el
T
ten(lflas+ D(OH T+ e [ Mat
1T

< Ca‘f|a,i(’7?t)%_l[T_O‘/2 + e—)\T)\_l]
+ Cl?(’ﬂa,z‘ + 1)((7?)*1]1 + 1)6)\71,

As T > 1 and € > 0 are arbitrary, this gives

lim sup |z;(Rxfn)ii(x) — z:(Raf)ii(z)] = 0.

The differentiation through the time integral in (4.24) does require z; > 0 as in the proof
of Lemma 4.4, but that result shows the left-hand side is 0 if x; = 0. O

Corollary 4.9. If f € C,, then for any i € S and A > 0, R\f,(Rxf):, and z;(R)f);; are
all continuous bounded functions on M,(S).

Proof. Fix ¢ and consider n large enough so that i € S,. Recall RY is the resolvent of
(X:i)ies, and fn(z) = foll,(z) on ]Ri”. Then Ry fn,(z) = R&Lﬁ(ﬂnx) and so by Proposition
5.3 of [BP03] (Rafn)i(z) = (RY)ifn(mpz) and z;(Rafn)ii(z) = xi(RY fn)ii(ma(z)) are
bounded continuous functions on M, (S). The uniform convergence in Proposition 4.8 and
the bound in Lemma 4.4 show that (Ry f); and x;(R) f):; are in Cy(M,,(S)). (4.13) already
gave the result for Ry f. O

Corollary 4.10. There is a k4.10 > 0 depending only on « such that for all f € C,, A > 0,
andi,7 € 9,

|(RxS)ila,; + |z (R f)iila; < K4.10|f|¢11,_ia|f|g,j(’Y?)_l(’Y?/’Y?)(l_a)a/2~

Proof. The proof is almost the same as that of Proposition 5.3 of [BP03] for the finite-
dimensional case — again the constants given there are independent of dimension; cf. Re-
mark 4.3. The only change is that once the bounds on the increments of z;(Ryf);; are
established for x; > 0, they follow for z; = 0 by the continuity established in Corollary
4.9; this is in place of the use of Lemma 2.2 in [BP03]. O

5. Local uniqueness.
We make the following assumption.
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Assumption 5.1. Assume ~; : M,(S) — (0,00), b; : M,(S) — R are continuous and
(79)ics, (09)ies satisfy (4.1) and (4.2). Assume also

(a)

i(@) = 0] | [balz) — B
P o [ L i) o)
zeM, (S) jcg i Yi

(b) For all x € M,(S)

: [yi(a) =7 | | |bala’) — b7 [vi(x) =9 |bi(z) — Y
I1,1Lan { 20 + = => 7 + - . (5.2)

€S i i€S i

(c) Forall j €S,0<h,ze M,(S)

i hej) — i bi he;) —b; —a _
3 [t he) ol e e @) oy, s
ics Vi Vi

The following result uses only Assumption 5.1(a)-(b).

Lemma 5.2. For any A > 0, (£L—L°)Ry : Co,, — Cy(M,(S)), and there is a k5.2 = k5.2()
such that
(£ = LOYRx flloo < K5.20]flar™/2, J €Ca;A>0.

Proof. Lemma 4.4 shows that for f € C,

> (@) =i (Rafia(@)] + [bi(z) — b1 (B f)i()]

€S

|/Yl(x) _710| |b%(x) _b?| @ —a
< [P+ e e (0) 2 Flaah
ies i Vi

< Cap‘f’a)\_a/za

by Assumption 5.1(a). This gives the required bound on [[(£ — L) Ry f]|so-
Note that Lemma 4.4 implies

[Yi(2) = 37 [ 12 @) (R f )i ()] + [bi(z) = 07 [(R f)i(2)] (5.4)
o [ @) Ml
i i

Let z,, — x in M, (S). Assumptions 5.1(a),(b) imply that if

o vi(Ea) =721 [bi(en) = B9
In(i) = — + -,
) 7 VY
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then {f,} is uniformly integrable with respect to counting measure on S and hence by
(5.4) so is

(@) = [i(wn) = 37N 2n (@) (Rxfii(@n)| + [0i(2n) — b I(Brf)i(@n)].

This allows us to take the limit as n — oo through the summation and conclude by the
continuity of

(vi(x) = 7)) (@(@D) (Raf)ia()) + (bi(2) = b7) (Raf)i(x))

(see Corollary 4.9) that

lim (£ — LO) R f(zn) = (£ — LOYRyf(2).

n—oo

This proves (£ — L°) Ry f is continuous. O
We let By denote the operator

Br=(L—LYRy =) [(v —¥)w(i)(Rn)ii + (bi — b0)(Ra)s].

7

Proposition 5.3. Assume Assumption 5.1(a)-(c). For any A > 0, By : C, — C, Is a
bounded operator. Moreover there exist A\g = Ao(«) and pg = po(a) > 0 such that if
A > X and p < pg, then

1Bxlle., < 1/2.

Proof. Use Lemma 4.4 and Corollary 4.10 to see that for f € C,, 7 € S, and h > 0,

[Brf(x + hej) — Baf()|
< Z vi (@ + hej) = vi(2)| (2 + he;) (@) (B f)ii(z + hej)]

+1bi(2 + hej) = bi(x)| [(BAf)i(x + he;)|
+Z\% = 7@ + he;) (@) (Raf)is(x + hej) — 2 (i) (Rxf)ii(x)]

+ [bi(z) = b [(Bxf)s (% + hej) — (Raf)i(z)]
< ZH%(JC + hej) — vi(@)| + |bi(z + hej) — bi(2)|](7)) AT P kaa sup | flair (79)2/?

— « a)o o —a 2
LOIf12 (0 A0y Amedal2pag 2,

+ Z[I%(ﬂf) =7+ bi(@) = b1 (v)

The first summation is bounded by (use Assumption 5.1(c))
54,4)\_a/2‘f’a(’Yg))_a/zlﬁs)_lhax;a/Q,
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The second summation is bounded by (use Assumption 5.1(a))
k410 5D (| flai (1)) sup(| fla, i (152 () = 2R () =2
% g’
< k4100 fla(39) "/ 2ho; 0
We may therefore conclude
|BAf|a,j(’7?)a/2 < [l€4.4/€5.1)\70‘/2 + Kka10p) | fla

and so

Brfla < [Ka4k51 32 + Ka10p]| fa-

Combine this with Lemma 5.2 to see that
1Brflla < [/‘i4.4/‘65.1)\_a/2 + (K410 + /15.2)\_a/2)P] | fla-

This, together with Lemma 5.2, shows B, : C, — C, is a bounded operator with
[1Bxll < 1/2 for p < po(a), A > Ao(e). O

Let P, be a solution of MP(L, ) for some law p on M, (S) and for A > 0, let
Sxf=E . (fy" e Mf(Xy)dt).

The following result uses only (2.5), (2.7), and Assumption 5.1(a) (it only requires
the bound in Lemma 5.2 and so does not require Assumption 5.2(b)). Recall the constant
Ko2.3q in (2.5). We use LN to denote bounded pointwise convergence.

Proposition 5.4. Assume (2.5), (2.7). If f € C,, then

S\f= /R,\f(x),u(dx) + S\By)f, A > K234

Proof. Assume first that

/|a:|y,u(dx) < 0. (5.5)

Let f(z) = fo(myz) for some fo: R — R, f € Co. Write 2™ = 7, () for x € M, (S) and
define

%@:A ow@m=A B foly™)dt = Go(y").

Here P/ is the semigroup of {X; : i € S, } under PY. The finite dimensional analysis in
the proof of Lemma 6.1 of [BP03] shows that g5 € C7 (Ri”)

Use (2.4), (5.5), (2.5), a stopping time argument, and a Gronwall argument (cf. the
proof of Theorem 2.4) to see that

E (X)) < (/|x|,,du(x>+@,3at>e@»3at, t>0. (5.6)
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This and (2.7) shows that the stochastic integrals in (2.4) are square integrable martingales
and by Itd’s formula, the same is true of MJ°, the martingale entering in MP (L, ). Take
expectations in MP(L, ) to see that

B pas(X0) = [ gsdu+ | E(Lan(X))ds

Let A > Kg.34, multiply the above by Ae~*!, and integrate over ¢ € [0, c0) to conclude

AS\gs = /gadM + SA((£ = Lo)gs) + Sx(Logs)- (5.7)

Note here that (5.6) and A > k.3, are needed to apply Fubini’s theorem, since

( Z Xs( )(g5)ii( s)|> < C(SE< Z XS(Z)>

S Cn,6E (‘Xs’u)

< Cn766n2.3a3|:/‘x|ydlu—|—/i2.3a8 .

Now let 6 | 0 in (5.7). As § — 0, g(;&RAf, and so AS)gs — AS\R,f and
[ g9sdp — [ Rxfdp by dominated convergence. The finite-dimensional arguments in
Lemma 6.1 of [BP03] show that as d | 0,

£095 = Ags — e Py fLARLf — f and (L — /30)96—>(£ LOYR,f. (5.8)

The latter implies that SA((E—EO)g(g)ﬂS)\B,\f and the former gives S (5095)&/\5)\}%)\]6
— S)f. Therefore we may let 6 — 0 in (5.7) to derive the required equality.

Now derive the result for a general f € C, by approximation. Recall f,(z) =
fomy(z), and so |fnla.i < |f|a, implies f,, € C. By the above

Sy fo = / Ry fudpt + S\By fo. (5.9)
Now

B fa(@) = Baf (@) < Y 1vila) = 20| [2(@) (R fa)ii(a) — (i) (Raf)ia ()]

i€S

+[bi(x) = B[ |(Rafu)i(x) — (Raf)i(2)]. (5.10)

Proposition 4.8 shows that each of the summands approaches 0 as n — oo, while Lemma
4.4 and |fnla,i < |fla,i show that the it" summand is at most

[li(2) = A1+ 1bi(z) = B11(3)) " eal Flar™".
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This is summable by Assumption 5.1(a) and we may use dominated convergence in (5.10)
to see that |Bxfn(x) — Bxf(z)| — 0 as n — oco. The bound in Lemma 5.2 shows that the
convergence is also bounded and so S\Byf, — S\Bxf. Since fnﬂ f (Lemma 4.5), we
also have Sy f, — S)f and [ Ryfndp — [ Ry f dp. Therefore we may let n — oo in (5.9)
to complete the proof under (5.5).

To remove (5.5), let Py be the restriction of P, to {w € 2, : [ Xo(w)|, < N}. Note
that Py solves MP(L, un), where uy = pu(- | |z, < N). Here N is large enough so that
p(lzl, < N)>0. Let Hyy = fooo e Mf(Xy)dt. If f € Cq, the previous case shows

/Hf,/\dPN :/R/\deN+/HBAf,)\dPN~

Note By f and hence Hp, ¢ » are bounded by the upper bound in Lemma 5.2. Now let
N — oo in the above to finish the proof. O

Theorem 5.5. Assume (2.5), (2.7) and Assumption 5.1 holds with p < py and pg is as
in Proposition 5.3. For any probability p on M, (S), there is at most one solution to

MP(L, ).

Proof. Let )\ be as in Proposition 5.3 and assume A > A\; = max(Ao, k2.34). Let P, satisfy
MP(L,p). If f €Cyq, then By f € C, by Proposition 5.3, and so iterating Proposition 5.4

gives

Suf = [ Y RaBEFdu+ Sa(BL) (511)
k=0

By Proposition 5.3 ||BYT! f[leo < 27| f||o. This shows the last term in (5.11) converges
to 0 as n — oo and > _po o RaBY f converges uniformly on M, (S) to a bounded continuous
function (recall (4.13)). Therefore letting n — oo in (5.11) we arrive at

SAf:/ZRABffdu, A > A
k=0

Inverting the Laplace transform (¢ — E,(f(X;)) is continuous) one sees that for any
t >0, E,(f(X)) is uniquely defined for all f € C,. This shows P, (X; € ) is unique (C,
contains C! functions of finitely many coordinates with compact support). A standard
result (see, e.g., Theorem 4.4.2 of Ethier-Kurtz [EK86]) now implies P,, is unique. Strictly
speaking, the latter requires that £f be bounded for our test functions f and Mtf should
be a martingale. However the only test functions we actually used were the functions
gs = [5 e MP,fdt with f a function in C, depending on finitely many coordinates. In
the proof of Lemma 5.4, the boundedness of Lgs was made clear (see (5.8)), as was the fact
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that MJ° is then a martingale (which is also then immediate as it is bounded on bounded
time intervals). O

6. Uniqueness.

Proof of Theorem 2.7. A standard argument shows that it suffices to show that for
each z € M, (S) there is a unique solution to MP(L,6,) (see p. 136 of [Ba97].) Indeed,
once this is established, Ex. 6.7. 4 in [SV79] shows the laws of P, are Borel measurable in
z and then it is easy to see P, (-) = [P,(-) u(dz) is the unique solution to MP(L, p).

Assumption 2.6 1mphes the cont1nu1ty of b; and y; on Mg, (S). It is therefore easy
to check that all the hypotheses of Theorem 2.4 are in force and hence existence holds.

Turning to uniqueness in MP(L,d,), let C be a compact set in M, (S) containing
z. Assume the following:

For each xq € C there is a 6 = d(xg) > 0 and coefficients Yi,bi, i € S, agreeing
with 7;,b;, respectively, on B(z,0) NC = {x € C : |z — x¢|, < ¢} and such that
if L7 = > () fui + b fi, then MP(Z”“"O,%) is well-posed (i.e., has a unique
solution) for all y € M, (S). (6.1)

We first show that the theorem would then follow by a minor modification of the
localization argument in [SV79] (Theorem 6.6.1). Let P be a solution of MP(L,d,) and
let

Te =inf{t: X; ¢ C}.

The tightness of P on €2, shows there are compact sets C,, in M, (5) increasing in n such
that T, T oo P-a.s. It therefore suffices to show

P(X(- ANT¢) € +) is unique. (6.2)

If §(z) is as in (6.1) we may choose a finite subcover {B(z;,d(z;))}Y, = {B;}, of C.
Let A > 0 be a Lebesgue number for this cover, that is, a number A\ such that for each
x € C there is an ¢ with B(xz,\) C B;. Set Ty = 0 and

Ti+1 = mf{t > T; ’Xt — XTZ"Z/ > Nor X; € CC}

Note T; T T¢ a.s. as @ — oo by the continuity of X in M, (S). Let {Iﬁ’io cx € M,(9)}
be the unique solutions to MP(L*,d;) in (6.1). As noted above, x — PZ° is Borel
measurable. If B(Xr,,\) C B, (where we choose the minimal such j = j(Xr,)) and

7 = inf{t : | Xy — Xo| > Aor X; € C°}, then the uniqueness of ]P’X(T )1) shows that

conditional on Fr,, X ((- + T;) A T;4+1) has law ]P’Xf((Tq; >(X(- AT) € -). As in the proof of
Theorem 6.6.1 of [SV79], this easily gives (6.2).

29



It remains to establish (6.1), so fix 2y € C. Assume first b; > 0 for all i € S. For
r >0 let ¢, : [0,00) — [0,1] be the map which is 1 on [0,7], 0 on [2r,00), and linear on
[r,2r]. Let py be as in Proposition 5.3 and choose dp = Jp(xg) > 0 as in Assumption 2.6
but with n = pg. By Lemma 3.1 we may assume C' = K, for some € = {¢,,} decreasing to
0. If 6,z € RY, define 0 Az € RS by (6 Az)(i) = 0(i) A z(i). Define : S — [0,00) by
g(i) =en ifi € Spy1 — Sn, n >0, and set 6(i) = £(i)/v(i). Let 5 be as in Assumption
2.6, where we may assume 3 < 1 without loss of generality, and set § = 6y /3, 72 = (o),
b = b;(xo). We define functions 7;, b; in (6.1) as follows:

Fi(@) = s A 0) = zolpw)vi(x A 0) + (1 = @s(|(x A O) — @0l))7
bi(x) = @s(|(x A 0) — wolgu)bi( A 0) + (1 — @s(|(x A 0) — z0]g,))b7-

Ifx € CandieS,t1— Sy, then z(i)v(i) < e, and so x(i) < (i), and hence x A0 = z. It
follows easily that ¥; = v; and b; = b; on B(z¢,d)NC (in fact we only need |z —xg|g, < ).

We claim (7;, b;) satisfies the hypotheses of Theorems 2.4 and 5.5 and so (6.1) will follow
from those results. (2.5) implies

Zb?u(i) = Zbi(xo)y(i) < Ko3a(|zoly + 1) < o0, (6.3)

and so (4.2) holds for b°. (4.1) is immediate from ~; > 0 and (2.7). Clearly ||F;]loo < |74 loo
and so (2.7) for v implies (2.7) for 7. Use (2.5) and (6.3) to see that

S @)
< sll(z 7 0) = wol) 3 10w AOI(E) + (L= ps(|(x 1) = 20l5)) 3 HV(d)

< kosa(lz A O, + 1) 4+ Kasa(|xol, + 1)
<ci(Jzly + 1),

and hence derive (2.5) for b. Note that
os([(x NO) —xol|p) =0 if |(z A0) —x0lg > 26 =260/3

and therefore

Fiz) = 9| | [bi(z) — b
2 o0 T

< il A0 = wols) Y [W(ﬂf Af?x;%(x“)‘ L I Ajzx—o)bi(xo”]

< po (6.4)
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by our choice of dy. Therefore (7;, b;) satisfies Assumption 5.1(a) with p = po.
To check Assumption 5.1(c) note that

Yi(x + he;) — Fi(x) = Filz + hej) — 7)) — (Filz) = 7))
= o5(|((z + hej) A O) — xolp) (vi((@ + hej) AB) — )
—s(|(x A O) — zo|) (i A B) — 7)),

and similarly for b;. Therefore, if h >0, 7 € S, and = € M, (S),
> iz + hey) = Fi(@)|(v)) 71 + [bi(x + hej) — bi(@)|(39) 7
<Y les(((x + hey) A0) = m0)lg0) — s(|( A 0) = zo|py)]

< [i((z + hej) AO) = 221(7)) "+ [bil(w + hey) A O) = b1(7)) ']
+ Zm(l(fc A 0) = zol) [1i((x + hej) AB) —yi(z AO)| ()~

+ 1bi((z + hej) A O) = bi(x AG)|(7) ']
=R+ Rs.

Note that (z 4 he;) A0 = (z A0) + hjej, where h; = h A (6; — x;)*. Therefore

s (|((z + hej) A O) — xolpn) — ws([(x A O) — z0lp)] (6.5)
< es((hAN0;)BG)V(I)) A D)L a(<oe)) = csd; ().

If |((z + hej) A O) — xo|p, < do, this and Assumption 2.6(a) imply
Ry < c565(x)po. (6.6)
If |(z N O) — 0|y < b0, then use Assumption 2.6(b) and Assumption 2.6(a) to see that
Z vi(@ + hey) A0) — 7 1(7) 7 + [bil(x + hej) AO) = B71(7) ™
< Z vi((@ A 0) + hjes) —yile AO) (%)™ + [bi((x A O) + hye;) — bi(z A O)I(7)) ™
+ 2 (@A 0) =160+ [biw A 0) = B()
< ra.6(75(0)) " *(0; A xy)"/*hG) + po. (6.7)
This gives (recall x; < 6; or else Ry = 0;(z) = 0)
Ry < cady(a) | (0)7%a 2 (h 1.6,)° + pol. (6.8)
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If Assumption 2.6(c) holds, note first that §; — 0 as |j| — oo, since v(j) — oo as [j| — oo.
Hence sup; h; < oo and at the cost of increasing k2, we may apply Assumption 2.6(c)
with h = h; to get

Ry < e3d;(2)(79)™/2(h A 0;) (1 + (2 A 0;)""2) + po)

and so
Ry < e30;(2) | (19) 2 (h A 05)72; % + po,

the last because sup, 0; < oo and z; < 0; (or else Ry = 0). Hence we get (6.8) in either
case.

Next we claim

0j(x) < ecah®a; 2 (40) 72, (6.9)

Assume this for the moment. Then we may use this and the trivial bound ¢; <1 in (6.8)
to derive

Ry < eah®a; */?(49)7e/2, (6.10)

To prove (6.9) use the bound on 3 in Assumption 2.6 and x; < 6(j) < c5v(j) ! to

see

2725, (x) < eo(h A (v(5) ") 0() 2w (j) 2
co(h A (v(5) " )h v (j)
co((v(7) = A (hv(4)) ™) < e,

As sup; 7§ < o0, (6.9) follows and hence so does (6.10).

IN

Next we show
Ry < crh®a; */?(79)7e/2, (6.11)

If Assumption 2.6(b) holds this is immediate because h; < h and Ry, = 0 if z; > 6,.
Assume Assumption 2.6(c). Then as h; < 0; < [|0]|oc < 00, we may apply Assumption
2.6(c) with h = h; and assume z; < 6; < ||0|o to conclude

Ry < ra.eo(77) /2 (h A 6;)* (L + (a5 A 6(7) %)
< C8( ) a/Qha —a/2
Finally (6.10) and (6.11) show Assumption 5.1(c) holds for (;,b;).
Next consider Assumption 5.1(b). Let x € M, (S) and n > 0. If [(x A 0) — x0|g, >
260, assume |z’ — z|g, < |(x A 0) — zo|g, — 280, so that
(@' A6) — 2ol = (2 A 6) — Tolay — I(z A 0) — (2’ A )]s
> |(x A O) = ol gy — |z — 2|5
> %50
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as well. Then 7;(z) = 3i(z') = 4?2 and b;(z) = b;(2’) = b? and so Assumption 5.1(b) holds
as both sides are zero. (Here we are taking limits in the weaker norm | - |,, as will be the
case below.) Assume therefore that |(z A6) — zo|g, < 28p = 26. By Assumption 2.6(a) we
may choose d; < 7 so that

it |2'—alp <é,  then Y {'7"<w2i(;;i(x)| + |bi(x3i<_x;)"(x)| <. (6.12)

i

Suppose |z" — x|g, < 6;. This implies |(z' A ) — (x A 0)|3, < 1. Note that as
|(Z’ A\ 9) — «'EO|BV < %50 < do,

(z N0
vz AG) 1‘ < .
¥i(zo)
and so ;
G AVAN
WEAO) g (6.13)
¥i(zo)
Therefore

~i$/—? gi$/—bi0 ~Z'£L'—? Ez$—b?
);'“,39 ol B <>r_;w<%) il , i) -
/ ifl?/ 0) — i\ 0 biCL'/ 9—bia: 0
§¢5(|(x/\9)—$0|[3u)<;h( A )%Qv( NO) i’ A )7? (z A )\)
+ los(|(2" A 0) = molsy) — @s(I(x A 6) = 2olp)]

y (Z vi(x /\7?) — )] n |bi(x A 0) — b?|>

7
= Sl + SQ.

Use (6.12) and (6.13) to see that
S1 < 77(1 + po).
Use Assumption 2.6(a) and our choice of dg to see that (recall [(x A 0) — xo|g, < o)

S2 < es|(@ AN O) — (z AO)|gupo < cslz’ — z|gupo < csmpo.
These bounds verify Assumption 5.1(b) for (3;,b;) and complete the verification of the
hypotheses of Theorem 5.5.
Now consider the conditions in Theorem 2.4. The continuity of ¥; and b; on M, 30 (5)
is clear. (2.6) for b is clear as E > 0, and the other conditions have already been checked.
This completes the proof of (6.1) and hence the theorem if b; > 0.
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Next assume (2.10), i.e., lim;_,o v(i) = oo and b;j(z) > —karxiyi(v). Let v =
inf; v(i) > 0. As increasing 3 only weakens the hypotheses and multiplying by a
constant will not change the conditions, we may assume ((i) = v(i)~*/2. Let Zz(x) =
bi(x) + korxivi(z) > 0. We claim (/l;i,’yi) satisfy the hypotheses of the previous case.
As Assumption 2.6(c) is now a weaker condition than 2.6(b), we assume (b;,7;) satisfies
Assumption 2.6(a),(c). By (2.7) and (2.5)

Z@z( <Z|b i) + k2. 7“242 i) < co(|z], + 1),

and so (2.5) holds for b. The continuity of b; on Mg, (S) = M -4 (95) is clear. To check
Assumption 2.6(a), let g € M, (S) and n > 0. Then

Z |bi() ;Qbi(xoﬂ <y [bi(2) _Obi(x°)| + Kot Z %7(56) |2(i) — w0 ()]

= T1 + TQ + T3.
By Assumption 2.6(a) we may choose dy such that |x — x¢|g, < d¢ implies T3 < 7 and
T3 < nllxollec < nlzoly/v.

For |z — xo|g, < dp we may bound T3 by

xr
Zh/z 72 0)’||IE—I'0||OO+/£27Z|I' _xO( )|
7

A

< 610[77|9€ — o|py + |7 — T0|p0 ]

In the last line we used B(i)v(i) = v(i)'~*/? — oo, and so Bv is bounded below. This
shows (b;, ;) satisfies Assumption 2.6(a).
By Assumption 2.6(c) (for (b;,7;)), if h € (0,1], j € S, and |x — xo|g, < do,

Z\b (x + hej) — ( <Z]b (x + hej) — bi(x) Z% ( + he;)hd;;

vi(xo) vi(zo) i (o)
[vi(x + hej) — iz )‘x
Z vi(0) i (6.14)
< o (w0) 2R (L 27 21+ o) + LU RE),
! vj (o)
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The last term is bounded by
[\%’(3«“ t+hej) =@ 1) =50l | 1]h
75 (o) 75 (%0)
< [k2.007; (0) " /2R (1 + 25 ) + 1+ 1]h
< en (o)) 2R (142,
where in the last line we use sup; v;(zo) < co and h < 1. In addition, ||z][e < c12]2]g, <

c13]|xo| gy +do]. Put these bounds into (6.14) to see that (b;, ;) satisfies Assumption 2.6(c)
and hence all the hypotheses of the previous case.

We now check (6.1) for (b;,7;) by a Girsanov argument. Let (;,7;) denote the

coefficients constructed above for which (6.1) holds; that is §; = ( ;). Let

{Px : 2 € M,(S)} be the corresponding measurable (recall this is a consequence of
uniqueness) unique solutions of MP(L,68,) (L has coefficients (3;,7:)). Let b;(z) = B —
Ko rxiYi(z). Let L be the generator with coefficients (bz,%) Note that if |z — z¢|, < 6,

Fi(z) = 7i(z) and b(x) = bi(x) — kegzii(z) = bi(z).

Let P be a solution to MP(L,d.), z € M,(S). Define M} = X (i) — xo(i fo
and

K CoKkE. [T
Rt:exp<z ;7Mtz_ 17/0 XS(Z)'Yi(XS)dS>'

1

Under P, N} = kg7M]/2 is a collection of orthogonal continuous local martingales such

that
K2
v, =5 [ 5
’%%7 ~ t‘ s’u
< —'sup||%-||oo/ ds < oo, t>0, a.s.
2 0 v
This shows that R; is a well defined positive local martingale. Define

T, = inf{t : | Xy, > n} T oo P-a.s. It follows from the above that (Riap, : ¢t > 0) is
a uniformly integrable positive martingale starting at 1 and so dQ,, = R, dP defines a
probability on (€,,F). Under P,

differs by a continuous local martingale from

tAT, ,
tian /0 X, (7:(X)Rads + (M, R), ..

tATy, Ko 7 tA\T,
= —/§}2.7/ XS('L) (X )R ds + T RSZA’Y/Z(XS)XS(Z)dS
0 0

=0.
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Therefore
t
Xi — 20 () — / bi(Xs) + Kor X, (1) (Xo)ds = X — 2o(i / B(X
0

is a local martingale under Q,,. Let @n be the unique law on (€2, F) such that @n| Fr, =
Qunlry, and Qu(X (T, +-) € -) | Fr,) = IP’f(O(T )( ). Then it is easy to see from the above

and Ito’s formula that @n solves ./\/173(£7 J,) and so @n = @go. This implies
Qu(T, < t) =P (T,, < t) — 0

as n — 00. Therefore

P(Rt) Z P(‘Rt/\Tn]‘(TnZt))
= P(Rt/\Tn) - @n(Tn < t)
— 1

as n — oo. This proves (R; : t > 0) is a martingale under P and so dQ|z, = RdP|z,
defines a probability on (€2, F). Now we repeat the above without the T),’s to see that
Q = P®0. Therefore if M} = M} — ko7 fg Xs(1)7:(Xs)ds, then

dP|z, = Ry 'dP? |,
2 t
= oxp (= 30 2T 4 M2 / X (03X, )ds ) B2 5,

; 2
(AN

= exp ( — %Mt — @/ X ’VZ(X )dS)dPIO|]_‘t.
€S

This shows PP is unique. Existence of solutions to MP(Z, J.) can be shown by either using
the above formula or directly applying Theorem 2.4. For the latter note by (2.7) for 7,
that b; > —kg 7Kk2 4x;. This verifies (6.1) for (b;,;) and so the proof is complete. O

7. Proofs of corollaries.

Proof of Corollary 2.8. Fix z,y € M, (S) and define z,, € M, (S) by

. z(i), i€ S,

Zn(1) = . i . 7.1

0= igs. 1)

Then |z, — z|, — 0 as n — oo by dominated convergence. The continuity of v; implies
vi(@) = 7i(y)] = lim |7i(zn) = 7i(20)]

oo

Z i(Znt1) = Yi(zn)|

oo

> (- yj)ej) —7i(zn)|-

jeSn+1 _Sn
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A similar bound on |b;(z) — b;(y)| and an application of (2.12) leads to

> i) y)l + bz |<ZZ Y. Cldley =yl

1€S €S n= OJESn_A,.l Sn
= Oy —yyl* (7.2)
jes

If « =1, thanks to (2.13), this leads to
Z [vi(@) = v ()| + bi(x) — bi(y)| < 1|z —yla. (7.3)
i€s

If o <1,set 7 =7(a) = a(l —%5). Then Holder’s inequality and (2.13) bound (7.2)

Zaj)y(j)w(mxj —yj|”
[ZC ()0 T S () ) — y)

j
= c2|x—y\yl_%. (7.4)

Assumption 2.6(a) with 3 = v~%/2 follows from (2.11), and (7.3) if « = 1 or (7.4) if
a < 1. If a =1, note that |- |g, is a stronger norm that |- |;. (7.3) and (7.4) also show
that b; and 7; are uniformly continuous on M, (S) with respect to |- |,1-a/2 and so have
unique continuous extensions to M,1-a,2(S). Assumption 2.6(c) is a simple consequence
of (7.2), sup,; C(j) < oo (by (2.13)), (2.11), and (2.7). (2.10) follows from (2.11) and
Assumption 2.3(b), and so Theorem 2.7 applies. O

Proof of Corollary 2.9. We verify the hypotheses of Theorem 2.7. Let
ZZJ) = Z Zjiqji-
J

Then
Z% Ko.0v(j) +qv ()] < erlay.

S = 32| a5 v)

Hence (2.5) holds with b replaced by b; it follows that Assumption 2.3(a) holds for b. By
(2.14), (2.10) with b replaced by b, and (2.11),

bi(x) > /5@(96) + ziqii > (—c2vi(T) — qis)xi > —cs3vi(x)x;
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Hence (2.10) holds with b. Next consider Assumption 2.6 with 3 = v~%/2. We may assume
without loss of generality that b; satisfies Assumption 2.6(a) and (c) with 3 = v=%/2. Note
that if z, 29 € M, (S5), then

Z\b —bxo!<ZZIfL’ — ao(j !!qﬂ|<2qz1x —~ a0(j
< eyl — zo|p1-aye.

Assumption 2.6(a) follows for (b;);cs as does the fact that E, and hence b;, has a continuous
extension to M,1-a,2(S). If h € (0,1] and j € S, then

S lbi(e + hey) = bi)| = Z‘Z(m + 655 )ae — Y wequs
7 7 y4 4

< ZM%’ < 2gh”.

In view of (2.7) and (2.11) this shows b;, and hence b;, satisfies Assumption 2.6(c). This
establishes the hypotheses of Theorem 2.7. O

Proof of Corollary 2.10. Our choice of p implies sup; C(j) < oo. The choice of g then
easily gives (2.13). The required result now follows from Corollary 2.8. O

Proof of Corollary 2.11. By Corollary 2.10 (and its proof) (/Z;i,’)/i)ieg satisfies the
hypotheses of Corollary 2.9, and hence Theorem 2.7. Also (2.11) holds by hypothesis. The
required result will therefore follow from Corollary 2.9 if we can show (2.14) and (2.15)
hold. The former is trivial. For (2.15) note that

> 1 #J)qu(||+1q_>\zp (I + k| + 1)

A

< clAzp (k" + (151 + 1))
< ClA[mq U1+ D7 < esAlls] + 1)

This gives (2.15) and completes the proof. 0O

Proof of Corollary 2.12. We apply Corollary 2.11 with El = 0. We only need to check
that (7;) satisfies (2.12). Assume |y(z) —v(y)| < c1|x —y|*, where | -| is the usual distance
on RY. Then for any fixed p > d,

[vi(x + hej) —vi(x)| < 1(i—ji<rycrh® < coli — j| +1)7Ph™.
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and so (2.12) is valid. O
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