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Abstract

We consider the operator Zij:l VTiT;ij (T) #;xj —1—2?21 bi(x) 8%1- acting on func-
tions in C,? (Ri). We prove uniqueness of the martingale problem for this degenerate
operator under suitable nonnegativity and regularity conditions on «;; and b;. In con-
trast to previous work, the b; need only be nonnegative on the boundary rather than
strictly positive, at the expense of the 7;; and b; being Holder continuous. Applications to
super-Markov chains are given. The proof follows Stroock and Varadhan’s perturbation
argument, but the underlying function space is now a weighted Holder space and each
component of the constant coefficient process being perturbed is the square of a Bessel
process.
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1. Introduction.
Consider the operator

d
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on functions in CZ(R%), the space of bounded C? functions on the non-negative orthant
with bounded first and second order partial derivatives. We prove uniqueness of the mar-
tingale problem for £ under suitable nonnegativity and regularity conditions on the ~;;
and b;. A precise statement is given below, but in essence we require that for each = the
matrix 7;;(x) is positive definite, the off-diagonal terms are small for x in the boundary of
Ri, bi(x) > 0 when x; = 0, and the ;; and b; are Hélder continuous of order a for some cv.
We were motivated by some open uniqueness problems from the theory of superprocesses
(see Example 1.4 below).

Let v be a probability on R%. Let @' = C([0,00);R%) and furnish Q' with the
cylindrical Borel o-field. Let X;(w) = w(t) for w € Q. Set F} = Ny>10(Xs 1 s < u). We
say a probability measure P on C (Ri) solves the martingale problem M P(L,v) if under
P the law of X is equal to v and for all f € CZ(R%)

F(X0) — F(Xo) — /0 LF(X,)ds

is a local martingale under P with respect to the o-fields /. In defining CZ(R%) it is
understood that for x € 3]1%1, the appropriate partial derivatives are interpreted as right-
hand derivatives. Let |z| denote the Euclidean norm of z € R? and S denote the space
of d x d symmetric strictly positive definite matrices. We assume that for some fixed
a € (0,1],

(H1) (7ij)i<a : RY — ST is a-Hélder continuous on compact sets.

(H2) (b;)i<a : RT — R? is a-Holder continuous on compact sets and for all i < d,

bi(x) > 0 whenever z; = 0.

Remark 1.1. (a) Note that (H1) implies that if a;;(z) = |/Z;Z;7;;(x), then the matrix
a(x) is symmetric non-negative definite for each x € ]Ri, is symmetric positive definite for
each such x outside of Q]Ri and is continuous in x. Standard results therefore show the
existence of a solution to M P(L,v) for any given law v if we assume

b(z)] < C(1+ |z|) for all z € RE (1.2)

(see Theorem V.23.5 in [RW87] and (c) below, or the proof of Theorem 1.1 in [ABBPO01}).
Also [SV79] gives uniqueness of solutions up until the first hitting time of OR% and so the
main difficulty will be in resolving local uniqueness at points in 8Ri. (H1) also implies
that for all i < d and = € R%, ~;;(z) > 0.



(b) As is well known, uniqueness of the martingale problem M P(L,v) is equivalent to the
weak uniqueness of the corresponding stochastic differential equation. If o(x) € Sj is the
square root of the matrix y(z), then P is a solution of M P(L,v) if and only if P is the
law of a continuous process (X;,t > 0) defined on a probability space carrying a random
vector X (0) with law v and an independent d-dimensional Brownian motion (B?,..., B%)
such that

0
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Xi(t) = X'(0) + Z/ V2Xi(s)oi (X (s))dB*(s) +/ bi(X(s))ds, k=1,...,d. (1.3)
k=170

(c) If we extend v and b to R?, by setting y(x) = v(x7,...,z}) and similarly for b, then

(H2) and an easy comparison argument using the stochastic differential equation (1.3) (as
in V.43 of [RW87]) will show that any solution to MP(L,v) starting in RY will remain
there. Hence nothing is lost by restricting our attention to Ri—valued solutions.

(d) Note that our formulation of the martingale problem considers f € CZ(R%), whereas in
the usual formulation one considers f € CZ(R?). Suppose f € CZ(R%). For any solution of
MP(L,v), continuity of paths will imply that Tr = inf{t : | X;| > R} tends to infinity a.s.
as R — oo. To show that f(X;) — f(Xo) — f; Lf(Xs)ds is a local martingale, it suffices
to show that for each R, f(Xia1y) — f(Xo) — fOtATR Lf(Xs)ds is a local martingale, and
we may thus suppose without loss of generality that f has support in [0,2R]?. By [St70],
V1.4.6, a function in CZ(R%) with compact support has an extension which is in CZ(R?).
In view of (c), this shows it is immaterial which formulation of martingale problem we use.

In view of the above our focus will be on the uniqueness of solutions to M P(L,v).

Our main result is

Theorem 1.2. Suppose (H1) and (H2) hold. There is a positive constant ¢1.1 = ¢1.1(a, d)
such that if
Z |75 (z)| < c14 IIlZIIl Yii(x) for all x € ORY, (1.4)
1#]
then for any probability v on Ri, there is at most one solution to M P(L,v). If, in addition
(1.2) holds, then there is exactly one solution to M P(L,v).

The above result is not as satisfactory as one would like because (1.4) requires the
off-diagonal terms to be small on the boundary of the non-negative orthant. We have
not been able to remove this condition but fortunately the main class of examples which
motivated this work will trivially satisfy this condition as the off-diagonal terms will vanish.
The following result, which follows immediately from Theorem 1.2, is therefore the result

of major interest for us.



Corollary 1.3. Suppose (H1), (H2) and (1.2) hold, and
ij(x) =0 for all x € ORY and all i # j. (1.5)

Then there is exactly one solution to M P(L,v).

Clearly in Corollary 1.3 one may weaken (H1), (H2) so that the coefficients are
Holder continuous of some index on each compact set as this suffices to prove uniqueness
of solutions up to the exit time of any large ball. This is used implicitly in the examples
discussed below.

Example 1.4 (Super-Markov Chains). Let ; : R — (0, 00) be Holder continuous on
compacts and let ¢;;(z) be a Q-matrix for all z € Ri, that is, ¢;;(z) > 0 for all ¢ # j and
> i Qi (x) = 0 for all . Suppose g¢;;(-) is Hélder continuous on compacts, bounded, and let

d d d
Lof(z)= in%’(x)fii(ﬂc) + Z ( ijji(iv))fi(ﬂ?)-
i=1 i=1  j=1
If g and ~ are constant, M P(L,v) is the martingale problem characterizing a superprocess
with branching rate 7; in state ¢ and underlying spatial motion governed by a continuous
time Markov chain with Q-matrix (¢;;). For ¢ and v as above MP(L,v) arises as the
weak limit points of the large population, small mass and high branching rate limit of a
branching particle system in which both the migration process and branching rate are now
dependent on the empirical measure of the entire population. In other words the particles
now interact with each other both through their Q-matrices (g;;(z)) and branching rates
vi(x) (see the discussion in Section 1 of [ABBPO1] for more details). A direct application of
Corollary 1.3 with b;(x) = Z;l:l 7;q5:(w) and ~;(z) = 1(;—;)7vi(x) shows there is exactly
one solution to MP(Lq,v) for any probability v on Ri. It therefore follows that the

above interactive branching particle systems actually converge to the unique solution of
MP(L,v).

It is now interesting to compare Theorem 1.2 to the following result which is essen-
tially Theorem 1.1 from [ABBPO1].

Theorem A. Assume for i < d, v; and b; are continuous on Ri, i 1 strictly positive,
and bj(z) > 0 if ; = 0. Assume also (1.2) holds and v;; = 0 for i # j. Then for any
probability v on R% there is exactly one solution to M P(L,v).

The above theorem is slightly stronger than Theorem 1.1 in [ABBPO01], which as-
sumed b;(x) > 0 on all of 8]1%1. The change of measure argument used in the localization
argument in the proof of Theorem 1.2 in Section 6 (see especially the argument in Case 2)
can be easily modified to yield this improvement.
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Theorem 1.2 imposes an additional Holder continuity assumption on b; and ~; but
allows (small) off-diagonal terms in the diffusion matrix and, more importantly, weakens
the strict positivity condition on b; on {z; = 0} to non-negativity. This is precisely where
the diffusion term degenerates and so it is perhaps not surprising that this improvement is
rather delicate. This improvement turns out to be highly desirable from the perspective of
applications such as Example 1.4. Example 1 in [ABBPO01] gives the analogous uniqueness
result to Example 1.4 above but instead assumes that ¢;; and 7; are only continuous and

¢ij(x) > 0 for all ¢ # j whenever z; =0 and = # 0. (1.6)

The latter condition is needed there because of the strict positivity requirement on the
boundary and rules out some of the most natural migration mechanisms such as nearest
neighbor random walk. For ordinary super-Markov chains with 7; = 1 and ¢;;(x) indepen-
dent of x, it is known that just before extinction X; will hit a single axis (i.e. X} = 0 for
all but one value of i) infinitely often (see [T92] for much stronger results). This means
that when (1.6) fails (as is allowed in Theorem 1.2), the effective drift b;(X;) may indeed
be 0 and the diffusion must know what to do when it hits corners, even if it starts in the
interior of le_.

Similarly Example 2 of [ABBP01] deals with a family of mutually catalytic branch-
ing mechanisms in which there are K types occupying d sites, the branching rate of each
type at site i depends on the amount of mass of the other K — 1 types at this site, and
the migration of the each type depends on the configuration of the population of this
type. Again in Example 2 of [ABBP01] one must assume (1.6) holds for the migration
mechanism of each type, again ruling out the most natural local migration mechanisms.
The present theorem allows us to obtain the uniqueness result given there without this
condition (i.e. without assumption (1.13) in [ABBPO01]) but assuming now the branching
rates and ()-matrices are all locally Holder continuous. The same comment applies to the
stepping stone models treated in Example 3 in Section 1 of [ABBPO1].

We feel the Holder continuity condition is a small price to pay for the inclusion of
the most natural migration mechanisms. It is, however, natural to ask if Corollary 1.3 is
valid if we only assume continuity in (H1) and (H2) rather than Hoélder continuity. In fact,
the example given in Section 8 of [ABBP01] shows that even for d = 1 this is not the case.
The same example showed that the strict positivity condition on b;| R in Theorem 1.1 of
[ABBPO01] is also needed. We state it here for completeness.

Counter-example 1.5. Let d = 1, b(z) = (c/ log™ <1>> A1 for x > 0, and let b(0) =

x

b(0+) = 0. If ¢ > 1 then the stochastic differential equation

dX; = (2X,)Y2dB, + b(X,)dt, X, =0, (1.7)
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has a solution X > 0 which is not identically 0. Since 0 is also a solution, uniqueness in
law fails for solutions of (1.7) and hence also for solutions of M P(L,dy) where

L) = 252 @)+ b)) D (),

The reader is referred to Proposition 8.1 of [ABBPO01] for a proof but this counterexample
can also be viewed as an exercise in boundary classification for one-dimensional diffusions
on R, .

Unlike the method of [ABBPO01], which was a perturbation method in the space L?,
in this paper we use a perturbation method in a certain weighted Holder space. Another
advantage of this approach over that in [ABBPO01] is that it appears to extend to infinite
dimensions. One would like to obtain uniqueness in (1.1) when the underlying state space is
countably infinite or even uncountably infinite, in which case one must deal with measure-
valued martingale problems. This would allow one to establish analogues of Example 1.4 in
infinite dimensions. The L? methods of [ABBP01] seem unlikely to succeed here, and even
if they did, the infinite dimensional version of the required condition (1.6) is particularly
unnatural. So far we have been able to extend the approach in this work to some infinite
dimensional settings and we will pursue this further in a future work. Classical Holder
spaces have already been used in (different) infinite dimensional settings in [CD96].

We close with a brief outline of the paper. In Section 2 we introduce weighted
Holder spaces, which we denote by C& (Ri). After some inequalities based on Gamma and
Poisson distributions in Section 3, we begin developing our estimates in Section 4. We

start by considering the one-dimensional process with generator

ya [ (@) + bf'(x),

where 7 is a positive constant and b is a nonnegative constant. Explicit formulas are known
for the transition densities, and working with these and the inequalities of Section 3, we
obtain estimates on the L* and CS(R4) norms of (P, f)" and z(P,f)” in terms of the
C2(Ry) norm of f; here P, is the corresponding semigroup.

In Section 5 we begin analyzing the operator

d 52 d
> [t + 005l @),

where the 7? and b) are constants. Since the semigroup corresponding to this case is
given by a product of one-dimensional semigroups, we can derive estimates for the L
and C2(R%) norms of O(P,f)/0z; and z;0?(P,f)/0z? from the corresponding results in
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Section 4. We then integrate these to obtain estimates for the resolvent R) for the constant
coefficient case.

The perturbation argument is carried out in Section 6, and Theorem 1.2 is proved
there. Let Sy be the resolvent for the operator in (1.1). Under some additional assumptions

on the coeflicients we can write
S\f=Rxf+ R\BR) + R\BR\BR) + - --

for a certain operator BB, and this leads to uniqueness of the martingale problem for £. The
estimates of Section 5 are exactly what are needed to show BR) is a bounded operator
on C3(R%) with norm less than 1. Finally we remove the additional restrictions on the
coefficients by a localization argument.

We use the letter ¢ with subscripts to indicate finite positive constants whose exact
value does not matter and whose value may change from line to line.

2. Preliminaries.

Let e; be the unit vector in the -th direction in R%. If f € Cp(RL), a € (0,1]
(eventually we will take v to be as in (H1) and (H2) but this is not important for now),
and 1 < < d, let

£+ hed = (@) oo

|f|a,z‘=sup{ a x; :h>0,xeRi}.

If || f]|oo is the sup norm of f, set
[fla =sup|flais  [flla = [fla+ £l
1<d

and
CaRY) ={f € Co(RY) : || flla < o0}.

Here C,(R%) denotes the continuous bounded functions on Ri. The same argument as for
the usual Holder spaces shows that (C, | - ||«) is a Banach space. We will refer to it as
the weighted a-Holder space.

Clearly, if f is bounded, uniformly Holder of index «, and is constant outside of
a bounded set, then f is in C;. On the other hand, as the following binary expansion
argument of Lévy shows, f € CS implies f is uniformly Hélder of order «/2. Here, the
requirement that f be continuous at 6]1%‘_1'_ is essential.

Proposition 2.1. There exists c, such that for all f € C&(R%)

@) = FW < calflalz =yl 2y e RY. (2.1)
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Proof. Assume first d = 1. Let y > 2 > 0. Let 2, = 27"y + (1 —27")x | «. The
continuity of f shows that

1f () = f@)] <D 1f(@n) = F(@ni)]
n=0
< Z |f|a(xn+1)_a/2|xn — Tpy1]”
n=0
= flale+27" y —2)| 2@y —2))°
n=0

< | flaly — 2|2 (27 1)e/?
n=0

= cal flaly — z[*/2.

For general d simply change one coordinate at a time to see that

d d
1f() = F@)] < ca D | Flailyi =2l < calfla D v — 2l < cal flaly — 2[*/>.

We extend the definitions of |f|,; and |f|, to f : (0,00)? — R by taking the
supremum over z € (0, 00)? instead of over R%. If f is continuous on RY these definitions
clearly coincide.

Lemma 2.2. Let f: (0,00)¢ — R satisfy |f|o < co. Then f is uniformly continuous and

has a unique continuous extension to R% which is uniformly Holder o/2 continuous.

Proof. Note that |f|, < oo clearly implies that f is continuous on (0,00)¢. Now take
y > = > 0 in the above 1-dimensional argument and then y,z € (0,00)¢ in the above
d-dimensional proof. (Note that the proof of Proposition 2.1 did not use the boundedness
of f.) This gives the uniform «/2 Holder continuity on (0,00)% and the result follows. O

Let
L0 f(x) =~yxf’(x) +bf' (x), ~v>0,b>0

be the generator of X, * More precisely, X7:® > 0 is the process such that

M = ) 50— [ g0 as
0

8



isao(X)b: s <t)martingale for all f € CZ(R%) and Xg’b = x is given. As is well known,
the law of X7* is uniquely determined. We will need to work with the well known series
expansions for the transition densities of X7?; see, e.g., Gradinaru, Roynette, Vallois, and
Yor [GRVY99].

Ifb>0,
P* (X, € dy) = ¢;""(x,y)dy,

where
) = oot e{ (TR} [Y L
z,y)=(t) "y “ex . 2.2
¢ (z,y) = (1) 7y p o z::omlr(er%),yzmtzm (2.2)
If b =0,
PT(X)" € dy) = e~/ 8o(dy) + 4] °(z, y)dy = ¢;"°(x, dy), (2.3)
where

P - o tonl (520} £ Gk () m(E)” e

m=0

and dg is point mass at 0.

3. Some basic inequalities.

Lemma 3.1. Let S, = Zle Z; where the Z; are i.i.d. exponential random variables with
parameter 1. Then for all p > 0 there exists ¢, € (0,00) such that

5 (%"

P
)gcp, k>1.

Proof. Let a = . Since Ee®% =1/(1 — a), then

E exp <a((Sk —k:)/ﬁ)) — <%>ka
k

which is bounded by a constant not depending on k. Performing a similar calculation with

a = —% and combining, we conclude
supE exp(|Sy — k| /(2VE)) < oo.
k
The conclusion is now immediate. O



Lemma 3.2. (a) For each p > 0 there exists a constant ¢, such that if r > 0, then

r—1
/ |z — T|p?(r) e *dz < cp(rP/? +1).

(b) For each p > 0 there exists a constant ¢, such that if r > 0 and s € (0,7 A 1), then

L(r—s)
I'(r)

r—1
/|z—r|pz )z_se_zdz <g¢ (rP/2 4 1).

L (r

Proof. (a) Let X, be a gamma random variable with parameters r and 1, let k = [r],
and let Sx be a gamma random variable with parameters k£ and 1 as in Lemma 3.1. Let
v =r —k and Y, a gamma random variable with parameters v and 1 (with Yy, = 0) and
independent of S;. Then X, is equal in law to S + Y,. We have

r—1
/ |2 — T’p;(—r)e_zdz —E(|Sk+Y, — ).

A simple application of Jensen’s inequality allows us to reduce the result to the case where
p is a positive integer. The right hand side of the above equation is bounded by

I'(p+v)
I'(v)
In the first inequality we used Lemma 3.1 and in the last inequality we used I'(p + v) =

(p+v—1)---vl'(v) < pll'(v).
(b) This is immediate from (a) by replacing r with r — s. O

cp(E(|Sk — k[P) + E ((Y,)P) + |k — r[P) < cp(kp/z n n 1) < ey (P2 4 1),

Recall
e’e) . Zk
/0 e Hdz =1. (3.1)

Lemma 3.3. Let w,r > 0.

(a)

Ze‘wﬁk_r < (IAw™). (3.2)
k=1 '
(b)
= —w w” —r 1 _r
Ze ﬁk lw—k| <c (wAw2™"). (3.3)
k=1

Proof. Let N be a Poisson random variable with parameter w. The statement of the
lemma is then equivalent to

E[N"1ys) < er(1Aw™") (3.4)
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and
E[N""1(ys)|N —wl] < e (w?™" Aw). (3.5)

If N> 1, then N™" <1, so clearly the left hand side of (3.4) is bounded by 1. To get the
bound of ¢,w™", by Jensen’s inequality it suffices to prove this bound with r a non-negative
integer. But

To prove (3.5), on the one hand we have from (3.4),

E[NT"T(n>1|N —wl|] < <E|N _w|2>% <E [N_er(Nzl)D

-7

N[

< cw%w
and on the other hand,

E[N""I(n>1)IN —w|]] <E[N""1(n>p] +wE [N (5]
<EN +w=2w.

4. One-dimensional semigroups.

In this section we take d = 1. Assume first f € C,(Ry). We consider first b = 0
and write P, f(z) = E*f(X""). When differentiating P,f at = 0, it is understood we
are always taking right hand derivatives.

Lemma 4.1. Let f € C,(R%). (a) We have

(Pf) (@) = e/ / Oo[f(zvt) 0

k—1 d
m/’yt t z z
e vt /)fz7 ! CERIET

The series converges uniformly in x on compacts in [0,00) for all t > 0.

(b) We have

(PfY (@) = eI / Oo[f(m) e (2 -2~




The series converges uniformly in x on compacts in [0,00) for all t > 0. In particular,
(Pif) and (P.f)" exist for all x > 0 and are continuous.

Proof. If f(z) = f(z) — f(0), then P,f(z) = P,f(z) — f(0) and so it follows that the left
hand sides in (a) and (b) are the same for f and . From (3.1) we see that the right hand
sides are also the same for f and f Hence we may assume without loss of generality that
f(0) = 0. By Fubini and the substitution z = y/(~t),

It is easy to differentiate through the summation (e.g., the resulting series is uniformly
and absolutely convergent on compacts as f is bounded) and so this gives (a). A second
differentiation gives (b). D

We use the following notation. If f € Cp(R,) let

> 2k dz
Fr(t) = ; fleyt)e™ 5 — (4.1)
and
Gr(w) = e “w*t1 k!, Hy(w) = e “wk /k! (4.2)
For k > 1 set . -
B0 = [ 1t = fole Sl - 1 (43)
and set
Bty = |10 - F0le (14)

Lemma 4.2. (a) If f € C3(R4), then

[Jo(®)] < cal fla(vt)2

(b) For all k > 1
[Te()] < calfla(yt) 2~ k2.

Proof. (a) Using Proposition 2.1
(0] < cal flart)2 7 [ 2Eeaz,
0

and (a) follows immediately.
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(b) We have

o P 2P dz
I | |Gt = flt]e |5 - | S
1< [ [1G0 = ]| - =] S
Since f € CS(Ry), this is less than or equal to
o > Flemz 4 o
cal a4 [ Jo = K I8 4 H)d
O .

Stirling’s formula shows that I'(k — §)/T'(k) < cok~ 2. This and Lemma 3.2 gives (b). O

Lemma 4.3. (a) There exists ¢, > 0 such that for all f € C2(R.)

(i)

M
L\JIH

(P @] < G ((55) 7 A1) < calflatrt)F a4 90)"

(i)
[#(PLf) ()] < calflalyt) 27 (2 A1)

(b) Suppose f € Cy(R4). There exists ¢y > 0 such that

(i)

NI

Pyl < FUEE((5) 7 A1) < oot (o 70)

(ii)

o(P) @) < co e (2 11),

vt A\t

Proof. (a)(i) From Lemma 4.1 and (3.1),

[e.¢]

Nk
(Puf) (x) = e Jo(t) + e/ ; (%) %Jk(t).
By Lemma 4.2,
o > k .
(P @) < calflatrt)? e 1457 () | (4.5)
k=1 )

Using Lemma 3.3(a) and the clementary inequality e=* < (1 Aw™2) for w > 0, we obtain

(i).

13



(ii) We may assume without loss of generality that f(0) = 0. Then from Lemma
4.1(b), setting w = z/~t, we have

ZGk JFk—1(t) — 2F%(t) + Fi1(t)] + Go(w)[F1(t) — 2Fo(t)].

Summing by parts, we see that

x (P f)" ()
k=1
o e~ w e’} _sz—l dz w 0o . dz
=3 Srtlo—H [ e S tm 9 e [ et

By (3.1) and the fact that f(0) = 0, this in turn is equal to

oo

wk
— E e_wﬂ[w — k| Ji(t) — we™ " Jy(2).
k=1

To prove (ii) we bound |Ji(t)| and |Jo(t)| by using Lemma 4.2, and then use Lemma 3.3(b)
and the elementary bound we™ < w A 1 for w > 0.
(b) (i) By Lemma 4.1(a)

e—x/wt oo . e—m/'ytHfHOO > k1 sz—l
(PH @I < 2l [ e e S () | e - b

Using Lemma 3.2 this is bounded by

CO%[Hi(ﬁ)’%kﬂ,
k=1 ’

i i

and (i) follows from an application of Lemma 3.3(a) and the fact that e~ < w2 A1 for
w > 0.

(ii) We may assume without loss of generality that f(0) = 0 (or else consider
f—f(0)). By (4.6) and Lemma 3.2, if w = x/~t,

o~ — k| [ _ 2! 1fllo -
P " < H HOO w k’w / z — kldz OO w
(P (@) < D= S et [ e R e 4 e




We now apply Lemma 3.3(b). O

Lemma 4.4. (a) There exists ¢, > 0 such that for all f € C$(R4) and for all x, A > 0
we have

(Pf) (@ + A) = (Pf) ()] < cal flalyt) 2 (z + 1) 2A.

(b) There exists ¢, > 0 such that for f,z, A as above

@+ AP @+ A) = 2(Pf ' (@)] < cal fla(3t) 3% (@ 1) 72 A,

Proof. (a) From Lemma 4.1(a) (recall the definition of Hy in (4.2)) and (3.1),

Pf) (o +A) = (PfY (@) < [ Hi (£ (5|1

(PY (o 8) = (R @) < 3 ()~ H () |1l
Since Hj(w) = e~ w*~1(k —w)/k! for k > 1 and Hj(w) = —e~%, we get from Lemma 4.2
that

(Pef) (x4 A) = (Pof) ()]

< Cal flalyt) 3 e/ W%)

(a+A) /1t o 1
y teTvyk 5Ty dylk™ 2.

+ calfla ’Yt

By Lemma 3.3(b)

(Pef) (x + A) = (Pof) ()]

N N (z+A)/~t Al
< COc|f|OcA('Y7f)5_2‘9_56/w + Ca|f|a(7t)5_1 / v )dy.
z /vt Yy
Note (y A1)/y < e(y+1)"2 for y > 0 and so
(+8)/7t () A 1 (2+A) /vt A 1
/ wry) )dygc/ (y+ 1)ty <e— (S 41)
x /vt Y x /vt yEAt
Use this and the elementary inequality e~/7 < ¢(yt/(x + ~t))2 to derive (a).
(b) Lemma 4.1(b) and (3.1) imply
7 T > s dz
= l t) — ) fuad
oA @) = 1 (5) [ e - rope -2
o PAa 22k 2Pl dz
H 1 t) — f(kvyt))e™? — —.
+2 et (5) ) [0 = 100 [ = T+ G

15



Therefore

(@ + A)(Pef)" (2w + A) — 2(Pf)" ()] (4.7)
< ‘H1<$1—tA ’yt ’ )/ f(zvt) — f(0))e *(z — 2)%

(23] e

where — )2 |
> ZF- z2—k)*+k—2zdz
Ki(t) = £ — —= az
10 / (Fert) = Flhrt)e ™ iy o
Note that Hj(w) = e~ (1 — w), so by (2.1) we have
r+ A . dz
‘H1< e H1 w H/ Flent) = FO)e* (= = 2) (4.8)
(z+A)/~t
< cal a3 [ 072z — ol e (1~ w)dw
0 z /vt

N (z+A)/~t
< calflalyt)z ! / e (1 — w)dw‘.

x /vt

We also have for £ > 1,

a_y [ —k)?+ k422 2!
Kult)] < cal a3~ [T hmese - e B EREE 2 ey,
0 k (k—1)!
Lemma 3.2 and a short calculation gives
Kk ()] < cal fla(rt) 571 (4.9)
Use (4.8), (4.9), and Hj(w) = e~ w* 1 (k — w)/k! in (4.7) to get
[z + A)(Pf)"(z + A) —x(Ptf)”( )| (4.10)
o (z+A) /7t wk
< colfla(rt)2 w e —(k — w)dw|.
z /vt k!

e (ZC+A)/’yt 1 @ 3 1
< calfla(yt) 7} // (w+1)"2dw < col fla(vt)2 72 (z +7t) 24,
x /vt

where we also use Lemma 3.3(b) in the last line as well as the fact that 1Aw™1/2 < —£—
U

iV l—l—w

We now turn to the case where b > 0. We write PP f(z) = EZf(X]"?).
The proof of the following lemma is nearly identical to that of Lemma 4.1 and is
therefore omitted.

16



Lemma 4.5. (a) If f € Cp(Ry), then

00 k 1 o0 Zk"'% zk—'_%_l dZ
pbFy _ —z/yt (X _/ t)e - ~F
(P f) (x) kzzoe <fyt> A f(zt)e <F(k—|—%—|—1) I‘(k—l—%)>7t

and the above series converges uniformly in x on compacts in [0,00) for all t > 0
(b) We have

b

1 — J— 11
(PP :7;/<>_

k!

k+2 E+2-1 k+2—2
z ¥ z Y z 2l dZ
x k zyt e_z[ -2 + —,
A fent) Pk+2+1) T(k+2) Tkh+2-1)lqt

and the above series converges uniformly in x on compacts in [0,00) for all t > 0

Note that this implies that (P?f)” exists and is continuous for x > 0, with the
understanding that we take right hand derivatives at x = 0

All constants are independent of «v and b unless noted otherwise

Lemma 4.6. (a) There exists ¢, > 0 such that for all f € C2(R.)

(i)

N

)
(P ) ()] < calflalrt) 2 () A1).

(b) There exists cq > 0 such that for all f € Cp(R4)

(i)

(PL) ()] < cal Flatrt) 2 ((

1
2

A1) < calflalrt)?

MI»—A

(z+7t)"

(ii)

N

P @1 < Pl ((5)

vyt

Nl»—t

A1) < coll flloo ()73 (2 + 1)
(i)

(L) @) < el L= ((Z) a0).

vt

Proof. (a)(i) For £ > 0 let

Jo(t) = /Ooo(f(zyt) — f((k+ %)Wt))e‘z< Sh+s Zk+%—1)) dz

5 - )= (4.11)
L(k+2+1) Dk+2)/
By making minor changes in the proof of Lemma 4.2(b) we have for k > 1
o 1 o _ 1,1
[TR@)] < cal fla(V) E 7 E+ 2]72 < cal fla(rt) T 7172 (4.12)

17



For the case k = 0, by (2.1)

b

JL(®)] < ol fla t%l/ z—gH%efzzv—dz.

For b/~ large we use Lemma 3.2(a) to bound the integral in the above by

1
“b/y

For b/~ small we bound the integral by

(&0 41) <

] 3

SURICES S BT O B

-0+ T T+ T
Thus

[J5 ()] < calflalyt) (4.13)

Lemma 4.5(a) implies

#rY@) = Y e I e,

k=0

Use (4.12) and (4.13) to bound |(P?f)'(x)| by the right side of (4.5) and the result follows
as in the proof of Lemma 4.3(a).

(ii) Using Lemma 4.5(b) and summing by parts as in the proof of Lemma 4.3(a)(ii), with
w = z/vt, we derive

b e/ | wF wthy —w, | 7b
(P @) < 32| oy T RO+ el ) (4.14)
2 TR
< calflal [Ze |w k=% 4+ e v ]
k=1

Here (4.12) and (4.13) have been used in the last line. (a)(ii) now follows from an appli-
cation of Lemma 3.3(b).
(b)(i) If £ > 1, then by Lemma 3.2

e’ k— 1+—
\ﬁ@ﬂslﬁESA e%ffi————v—wk+ byldz

~t k+2+1)

k+ 2 1
Ml (AP AL ey w15)
vt k:-|—— vyt

18



Also . -

vt Jo 'z +1) F(W) ot
(b)(i) now follows from Lemma 4.5(a) and Lemma 3.3(a).
(ii) Use (4.14), (4.15), (4.16) and Lemma 3.3(b) just as in the proof of Lemma 4.3(b)(ii).

O

(4.16)

Lemma 4.7. (a) There exists ¢, > 0 such that for all f € C2(R,) and all z, A >0
(PS4 ) = (P21 ()] < calfla(rt) 273 (2 4 4) 2 A
(b) There exists ¢, > 0 such that for all f € C3(Ry) and all x, A >0

@+ A)PLFY (@ + A) = 2(PYF)"(@)] < calfla(r) 3 (@ +4) 2 A,

Proof. (a) This argument is very similar to that given for b = 0 in Lemma 4.4(a).
(b) Lemma 4.5(b) shows that if Db (t) = k(J2(t) — JP_,(¢)) for k > 1, then

(@ + A)(PLF) (w+ A) = a(PLf)" ()] < i\ﬂk(wjf) ~Hy ()| 1Pk
k=1

It suffices to prove the analogue of (4.9) for b > 0, that is,

(DY) < calfla(rt)®~E (4.17)

The result then would follow just as in the proof of Lemma 4.5(b). For k > 2, (4.17) is
easily proved by making the obvious modifications in the proof of (4.9) in Lemma 4.4(b).
We give a derivation of the k = 1 case of (4.17) because some additional care is needed to
ensure that the constant ¢, remains bounded as b approaches 0 (recall our constants do
not depend on b and ). Use (3.1) and Proposition 2.1 to see that

Do =| [ (et - FO)e [Pgi) - F<f”‘f 7t Nb)}%
Scalfla(vt)%1/000%|(2—(1+%))2—(1+%)le
<cslaon i [

+( +7%)Fr(<%b:§>)




Lemma 3.2(b) is used in the next to last inequality. (4.17) follows for the k = 1 case
because the expression in square brackets in the last line is uniformly bounded as a function
of b/ > 0 for each fixed « € (0, 1]. O

Lemma 4.8. Let b > 0. There exists ¢, > 0 such that ift > 0, f € C2(Ry), and z, A > 0,
then
PP fla+A) = PP ()] < cal fla(rt)E 72 A + A 4 91) /2,

Proof. From Lemma 4.6(a) if b > 0 and Lemma 4.3(a)(i) if b = 0, and the fundamental
theorem of calculus,

|Ptbf(33 + A) - Ptbf(x”
x+A o 1
S/ Colfla(7t) 272 (y + 1)~ 2dy
< calfla(7) 273 (x + A+ yt)L/2A.

O

Lemma 4.9. For all p € (0, 1] there exists ¢4, > 0 such that if b > 0, f € C3(Ry), t > 0,
and x,A > 0, then

[z + AP(PLf) (x4 A) — 2P (PP f) (2)] < caplfla(yt)?  (z+ APTIA,

Proof. First let b > 0. For k > 0 let

b b

Lt = /0 Feme [ DESTR Vo) ML

Lemma 4.5(a) implies

o T k+p
(PP () = 3 e EO gy, (4.18)
k=0 ’

Let My(w) = e “w**+P /k! so that
M (w) = e w1k + p — w]/k!.

Use (4.12) and (4.13) to see that

=

L2 ()] = (yO)P| TR ()] < cal fla(yt) 2P (R + 1) (4.19)
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for all £ > 0. Therefore

@+ AP (P (2 + A) — 2P(Pof) ()] (4.20)
% tpi (z+A) /vt X W wktr—1
< calfla(rt)? // I e L R Ldw.

Lemma 3.3 shows the sum over k is at most cwP?~!. Now use the elementary inequality
(x+ A)P — 2P < (x + A)P7LA, which holds for 0 < p < 1, to see that the left hand side of
(4.20) is less than or equal to

Caplfla(rt)E 7 @+ A)PTIA,

Next set b = 0. By replacing f with f — f(0), which does not affect (P;f)" or | f|a,
we may assume f(0) = 0. Let

/ fzt)e ! ~ k__i) ](yt)p_ldz.

Lemma 4.1(a) shows

(Pf) (x) = (L) el / Fevt)e > (vt dz (4.21)

1 Z M (a/7t) Ly, (t).

k=1

By (4.3) and Lemma 4.2, for k > 1,
L ()] = [T ()P < calfla(yt)EFP 1572,
Therefore by (4.21)
((z + AP (Pef) (z + A) — 2P (P f) (2)]

(z+A) /7t 00
< / e wP(p — w)dw‘ ‘/ f(z'yt)e_z('yt)p_ldz‘
z /vt 0
(z+A)/~yt wktr—1
+ calfla(yt)® e_w—(k+p wdw‘k 2
/'7t k
N ($+A)/’Yt oo
< Ca|f|a(7t)§+p_1 / e—wwp—1|p - w|dw/ e dz
/vt 0
(w+A)/vt wktp—1
+ Calfla(yt) 2P~ 12/ Ik + p — w]dwk™>
/vt
(x4+A)/~t

. o0 wrtPTL |k —w| +p
< Calfla(yt)*/2+? 1/ (Ze k! ’(k+1|)1/2 )dw‘

z /vt k=0
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This is precisely the expression that appears in (4.20), so the proof now proceeds as in the
case b > 0. O

5. Multidimensional semigroups and resolvents.
0 ;0
Fix b0 = (09,...,09) € [0,00)%, 7% = (49,...,7d) € (0,00)%. Let X; " € R% be
the diffusion with generator

d
£ @) = 0w fa (@) + B fi@).

=1

. . 0 ;0
Hence X; = (X},..., X{), where the X are independent and X/ has the semigroup P, b
which was studied in Section 4. We write P; for the semigroup of X; and

Pif(x) = /O G, dy) fw)

for the semigroup of X*, where ¢ = qz“  is defined by (2.2) or (2.3). We will keep

track of the dependence on 7% and #°, so all constants c, will be independent of ~°, b°.
Let (e1,...,eq) be the standard basis for R?. Partial derivatives with respect to z; when
x; = 0 are understood to be right-hand derivatives. If z = (z1,...,24) € Ri, let 7; =
(k) ksti € Ri_l, Tij = (T )kiy € Ri‘Q, ete. If f € Cg(R‘fr) and 1 <1,j <d we set
Ffi(yiSta/x\i) = F(yi;t,7;) = /Hqt :L‘],dyj f(y), (5.1)
i#]
and
Grij(Yi,yj5t, Tij) = G(Yi, Y53 t, Tij) / H a; (k. dyi) f(y)- (5.2)
k#i,j

We frequently write g; for dg/0x; and similarly for second partials.

Proposition 5.1. If f € C%(R%) and t > 0, then (P.f); and (P.f);; exist on RY and
satisfy
(a)
1(Pef)illoo + li(Pefiilloo < calfla,i(3it) 2™
(b) 1
g (2 H ) |
(Pf)i(@)] < eal 0?0 ((555) A1) (5.3)

(P ()| < ol o 080)27 (15 A1) (5.4)
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Proof. We have
Puf(@) = [ dilaidy) Pyt ) (5.5)

Note that if A >0
\F(yi + Ast,2)—F(yi t,75)|

/If y+ Aei) — f) [ df (2, dy;)

JF#i
< |f|a zya/2Aa
and so F'(-;t,7;) € C5(Ry) with

[F (5t 7)o < |f

i (5.6)

It follows from Lemmas 4.1 and 4.5 that

(P:f)i(z) = (PLF(51,2) () (5.7)
and
(Pif)ii(x) = (PLF(5t,2:))" (1) (5.8)

both exist. The assertions of the Proposition now follow from Lemmas 4.3 and 4.6, and
(5.6). O

Proposition 5.2. Let f € C¢(RL), t > 0. Fori=1,...,d, (Pef)i, (P:f)ii, and x;(Pif)i;
are bounded and continuous on Rd and for all A >0,x€ Ri, and 1 <14,5 <d:

(a) 1(Pif)il + Aej) — (Pf)i(a)] < col flog B (2205 =3 (2 + 7983 A
(b) |2+ Deg)i(Pf)is( + Aey) = 2Pl ()] < cal flag 2 (4903 (a5 + 19072,

Proof. First consider i = j.
(a) Use (5.6), (5.7), Lemma 4.7(a), and Lemma 4.4(a) to see that if F'is as in (5.1),

then
[(Pef)i(@ + Ae;) — (Prf)i(2)]

= (P{F(;1,2,))
< cal F(1,3,)
< calflai (21

(
For (b) (with ¢ = j) we proceed as in (a), but now use (5.8), Lemma 4.7(b) and
Lemma 4.4(b).

(i + A) = (PLF(5,33))") ()]
(10t)5 %
T+ A,

(63
a3
272
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Next consider (a) and (b) in the slightly more involved case when i # j. Recall the
definition of G from (5.2). Then

Pif(z) = /qf(wj,dyj)/qi(xi,dyi)G(y@-,yj;t,?fz-j)- (5.9)
As for (5.6) we have
and so Lemmas 4.3 and 4.6(a) imply
0 N a_
’8% /Qt(xiadyi)G(yiaijtvxij)‘ < colflai(Yt)2 ! (5.11)
and 52
922 /Qt(xivdyi)G(yivyj§t>5/5\ij)‘ < colflai(t) 272, (5.12)

These bounds allow us to differentiate through the y; integral in (5.9) and conclude that if
~ ' ~ ~ 2 i ~
K (y;, %) (i) = 55, PHG(,y55t, 3iy)) (1) and L(y;, ) (2:) = @i 5 PG (w55, 335)) (wa),
then
(Pui(e) = [ (o dys) K 03,5 (51

and
(Pef)ii(z) = /Qf(xjadyj)L(yjffj)- (5.14)

If A > 0, Lemma 4.3(b)(i) or Lemma 4.6(b)(i) and (2.1) and (5.10) imply that

K (y; + A, %) — K(y;,75)| < ol GCoyy + A5 t,75) — Gl y55 8, T5) oo (7778) 7

< Ca|f’a,j[yj TA%A A%](’Yzot)_l-
This proves K(-,7;) € C$(R4) and
|K(,Z5)|a < Ca|f|a7j(’7?t)71' (5.15)

A similar argument using Lemma 4.3(b)(ii) (if Y = 0) or Lemma 4.6(b)(ii) (if Y > 0)
gives L(-,7;) € C3(Ry) and

~ — Xy
LG8l < €al flag (007 (g A1), (5.16)

7

By (5.13), (5.15) and Lemma 4.8,

Nf=

(Pef)ile + Aej) = (Pif)i@)] < cal K (- 35)|a(171)% 2 AA + ;5 +958)
0

Y a_ 3 _1
< colf a,jﬁy—g(y;?t)z 2(A+x; +)t) A,
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Similarly by (5.14), Lemma 4.8 and (5.16),

i (Pef)ii(@ + Aej) — zi(Prf)ii())] (5.17)
0
Vi, oo 3 04— 1 T;
Sca‘f|a7j7_g)(7jt)2 (A4 +’yjt) 2A<%0t/\1>'

This completes the derivation of (a) and (b) for all 4, j.

The continuity of (P;f); and x;(P.f);; are immediate from (a) and (b), and their
boundedness is given by Proposition 5.1. It remains to show (P.f);; € C’b(R‘fr). Bounded-
ness is implied by (5.4). (5.17) shows that

(P f)is (@ ws) — (Pof)is (@i @s)| < (0, 0)t2 73| flay |T; — Tl (5.18)

Lemmas 4.1 and 4.5 (which give the continuity of the second derivative of the one-
dimensional semigroup) together with (5.8) imply that for all #; € RY! the function
x; — (Pif)ii(T;, x;) is continuous on Ry. The continuity of (P;f); on Ri is implied by
this and (5.18). 0O

Let
Ryf(x) = / e MP, f(x)dt (5.19)
0

be the resolvent operator for X000,

Proposition 5.3. Let f € C¢(R%). Then (R, f); exists and is continuous on R%, (R f);
exists and is continuous on {x € R% : z; > 0}, and z; (R, f)i(x) has a continuous extension
to RY (which we also denote by z;(Rx [)ii(z)). Moreover, (Rxf);, ;(Rxf)i(z) € CE(RL),

(Ryf)i(x) = /000 e (P, f)i(z)dt, z € RY, (5.20)

(R f)i(x) = /000 e M(P,f)ii(x)dt on {x € RY : z; > 0}, (5.21)

and there exists c,, such that

(a)

L.

(b)
[(Baf)ilas < cal 7155 1716,,00) 7 (G400

(c)
|zi(Rxf)iila,; < calf

ijia’flg,j (7?)_1(’)/?/70)(1—0¢)a/2.
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Proof. The bound in Proposition 5.1(a) allows us to differentiate through the integral
and conclude (5.20). It follows from Proposition 5.2, Proposition 5.1(a), and dominated
convergence that (R f); is continuous on ]le_. If z; > 0, then the bound on ||z;(P;f)iillco
in Proposition 5.1(a) allows us to differentiate again through the integral on the right
hand side of (5.20) and obtain (5.21). Again the continuity of (P;f);; from Proposition
5.2, the bound on ||z;(P;f)iil]|c from Proposition 5.1, and dominated convergence shows
that (R f)q; is continuous on {x € Ri cx; > 0}

Now let 0
7 <|f |ag) <_>
’Y] m] |f|0¢ 7
Use Proposition 5.2(b) for ¢ > t and Proposition 5.1(a) for ¢ < ¢ in (5.21) to obtain for

x; >0

|($+A€j) (RAf)u(x + Aej) - xz(R)\f)m( )’ (5.22)

t
_ g- o _ a_3 1
< cal flai / eI F At + calfla 75 / e N () E 3 (a0t 2 A

0 7 t

_ -\ @ a1 1 —%
< Ca|f|a,i(7?) 1(7302 +Ca|f a,j(’Y?t)Q 2(’71(')) L *A

0 (1-a)42 o
Y 2 a
< cal 121125007 (o) 25 A,
J

Lemma 2.2 now shows that x;(R) f):; has a Holder a;/2 continuous extension to le_ which
by (5.22) satisfies (c). Exactly the same calculation using (5.20), Proposition 5.1(a), and
Proposition 5.2(a) shows (b). Recall here that we have already shown that (Ryf); is
continuous on all of Ri.

Use (5.20), (5.21), and Proposition 5.1(a) to see that for z; > 0

[(BAf)i(x)] + |z:(Rxf)ii ()]
< Ca‘f’a,i/ e_At('Yth)%_ldt
0

< Ca‘f’a,i('yzo)%—l)‘_%'
This estimate then also follows for z; = 0 by continuity, and (a) is proved. Finally, (b),
(c), and this bound imply (R f)i, zi(Rxf)ii € CE(RY). O

Remark 5.4. If we use (5.4), instead of Proposition 5.1(a), to bound x; (P, f);; for t > ?
then by (5.21) we get for z; > 0, Z

|z (B f)ii(2)] (5.23)

i /]
Scalflos [ N0 e+ collos [ e NP e
0 i/

@
2

< Ca|f|a,i(7§))_1xi .
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This shows the continuous extension of x; (R f)q; to Ri is obtained by setting x; (R f)ii(x)
=0 on {z; =0}.

Remark 5.5. If ordinary Holder o norms (i.e., the usual space C*) had been used
instead of weighted Holder norms, one obtains for a bound on the left hand side of (5.22)

an expression like

2
2%/

callflle= (73) A%,

J

which is not bounded as x; — 0 for ¢ # j. Thus we were forced to use weighted Holder

norms.

We now turn to the mixed partial terms. For the next lemma fix ¢ # j and recall
that G(yi,y;;t. Zij) = [ Tl ; @& (@6, dye) f ().

Lemma 5.6. (P.f);;(z) is a bounded uniformly Lipschitz function on R%,
(Pif)ji(z) = o q; (i, dy;) [G_x] q; (xj7dyj)G(yiayj§t7xij>]a (5.24)
and there exists ¢, > 0 such that

Ll a_ _1 _1
(Pef)ji(@)] < calflai()*2(00]) 7248 7 (ay + 70 72 (s + )72, (5.25)

Vi + Az (Pef)ji(z + Aei) — /2w (Pef) ji(2)] (5.26)

and for k # 1,7

\VEiz; (P f)ji(z + Aeg) — /i (P f) ()| (5.27)

_ 1l a_ 3 _1
< calflap (V)2 (A0Y90) T2t 2 T2 Az + vpt) 2.

Proof. Clearly G(-,;t,%;;) € C&(R%) and

G55t T ag < |f

a,l (528)
for  =i,j. Lemma 4.1(a) or Lemma 4.5(a) shows that
~ 0 j ~
Qyi, 2, Tij) = 5~ | ai (x5, dy;)G(yi Y53t Ti) (5.29)
j
exists and Lemma 4.3(a)(i) or Lemma 4.6(a)(i), and (5.28) give the bound

a1 _1 o
1Qllce < calflai (V1272 (25 +58) 72 < calflai(rjt) T (5.30)
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This bound allows us to differentiate through the integral and conclude

9 . _
oo (PeD@) = [ diCor dy) QLo 3). (5:31)
J
Since
Gy + A, y55t,T5) — Gyi, it Tig)| < cal flai(A%y; 2 AAT)

by (2.1) and (5.28), then Lemma 4.3(b)(i) or Lemma 4.6(b)(i) tells us

QY + A, x5, Ti5) — Qyi, x5, Tij)| (5.32)
_1 1 a —% a
< ea(V) 72 (@5 + 758 72 [ flai(A%y; T AAT).
This and (5.30) imply Q(-, z;,7;;) € C$(R4) and
N 1 1
Q- xj, Tij)|a < ca(13t) 72 (2 +97) 2| flasi- (5.33)

Lemmas 4.1(a), 4.3(a)(i), and 4.4(a) (for b} = 0) or Lemmas 4.5(a), 4.6(a)(i), and 4.7(a)
(for b) > 0) imply (P.f)ji(x) = a%i [ @i (i, dy:)Q(ys, x5, ;) exists on RY (this also gives
(5.24)) and satisfies

(Pef)si(@)] < cal flai(P?)F (30 7245 7 (ay +124) 7% (2 +70) 2 (5.34)

and

|(Pef)ji(x + Ae;) — (Pef)ji(x)] (5.35)
< Ca’f‘a,i(’yf?)%_%(”)’?)_%t%_2(xj + ')’?t)_%(l'i + ’)’?t)_%A.

To check continuity in x; (at this point we do not yet know (P f);; = (P:f);; and so
cannot appeal to symmetry) first use Lemma 4.4(a) or Lemma 4.8(a), and (5.28) to see
that

Qyi,zj + A Tij) — Qi 2, Tij)| < calflaj (V21 FT72 (2 +~01) 72 A, (5.36)
and then Lemma 4.3(b)(i) or Lemma 4.6(b)(i) to see that

|((Pof)ji(x+Ae;) — (Pof)ji(2)] (5.37)

0 ; . R
oz, /qt(xz',dyz')(@(yuﬂ?j + A, 2i5) — Qyi, x5, 745))

a_ 3 _1 _1 _1
< calfla,j(y0t) 2 72 (5 +7?t) AT (i + ) 3.
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If k # i, j, then similarly, using Lemma 4.3(b)(i) or 4.6(b)(i) twice, we get

(Pof)ji(a + Aey) — (Pef)ji()] (5.38)
< e(724) 7 (s + 20 TF(12) 7 (wy + 401 7

YiYj

H(yi, yj, Yk t, Tijin) /H gt (ze, dye) f (dy),
L#£i,5,k

where 7, is defined immediately preceding (5.1). By Lemma 4.8

\G(yi, yj;t, Tij + Der) — G(yi, Y53 t, Tij|
~ _1
< calH (Y, yj, 5 t, wz’jk)| (vor) "= A(A + Tk + Yt) 2
< Ca|f|ak(7kt) A(A+xk+’ykt)

Put this into (5.38) to obtain

|(P.f)ji(x + Aey) — (Ptf)ji< )| (5.39)
< Cal flaw (P TE () TE (V0 T (a5 + A28) " (25 + 72 (2 + 400 A

for k # i,j. (5.35), (5.37), and (5.39) give the uniform Lipschitz continuity on R%. The
boundedness of (P.f);; and (5.25) are given by (5.34). (5.39) implies (5.27), and (5.24)
was already derived. It remains only to prove (5.26).

We first use (5.24) with ¢ and j interchanged on the right hand side, and use Lemmas
4.3(b)(i) or 4.6(b)(i) to handle the first (z;) differentiation to see that

Vi + Az (P f)ji(x + Ae;) — Vai/T; (P f)ji ()]
S%wwﬁmﬂ@+%m

AL
Tit+ ox;

gi (i + A, dy) Gy, ys3 t, Tig)

o [, _

<%ww%ww <w+m%Ammx%m@ma

l\JI)—\

ScaUMMOﬁU%_Wv%‘%tf_'ACm%—A)

In the next to last inequality we used Lemma 4.9 with p = %, and in the last inequality
we used (5.28) with [ = 1. O
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Proposition 5.7. Let f € C3(R%) and let i # j. Then (Ryf);; exists and is continuous
on {x € R} : x;,x; > 0}. The function /T;T;(Rx[);j; has a continuous extension to R%
(which we denote by the same expression), and this function is in CZ, (Ri). Moreover there
exists ¢, such that

(a)

_a
a,i/\ 2,

IVET; (Raf)jilloo < ca(r?)E (70797 2| f
(b)

-1 —a)a —a £l
| VZiZ; (RAf)jilak < ca(3) 72 (70 /) @21 f 11 12 k=1, d.

Proof. If z;,x; > 0, (5.25) and dominated convergence allows us to differentiate through
the integral to conclude

(Raf)i(ar) = / B ()t (5.40)

The continuity of (P;f);; from Lemma 5.6, (5.25), and dominated convergence imply the
continuity of (R f);; if x;,z; > 0.

To examine the uniform continuity of /z;T; (Rxf)ji on x;,z; > 0, proceed as in
Proposition 5.3. Fix k and z;,z;, x, A > 0 and set

T AQ 2 -2/ 0\1—a/. 0\«
t= T ’f|a,k|f‘a,i(7k) ()"
k
Use (5.40) to write
(& + Aeg)?(x + Aeg) > (Baf)jile + Aer) — (ziw)) V2 (R f) i)

as an integral over ¢ > 0. Then split this integral at ¢, use (5.25) for t < ¢, and (5.26) or
(5.27) for t > t to prove (b). Lemma 2.2 shows that VTiZ; (R f)ji has a Hélder continuous
extension to R%. (a) follows easily from (5.25) first for z;,z; > 0 and then on all of RY.
That \/Z;%; (Rxf)ji € Ca(RE) now follows. O

Remark 5.8. By being a little more careful, we can show that the continuous extension of
VTiTj(Rxf)ij is 0 if z; = 0 or z; = 0, as the notation suggests. To see this first note that

Qa,is (7]0)% |f‘a,])(7?7?)_1 and z; = xl/,y'boa

by symmetry and (5.25), if 5.9 = co min((79) 2| f
then

[N

|(Pef)ji(z)| < CS.Qt%_l(Zj \/t)_%(zi Vit)z.
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Assume z;,z; > 0 and, without loss of generality, that z; > z;. Decompose the integral in
(5.40) according to t < z;, z; <t < z; or t > z; and use the above bound to conclude that

1.« _1 _1 a_q
\VZiz; (BAf)ji(®)] < cacso(@ing)? 27 (2521) "2 + 2, % 2; 2 + 27 ]

e a—1

o 1
(zizj) 2227 + 2,7 27

S

< caCs.9(xix;)

o
min(z;?

N|=
N
RN
~—

< cats5.9(7:7;)

a—1 a—1

We have used z]% < z; > in the last line, and the result clearly follows.

6. Uniqueness.
We now consider the operator £ f(z) defined in (1.1). Let a € (0, 1], and we suppose
Hypotheses (H1) and (H2) are in force throughout this section.

Let 7Y > 0 and b? > 0 be constants and let

d d
LV (@) = L0f(x) = > AP fialw) + > b0 fi(x)
1=1 =1

denote the generator studied in the previous section. We continue to let P; denote its
semigroup and Ry the corresponding resolvent. Let B = £ — £°. By Propositions 5.3 and
5.7 we see that BR, f is continuous on R? if f € C2(R%) and that if the ;; and b; are
bounded, then BR) f is also bounded.

Let 9, be point mass at x. Assume for now that the 7;; and b; are uniformly
bounded. Assume also that we have a family of probability measures P* such that for each
x the probability P* is a solution to M P(L,¢,) and that the family (X;,P*) is a strong
Markov process. We will remove these assumptions later on. Let

Sy f(z) = Ew/ oy
0
be the resolvent of X.

Lemma 6.1. If Ay, = max(||b;| 0,1 <i < d), then for all f € C3(R%),

S\f = Rof +S\BRyf  forall A > X

Proof. Let g € CZ(R%) and let P” be a solution to MP(L,d,). Since v and b are
bounded, standard estimates for solutions to (1.3) using Gronwall’s lemma on E*X7},
imply E*|X;| < Vd|z|e*? for all t. Hence M,(t) = g(X;) — g(Xo) — fot Lg(X)ds satisfies
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E*sup,<; |[My(s)| < oo and so M, is actually a martingale and not just a local martingale.
Therefore

E*g(X:) = g(x) +/0 E*Lg(Xs)ds

Fix A > X\y. If we multiply this equation by Ae™*!, integrate over ¢ from 0 to oo, and use
Fubini, we obtain
ASxg(x) = g(x) + Sx(Lg)(x) = g(x) + S\Bg(x) + S\ (Lg)(x). (6.1)

Here we have used the bound E *|Lg(X,)| < cE”|X,| < c|z|e*** to apply Fubini’s theorem.
Let

gs(x) = /500 e*AtPtf(x)dt

for f € C¢(R%). We see that gs is in CZ(R%) by Propositions 5.2 and 5.1, (5.4), Lemma
5.6, (5.25), and dominated convergence.

Dominated convergence implies that gs converges boundedly and pointwise to R f
and ASygs converges boundedly and pointwise to ASyR) f. Proposition 5.1(c), (5.21), and
dominated convergence if x; > 0, and Remark 5.4 if x; = 0, show that x;(gs).(x) =
[5 e Mai(Pif)ii(z)dt converges boundedly and pointwise to x;(Rxf)s. Similarly, by
(5.25), (5.40), dominated convergence, and Remark 5.8,

VZiZ;(96)ij (x / M T (P f)ij () dt

converges boundedly and pointwise to ,/x; x](R,\f)” on R%. Proposition 5.1(a), (5.20),
and dominated convergence show that (gs):(x) = [;° 5 e M (P;f)i(x)dt converges boundedly
and pointwise to (R f);. We therefore have

Bgs — BRyf

boundedly and pointwise on le_.

Since £° is the infinitesimal generator of P, a straightforward calculation, using
the fact that the law of X7"* is a solution to MP(L£°,8,) and that the local martingales
in this martingale problem are in fact martingales, shows that

L0gs = \gs — e M Ps f,

which converges boundedly and pointwise to ARy f — f.
Replacing g in (6.1) by gs, letting ¢ | 0, and using the above results, we obtain

ASNRAf(x) = Ry f(x) + S\(BRAf)(x) + ASxRA f(z) — Sx f(2),
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and the result follows. O

For any bounded linear operator S : C¢(R%) — C%(R%), we denote its norm by
1S]|a- Let u° = minj<;<q47?,

d d
o= Y I = iilloo + D 115Y = billoo + D I7ijloc;
i=1 i=1

i#]

and

Ao = max [Z Vijlak + Z |bila,k + 1]
i, 7
Proposition 6.2. Suppose Ay < oco. There exists cg.2 = cg.2(a) such that if
ce.260 < pi° (6.2)

and

Qv

A > cgolp’ 4+ (10) =]Ag, (6.3)

then BR) is a bounded operator on C&(R%) with
IBRAllo < & (6.4)
Remark. Note we are assuming Ag < oo in this result. This will be the case, for example,

if v and b are a-Holder continuous and are constant outside of a bounded set.

Proof. We have

d

BRAf(w) = )_[(i(@) = 27)@i(Baf)ui(@)) + (bi() = b)) (Baf)i (@)
+ ) i (@) /ET (Raf)ij ().
7]

Propositions 5.3 and 5.7 and (6.2) and (6.3) imply that

IBRAflloo < cago(p”) ™ (/)| fla

)
< 11 flas (6.5)

< ol o
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providing ce 2 is sufficiently large. Let vy = 77 and ~7; = 0. If A,z > 0, then we may
use Propositions 5.3 and 5.7 to obtain

IBR)f(x + Aer) — BRy f(2)|

d d
<Y g+ Aey) — 3|

i=1 j=1

% (@ 4+ Aew);* (@ + Aew) ) (Raf)is(x + Aex) — /T (R f)ij ()]

d
+ ) bix + Aey) = B[ [(Raf)i(w + Aer) — (Raf)i(x)]

Ny
DD g+ Aew) = iy (0)] [/ (B f)is ()

d
+ Z [bi(x + Aeg) — bi(z)] |(Raf)i(x)|

<calflaleo(u®) ™"+ Ao(u0) 2 TIATE] A, 2,
where in the last line we used the elementary inequality
(4099) 2 (40 /42) =2 < (u°) 7 for all 4, 4 k < d.

This shows that

IBRAflak <ca(p®) eo + (1°/A) 2 Ag]|fla
<caleor+coslfla (by (6.2) and (6.3)),

and so for cg 2 large enough we have |[BRyflo < :|fla- This together with (6.5) shows
that BRyf € C3(R%) (recall that this function is continuous) and

IBRAflla < 51fla-

Remark. It is much simpler to show that for any A > 0, Ry is a bounded operator on
Ce (Ri) with

IRAlla < ca(p” A1) @DV ATIF/2),
but we will not need this here. This follows easily from Proposition 5.2 and the fundamental
theorem of calculus.
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Proposition 6.3. Suppose v, b satisfy (H1), (H2), are a-Hélder continuous on R% and
constant outside of a bounded set, and for some v > 0, bY > 0, (6.2) holds. Then for
any probability v on ]Rﬂlr, there is one and only one solution to the martingale problem
MP(L,v).

Proof. Note b and v are bounded (by (6.2)) and continuous, and the fact that b;(z) > 0 if
x; = 0 ensures solutions remain in Ri (see, e.g., the proof of Theorem 1.1 in [ABBPO1]).
Existence is then standard, keeping in mind Remark 1.1.

We therefore focus on uniqueness. A standard conditioning argument (e.g., [B97],
p. 136) allows us to assume v = §,. By using Krylov’s Markov selection theorem (see
Th. 12.2.4 of [SV79] and the proof of Proposition 2.1 in [AABPO01]), we need only consider
uniqueness for families of strong Markov solutions.

Let Ao denote the right-hand side of (6.3) and note that it is finite by our assump-
tions on v and b. Let Ay be as in Lemma 6.1 and suppose A > Ay V Ay. Using Propositions
6.1 and 6.2, if f € C, (Ri), we have for any solution to the martingale problem M P(L,¢,)
that

Sxf = BRaf + S\BR\,

and BR)y f is again in C$ (Ri). By iterating,

Sxf =Y _RA(BR))'f + Sx(BR))"*'f.

1=0

Since the CS(R%) norm of BR, is less than or equal to 1, and the L° norm is bounded

by the C¢(R%) norm, we can let n — oo and obtain

Snf(@) =) RA(BR))' f(x), (6.6)
1=0

where the series converges in || - ||oo-

The above equation is valid for any strong Markov family of solutions to the martin-
gale problem, and therefore Sy f(x) is uniquely determined for f € C, (Ri) and A > AoV Ap.
Since C¢ (R4 ) is dense in the set of bounded measurable functions with respect to bounded
pointwise convergence, Sy f(x) is uniquely determined for all bounded, measurable f, pro-
vided A > Ag V A\p. Standard techniques (see [B97], Theorem VI.3.2) then yield our
Proposition. 0O

Proof of Theorem 1.2. In view of Remark 1.1(a) we only need consider the uniqueness
part of Theorem 1.2. We will set ¢;.; = (2c6.2) "', where cg.2 is as in Proposition 6.2.
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A standard conditioning argument allows us to assume v = §,, where z € R% (see [B97),
p.136). If Tg is the exit time from [0, R]¢, it suffices to show that P(X(-ATg) € -) is unique
for any R > 0 and any solution P of M P(L,d,). Therefore, by changing b and v outside
[0, R]¢ we may assume that b and v are bounded. Let M Py(L,v) denote the martingale
problem in which the local martingales in M P are now assumed to be martingales; that
is, if f € CZ(RY), then f(X:) — f(Xo) — fg Lf(Xs)ds is a martingale and not just a local
martingale. It is easy to see that for our bounded v and b these two martingale problems
are equivalent. By a localization argument of Stroock and Varadhan (Theorem 6.6.1 of
[SVT79] — see also Theorem VI.3.4 in [B97] and the proof of Theorem 1.1 in [ABBPO01)),
it suffices to show that for each 2° € Ri there is an r = 7(2°) > 0 and continuous
maps (a;;) : RT — ST, (b;) : R% — R? which agree with (a;;) = (\/TiZ;7;) and (b;),

respectively, on B(z°,r) NR% and such that there is exactly one solution to M Py(L,4,)
for any z € ]Ri, where

Lf(@) =D (@) fis () + D bil) i), (6.7)

A few comments concerning the application of this localization argument are in
order. Firstly, as we are only using it to prove uniqueness, the boundedness of a, assumed
in [SV79], is not needed. Local boundedness suffices for the proof of uniqueness up to Tr
and Tp — 0o as R — oo as we are dealing with globally defined solutions. Secondly, the
Borel measurability in z of the solutions to M Py(L, 8,) assumed in [SV79] follows from the
uniqueness of the solution to this martingale problem just as in Exercise 6.7.4 of [SV79];
here it is more convenient to work with M Py(L,d.) instead of MP(L,d.).

If 20 # 0 for some 4, set ro = T min{azy : 1 < i < d, 29 # 0}; otherwise set ro = 1.
For r > 0, let p, : [0,00) — [0, 1] be the function that is 1 on [0,r], 0 on [2r,00), and linear

in between.

For the sake of clarity, we first consider a special case.
Case 1. b? = b;(z°) > 0 for i < d.
Let 7% = 7;;(2%), ¥ = minj<;<q Y, > 0 and

d d
)= s [ Yk va@)]+ 2 - b@) + Y b (@)l].

d
seB@o ke LIS oy

Choose r € (0,7) such that cg22(2r) < u®. This is possible by (1.4), our choice of ¢y 1,
and the continuity of our coefficients. For = € le_, let

Fij (@) = pr(lz — 2% () + [1 = pr(|jz — 2°D]YY,
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and
bi(z) = pr(|z — 2°|)bi(x) + [1 = pr(|z — 2°])]bY.

Set a;j(v) = \/ZTix;7ij(x). Clearly a and b agree with a and b, respectively, on B(z°,7). Let
us check that these coefficients satisfy the hypotheses of Proposition 6.3. It is easy to check
that 5 and b satisfy (H1) and (H2) since v and b do, and S is convex. These coefficients
are clearly constant outside of B(x°,2r) and are uniformly a-Hélder continuous. Finally
our choice of 7 and a short calculation shows that (6.2) is valid. Therefore Proposition 6.3
implies the existence of a unique solution to M P(CN, d,) for each z in the positive orthant.
In view of the boundedness of v and b this martingale problem is equivalent to M PO(Z, J,).

We now consider the general case.
Case 2. By relabeling the axes if necessary, let us choose 0 < m < d and assume z = 0
for i < m. By (H2)
bi(z%) > 0 for all i < m. (6.8)

If m = d, we are in Case 1, so we assume m < d. Let a;;(z) = ,/T;7;7;;(z) and choose
r € (0,70]. By this choice of r and (H1) there is an £o(r) > 0 such that if z € B(z0, 2r)NR%,
then for any (v;)is>m € R4,

Zszaw >50 va > eo(r Zv

>m j>m 1>m >m

This proves that the continuous (d—m) x (d—m)-matrix valued map (a;;)i,j>m is uniformly
positive definite on B(z0,2r) NR%. Therefore it has a bounded continuous inverse (g;;(x))
for x as above. Define

j>m

Then § is bounded and continuous on the positive orthant. If b;j(z) = 1(;<m)b;(x), then
I_)i(xo) > 0 for all i < d and so b satisfies the hypotheses of Case 1. That argument shows
by taking r smaller, if necessary, we may assume there are b € RY and (7i5) € S;r which
satisfy the hypotheses of Proposition 6.3, agree with b and v, respectively, on B(z?,r),
and for which M PO(E, §) has exactly one solution for each z € R%. Here L is defined as
in (6.7) but with b and 7 instead of b and 5. Now set

bi(z) = 31(:1:) + Z VZTiZYij ()65 ()

and note that
if x; = 0 then b;(x) = b;(z) > 0, (6.9)
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where we have used the fact that b satisfies (H2) in the last inequality. Let L denote the
usual operator with coefficients b and 5. The existence of a solution to M P, (Z, J.) is again
standard as 7 is bounded and continuous, b has linear growth, and (6.9) ensures solutions
will remain in the first orthant. Girsanov’s theorem (see V.27 in [RW87]) and the fact
that there is a unique solution to MPO(EA, 8.) shows that the solution to MPy(L,d.) is
unique. Here note that although a;;(z) = \/Z;x;7:;(z) is unbounded, one can still apply
Girsanov’s theorem to show that the law of P(X (- ATg) € -) is unique where Ty is the
exit time from [0, R]? and this gives the result. Note also that Girsanov’s theorem applies
without change in our R‘fr—valued setting. Finally, if x € B(z°,7), then

bz( ) - 1(z<7n)b + Z \Y xlx]PYZJ ) ( )
= Lizmbi(z) + Z D ais(@)g1(x)bi(@)

k>m j>m
- 1(z<m)b + Z 6zkbk
k>m
This completes the construction of the required coefficients which agree with b and  locally
and hence the proof is complete. O
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