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Let D(A) be the space of set-indexed functions that are outer continuous with inner limits, a
generalization of D[0, 1]. This paper proves a central limit theorem for triangular arrays of
independent D(A) valued random variables. The limit processes are not restricted to be Gaussian,
but can be quite general infinitely divisible processes. Applications of the theorem include
construction of set-indexed Lévy processes and a unified central limit theorem for partial sum
processes and generalized empirical processes. Results obtained are new even for the D(0, 1] case.
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1. Introduction

The purpose of this paper is to state and prove a central limit theorem (CLT) for
sums of independent D-valued random processes, where the limiting process is
neither constrained to be Gaussian nor continuous. To set the context more precisely,
let X\, Xp2, ..., X, be, for each integer n = 1, a finite set of independent random
quantities. If the X,’s tuke values in a space in which an addition operation + is
defined, let S, = X, + - - - + X,,,,, denote their sum. In the important classical case
in which the X,;'s are real valued, the solution to the central limit problem was
known by the end of the 1930's; cf. Gnedenko and Kolmogorov (1954). When the
X,;'s take values in more general linear spaces, the problem is far from being fully
resolved.

There are a large number of results concerning the CLT when the X, take values
in a Banach space. These include, among many others, the CLT for iid random
variables in C(S) for compact metric spaces S by Jain and Marcus (1975) and the
Banach space CLT of Pisier (1975); cf. Araujo and Giné (1980).

When we turn from Banach spaces to the spaces of right continuous functions
with left limits, the D spaces introduced in 1956 (cf. Prohorov (1956) and Skorokhod
(1956)), the literature is much sparser. Although D-spaces under sup norms are
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Banach spaces, this is not the case when Skorokhod-like topologies are used.
Following Prohorov (1956), results that focus on CLT's for D[0, 1] and its generaliza-
tions, all with Gaussian limits, include the result of Fisz (1959) for sums of iid
processes with independent increments, the extension to D[0, 1] by Neuhaus (1971)
and to general D(T) by Straf (1971), the CLT's for D[0, 1]¢ by Bickel and Wichura
((1971), Theorem S for partial-sums and Theorem 6 for empiricals) and the general
CLT for D[0,1] by Hahn (1978) for the case of Gaussian limiting processes.
Extensions of D-spaces to non-compact index sets include that of D[0, @), cf.
Lindvall (1973).

The central limit problem is of course much broader than those aspects of it that
involve Gaussian limits. As in the classical case, which always pertains when one
constiders finite-dimensional distributions, there is the full scope of infinitely divisible
or Lévy processes, and for this the special structure of the D-spaces is essential. A
recent example of this for D[0, 1] is the CLT for stochastic integrals by Giné and
Marcus (1983). For the general space D(A), the present authors (Bass and Pyke
(1985)) obtained CLT's for partial-sum processes in the domains of normal attraction
of stable processes.

In this paper we derive a CLT for quite general sums of independent D{A)-valued
random set functions where the limits may also be discontinuous. We consider the
case where each X, is a random set function defined on a large family 4 of Borel
subsets of the unit cube I =0, l]", d 21 and taking values in D(A), the space of
set functions having “inner limits and outer continuity'; see (2.1) below. This space
contains the set of continuous set functions C(A) and is a generalization of it in
the same way that D[0, 1] generalizes C[0, 1]. Triangulararrays { X, l<j<n n =1}
having independence within rows are considered. The choice of m, = n summands
in the n-th row leads to no loss of generality; notice that we do not assume that
the summands are infinitesimal but rather assume directly that the finite dimensional
distributions converge.

The necessary definitions, notation and preliminary properties are set out in
Section 2. In Section 3, the concept of a subpoissonian r.v, is introduced and a
Bernstein-like bound is derived for the tail probabilities of such r.v.’s. This concept
is key to the paper since we assume that the stratified components of the summands
are subpoissonian.

The processes under consideration are allowed to have purely atomic discon-
tinuities. The proof of the CLT is divided into two parts. In Section 4 we obtain
the necessary tightness result for the processes from which all atoms whose absolute
mass exceeds a specified level have been removed. We refer to this as the “small”
atom case. The processes made up of the remaining “large’ atoms are handled in
Section 5. In the former, the sup norm and uniform topology is adequate, while for
the latter particular compact subsets of purely atomic set functions must be used.
The main result, Theorem 6.1, is given in Section 6. In this section we also give
applications to Lévy processes, partial-sum processes and generalized empirical
processes. Example 6.1 shows how our theorem lead to a construction of set-indexed
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Lévy processes, giving a new proof of the results of Adler and Feigin (1984) and
Bass and Pyke (1984). Example 6.2 applies our theorem to give a central limit
theorem for set-indexed partial sum processes where the summands are in the normal
domain of attraction of a stable law of index a, a € (1, 2); this gives a new proof
of the results of Bass and Pyke (1985), Section 5. In this context, notice that the
classical one-dimensional partial-sum process can be expressed as a normalized
sum of set functions X;8,,, in contrast to the empirical process defined in terms of
8y, where 8, is point mass at x. This illustrates how the two types of processes are
unified once one considers triangular arrays. The two types of processes can be
classified according as to whether the atoms of the set functions have random masses
at fixed locations (partial-sums) or fixed masses at random locations (empirical).
This then suggests the case of random masses at random locations, such as V3y,
for example. When the mass V] is in the domain of attraction of a stable law, this
leads to an interesting application of the CLT, Example 6.3, in which the limit is
non-Gaussian.

We have primarily considered the discontinuous elements of D(A). In Section 7,
we show how existing results on CLT's for empirical processes on C(A)-valued
processes can be combined with our main theorem.

The CLT of Section 6 considers processes that take values in the subfamily D,(A)
of D(A) which is the closure of the linear span of all continuous or purely atomic
members of D(A). In Section 8, we introduce the larger subfamily Dy, (A) which
is the closure of the linear span of all members of D(A) that are cither continuous
or the restriction of a signed measure. Two examples of families of compact subsets
of Dy (A) are given which should be suitable for many applications.

In the case where A is the class of intervals {0, 1], 0 s 1< 1, D(A) becomes D[0, 1].
The CLT of this paper gives new results even for this case.

2. Preliminaries

Given a Borel set Ac I“ =[0, 1]%, let A° be the interior of A with respect to the
relative topology on /¢, and let A®={re I*: the Euclidean distance of 7 to A is
<8} be the open 8-neighborhood around A. Define the Hausdoril metric by

dy(A, B)=inf{e: Ac B" and Bc A"}.
We will assume A is a collection of closed subsets of [“ satisfying the following:
Hypothesis A. (i) A is closed with respect to dy,.

(11) for each 8 >0, there is a finite subset A; of A such that whenever A € A there
exists Be A; with Ac B’c Bc A%

Hypothesis A implies that A is totally bounded with inclusion with respect to d;
and that A is compact.
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We now proceed to define D(A), D(A), and d,. See Bass and Pyke (1985) for
further details.

Definition 2.1. A function x:A >R is outer continuous with inner limits if
(i) A,A, e A, Ac A, d (A A,)=>0 implies x(A,) - x(A).
(i) A, A, €A, A, A" dy(A A,)-0 implies lim,_ . x(A,) exists.
Let

D(A) ={x: A->R: x is outer continuous with inner limits}. (2.1)

Let d; be the Hausdorff metric on A x R. Define the graph function G: D(4)> AXR
by letting G(x) be the closure of {(A, x(A)): A€ A} with respect to d;. We define
the pseudometric d;, on D(A) by

dplx, v)=ds(G(x), G(y)).

Let us say that x is purely atomic if there exist finitely many reals a,, ..., a, (the
size of the atoms) and t,, ..., t,€ I (the locations of the atoms) such that

x(A)= Y a, forall Ac A
te A

For such x, let

gap(x) =inf,. |, - 1], Variation(x) =Y la,|.

Let

D,(A) ={x: A->R: there exist purely atomic j,,, continuous c,, on A such
that x—(j., +¢.)|4a=>0 as m > oo},

Here || - |4 is the sup norm for functions on A.
Two of the main results of Bass and Pyke (1985) are

Proposition 2.1. Suppose n and R are reals, and h(-) and N(-) are real functions.
Let Fp (h, N, m, R) be the set of purely atomic x such that '
(i) gap(x)=m,
(ii) Variation (x) < R,
(iii) for each 8, there exist sets A,, ..., Ans)€ A so that
(a) every point of G(x) is within 8 (with respect to dg) of some (A,, x(A))),
i=1,...,N(8), and
(b) AMPN\A, contains no atoms of x.
Then Fp.(h, N, n, R) is compact relative to d,.
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Proposition 2.2. Suppose 4,, | 0, 0., R.., M,, are reals, and h,,, N,,,, ., are functions
on the positive reals with w,(r)=+0 as r—>0. Let Fp (b, Nu, Ny Ry @y, M, 4,,)
be the set of x € Dy(A) such that for each m there exist J,,(x) € Fpa(hp, Nopy ims Rin)
and continuous C,,(x) with

(@) (a) [|Cn(x)la< M,

(b) SupA.BeA,dH(A.B)<r|Cm(x)(B) —~ Cn(x)(A)| < wn(r) forall r,

(i) [lx = (Um(x)+ Cn(x)[la< 3.

Then Fp (h,., No,, flms Ry @, M., 4,,) is compact relative to dpp.

For 6 >0 and v a measure, let A(8, v) be the smallest (in cardinality) collection
of subsets of [ such that whenever B¢ A, thereexist A, A" € A(§, v) withAc Bc A"
and ¥(A"\A) < 8. Let H($, v), the log entropy, be the logarithm of the cardinality
.of A(8, v). In the special case when v is Lebesgue measure, we will denote the log
entropy by H.(8).

We now turn to the random elements to which our central limit theorem pertains.
We consider a triangular array {X,,(-):n=1,2,...,j=1,...,n} of elements of
Dy(A). With little or no loss of generality, we may assume A contains all singletons
{t}, so that there is no ambiguity as to what is meant by an atom of X,;. For
Ac A, JcR, let Y, (A, J) be the sum of those atoms of X,,; whose location is in A
and whose sizeis in J. Thus Y,,( - J) represents a stratification of X,,,(-). Let N,,(A, J)
be the number of atoms involved in this definition of Y,;(A, J). We center Y,; by
letting

XA )= Y (A J) - EY, (A JN[-1,1]),

so that if J<[—1,1], then EX, (A, J)=0. Let

!
™
=
>

SAAD=T X, (AJ),  S.(A)
=1

N.(A )= i N, (A, J).
j=1

We will interpret X,,(+, J) as a stratification of X,,(-), and similarly for §,,.
The assumptions on the triangular array are contained in the following:

Hypothesis B. (i) For each n, the X,.i(),j=1,...,n, are independent,
(ii) the finite dimensional distributions of S,(-) converge,
(iii) for each n, j, X,;(-) = X,;(-,R\{0}) on A,
(iv) for each n,

P(X,,, and X,;, have an atom in the same location for some 1 <j <j,<n)=0,

(v) foreach y, {E Z)"ﬂ Y, (-, [=y,¥y]),n=1,2, -} is an equicontinuous family
of continuous functions on A.
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Conditions B(i), (ii) are the critical ones. Condition B(iii) says two things; first
that the X, () are centered based on the atoms of size <1 in absolute value, and
second, that X, (-) has no nontrivial continuous component. For (ii) to hold, the
X,,'s have to be centered in some fashion anyway, while the case wheré the X,
have a continuous component is considered in Section 7. If (iv) is not satisfied, it
can be circumvented using the method of Section 7; (v) will be trivially satisfied in
most cases.

3. Subpoissonian random variables

By analogy to the word subgaussian, we introduce the term subpoissonian. (Further
motivation is provided by the authors’ surnames.)

Definition 3.1. A r.v. X is subpoissonian with parameters (0, b) if, for all s,

Ee¥ < exp(f)(e"‘+e‘h‘ -2)).

Obviously,if X,,i=1,..., n, are independent and subpoissonian with parameters
(0,,b), then ¥"_, X, will be subpoissonian with parameters (3,"_, 6., b).

The symmetrization of a r.v. X is given by X — X' where X' is an independent
copy of X. Clearly, if X is subpoissonian with parameters (6, b), then X — X" is
subpoissonian with parameters (26, b).

The following lemma provides a criterion for a r.v. to be subpoissonian. We usc
the convention that 3. =0.

-1

Lemma3.1. Suppose Y,,i=1,2,..., areindependent symmetric r.v.'s that are bounded
by b in absolute value. Suppose N is a nonnegative integer-valued r.v. that is independent
of the Y,'s and is stochastically smaller than a Poisson (8) r.v. Let X = Z,N_, Y,. Then
X is subpoissonian with parameters (8/2, b).

Proof. First of all, because of symmetry we can write Y; as |Y|e, where ¢, is
independent of Y, andis +1 or —1, each with probability }. Since e* +¢ ™" is increasing
in x for x>0,

"o‘(s):: E e'Y‘ = Eexr'|Y‘|___ E(e‘|}"|+e—r|v‘|)/2s(e_1b+e—xb)/2. (31)
By enlarging the probability space if necessary, we may assume that there exists a
Poisson (#) r.v. W that is independent of the Y;'s such that N =< W. Since
(e*+e " ")/2=1 for all x,

EeX=E [ (o)< E[(e" +e™) 2V S E[e" +e™)/21%. - (3.2)
i=l

By a straightforward calculation, the last expression is bounded by

exp(?(e"‘-&e""—.‘l)). O
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A corollary of the above lemma that will be useful in applications is

Corollary 3.2. Suppose in Lemma 3.1 that N is a Binomial (n,p) r.v. Then X is
subpoissonian (np/2, b).

Proof. Letting r=In((e” +e™**)/2) =0, by (3.2) we have
EeX<sEeN=((1-p)+pe )" =exp(nin(1+p(e"—1)))

<exp(np(e"—1))

=exp(-'-12£ (e™+e™™ -2))- O

The importance of the subpoissonian concept is due to the following Bernstein-like
estimate that applies to subpoissonian r.v.'s.

Proposition 3.3. I[f X is subpoissonian with parameters (0, b), then

A2
P(XZ‘A)ﬁcxp(—m)

Proof (cf. Bass and Pyke (1984)). If we let s =A/(20b°+bA/3), then
bs/3<1, (1—bs/3)"'=(20b+A/3)/26b,

and

b’s?
hx+ «b.v_2=b2 2(l+_+..-)
e te s 43

) bs®
< b2s%(1-bs/3)"" =5‘5(2ob+A/3).
Then, by Chebychev,

P(X=A)<se ™E eX <exp(f(e”+e ” —2)—sA)

b 2
Sexp(%(20b+)\/3)—-s1\>

_Az
= °"p<40b +2Ab/3) O
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4. Small atoms

In this section we obtain a bound on |S,(-,[—a,a])||s- For each n=1,j=
I,...,n,y€(0,1), v, (-, y) will be a measure on I Set v,(A, y)r-zj"=l v, (A, ).
We assume

Hypothesis C. For any O0<y<:z=<1land Jc[-z z]\[-» »],
(i) the symmetrization of X,(A,J) is subpoissonian with parameters
(vn (A, ¥), 2).
(ii) if s =0, then E exp(sN, (A, J))<exp(v, (A, y)(e'-1)),
(iii) sup ¥ v, (I, ¥)=o(ln ¥|"*"") for some >0 as y | 0,
(iv) {=1+sup H(x, v,(-, ¥))/ H(2x, v,(-, y)) <0,

ny.x

¥ u"(l‘l_y/l)vl
(v) limsup sup J‘ J’ G,(x,y)dxdy=0,
0

y=0 n Gl 2
where
G.(x, y)=[H(x, v,(-, 1))/x]'?

and G, ' refers to the inverse with respect to x with y fixed, and

(vi) limsupsupsup ¥ Var(X, (A, [=y, y])) =0.
VIO ACA -1

Conditions (i), (i), and (v) are the important ones; the others are needed for
technical purposes. If N, (A, J) is stochastically smaller than a Poisson (v,,(A, y))
r.v., then (ii) will be satisfied. The purpose of (iil) is to eliminate the case where
the atoms of the X, are too concentrated about 0; (iv) says that the log-entropy H
is regularly varying, uniformly in y. Condition (v) gives a bound on the size of H,
and (vi) is a condition that will be easily satisfied in most applications.

For any J < R, let a, =sup{|y|: ye J}, and define

Si (A, J)=a;N, (A, J)+a,EN,(A,J). (4.1)
It should be clear that for fixed A and A",
sup [S.(B,J)=S. (A N)|<S,(A\A,J). (4.2)
Ac Bz A"

Suppose Hypothesis C(ii) holds. Then if J<[~y, y],
E exp(sN,(A, 1)) < [] exp(v, (A, y)(e"—1)) =exp(v.(A, y)(e*=1)). (4.3)
f=i
Since N,(A, J) is nonnegative and has a moment generating function, then

EN,(A,J)=1lim s '(E exp(sN, (A, J))— 1)< v, (A, y). (4.4)

10
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Using the proof of Bass and Pyke (1984), Lemma 2.2, we have

P(N. (A J)>w)<e™™,
provided w=e’v(A, y). Hence, if we let w=9A/10a,, we have

P(S (A, J)>A)< P(N,(A J)>9A/10a,)<exp(—A/2a,), (4.5)
provided

Aa;=10v,(A, y). (4.6)

We now prove

Proposition 4.1. Suppose Hypothesis C holds. For A >0, € >0, there exists a €(0, 1)
such that if a < a,

sup P(|S.(-,[~a,a]a>A)<e.

Proof. Since EX, (A, [-y, ¥y} =0 for y <1, using C(vi) gives
P(S.(A [-a,a])|>A/2)<4 Var S, (A, [~a, a])/r* <}

for a sufficiently small. Then by the symmetrization lemma of Pollard (1984, p. 14),
P(IS.(-,[—a, aDlla> A)<2P(J(S, =S, [—a, aD|.> A/2),

where S, is an independent copy of §,. It thus suffices to prove the proposition
with the X,,;’s symmetric (doubling v, and halving A, as necessary).
Let 8 =3 We will choose numbers 6,.., A;, Ay, s and K later so that

Ib\
Y AusA/4 (A)
1=

and
Y oAsA (B)
k=K

Let &, = 8,,8". Once K is chosen, we will let a =8%; fix a< B, let a, = B* A B*,
and let

Jo=[~ai, —ai) v (ag,, al.

Let us temporarily abbreviate H(S, v,(-, ax,,)) by H,.(8) and A(§, v,(-, a,,,)) by
A,..(8). Fix n.

If Be A, we can find sets A,, A < A,(8,) such that A, Bc Al and
v,(AN\A, a..,) < 8. Writing

S.(B,J) = 5,(Au, J)+ 3 [SulAr J0) = Su(Ar_y, JO]

1=l

+[S,,(B, Jl\) —S,,(A“, "k)]
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and using the facts that

Vn(AAAAl—ls ak*l)s Vn(Al'-‘By ak+l)+ Vn(Al—IABv ak+l)

<28,,., <48, (4.7)
[S.(AL ) = SAl AL T[S (ANA L, JO|+ (S (A \ AL T, (4.8)

and
IS.(B, J) = S, (A, JO|< SH(AT\A,, ), (4.9)

we see that the only way ||S.(-, Ji)| 4 can be larger than A, is if either

(i) for some Ay€ A(8io), we have |S,(Ay, J)|>A/4;

(ii) for some i=1,...,s,, some A;€A,(6;),A_€Au(b;) with
v, (AJA, |, ai.,) <48, we have |S,(ANA,_,, J)|> A or [S.(A_\A,, J)|> A
or

(iii) for some A, A; € A.(8,) with v, (AJ\A,,a.)<8,, we have
SAHANAL L) > A /4.

Since the cardinality of A,.(8c, ;) X A,«(8) is bounded by exp(2H,.«(8.)), we
then have

P(“Sn(“Jk)”,4>Ak)'\<PA+2 Gt 11, (4.10)
i=1
where
po=exp(Hu(8))  sup  P(S.(Ay, J)|>A/4); (4.11)
Apt Ay (84)
(IA: = 2 cxp(ank(‘slu)) SUP P(lsn(,g\Av Jk)l > /\h)v (412)

the sup being over pairs A, B with one in A, (8,,), the other in A,(8,,-,), and
v, (AAB, a,,,) <468,

and
re = exp(2H,..(8:,,)) sup P(SL(B\A, J,)> A, /4), (4.13)
the sup being over pairs A, B in A, (8,,,) with v,(B\A, a,, () <¥é,,.
Since
S.(-,[—a, a])IIASkZK 180, Tl as

and hence

PWSAwP%JﬂWA>AFi§KPW&JuhNh>AU

X “K
sz(m+z
i -

k=K

‘Ik.'*"k)s
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we will require
x

kZK p<e/3, (€)

S T qu<els, (D)

k=K i=1

and

S no<el3, (E)

k=K

with K chosen independently of n.
We now proceed to estimate py, qi,, and r.. By Hypothesis C(iti),

sup, aiv, (I, ai, ) <k 37 (4.14)

for some 7> 0 independent of n and for all k sufficiently large. We will thus require

Ak'?ﬁl/z k—(l+r/3) (F)
By (4.11) and Proposition 3.3,
—-(A/4)? )
=2exp(H,. (o su ex 3
P P(Hui(be0)) A(.-'A,.E)(B.,) p(4ﬂl"n(/\o, @) H2a,(A/4)/3

-—/\,2( = A
=2¢ H,. (8 = + -— 1.
2exp(Hud “"))[e”’<lzsa;u,.(1".am)) e"p(m)]

Provided

H,(8:0) <A /12a, (G)
and

Ho (8eo) < A5/256a;va(14, ay\ ), (H)
we get

<2ex ( _,\'2‘ )+2ex (_l\k)
Pe= 2P\ 256al v, (17, aprr) P\12a,/)

By the definition of a,, (4.14), and (F), we see that (C) is satisfied provided K is
taken sufliciently large.
Next we look at ¢,;. By (4.12) and Proposition 3.3,

~Ak )
<4 exp(2H. (b4 5 .
9 < 4 exp(2Hu(80) °""(|6a;sk.+2am./3

Recall from the definition of { in Hypothesis C(iv) that {= 1. Provided

Avscoad,, i=1,...,5, ¢,=80 (D
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and
Al .
Hy(8)s——=—, i=1,...,5, c;=200¢ 1)
c:a; b
then
_)\i.
< . —_———— )= —AZ,/c.aise).

G 4exp(2H,,k(8k.))exp<(l6+cl)a;5ki> 4 exp(—Aii/ €2ai8ui)

Provided

aidiok®* " <c,, where c; is independent of n, (K)

then, using (F),
S Y qus4 T Y expl—(calsB kY)Y

ox £y _i(ﬂ-l/l_l)>
=4 ¥ ————r s
.y ; exp((':aiakok‘hr“

X x —_ -1/2 __ /3
<4 ¥ zexp( “B_ Lk ) (4.15)

CaCy

and (D) will be satisfied if K is taken sufficiently large.
Finally, by (4.5) and (4.13),

ro <exp(2H,.(8:.,)) exp(=A,/8ay)

provided

A/ da, = 1068, . (L)
Provided

H,(8,.,)<A./32a,, (M)
we get

r, = exp(—Ak/l6u,\),
and using (F), (E) is satishied if K is large.
Now define

A= max(Bk T, G M (B)aBK), =407,

s =inf{i: A, =240a,8,,}, A= max<4 i Ak, k'z), (4.16)
i=t
and
ak():max("’u(’d, ), 1)

(These quantities depend on n through H,, and »,.) Note that for fixed k, 404a,8,, =
40a,8,,8" will be less than B/7k """ < a,, for i large, and so 0 <5, <.
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From these definitions, we immediately have that (A) and (F) hold. Since ¢;=
¢z, (J) follows, and since A, = Ay, , (L) follows. We have (K) from the definition of
8,0 and Hypothesis C.

Clearly {, I} will serve for A, (v,(I° a,.,)), and so H,(8:) =In 2. Hence (G)
and (H) follow from (F), (K), and the definition of &§,,. Since H,,(x) is decreasing,
H,.(8y,,) = Hu(8ko), and (M) follows just as we showed (G).

We now consider (I). If 5, =0, (I) is unnecessary. So suppose s, > 0. Then

an(aks ) 2
Ak-'ks — ke Ak_,k_IS40§ak5kn_l=80§ak5,u“ (4.17)
an(ak:k_l)
and (I) is satisfied. (The first inequality of (4.17) is trivially satisfied if A, =
B kY since H(x) is decreasing.)
It remains to show (B), and since ¥, ¥, B2k "*» <, it suffices to show

@

Si= ¥ HY(Swadiy

k=K
and
N 2
S, = z i H:.i (6ki)ak6;x{2
(kik=K.5 =0} i=0

can both be made small by taking K large, uniformly in n. We can make S, small
by using (K) and the fact that H,.(8:,) =In 2. To handle S, first note by (I) that
if S > 0,

CJHM(:(SI‘“ )akﬁlﬁf < Ay, < 80Zaydy, .

Hence H 38, )/ 81 <80¢/ca=2¢""? and hence 8, = G, '(2{"?, a;). Then
6“)

S;< ¥ Y Gu(bu a)bua<2 T I G.(x, a,) dxa,

(ki k=K, 5 -0} =0 (hksKooo~o0b Ja,
. *

@ v (1, v
=2 ¥ J G.(x, a) dx a,

k=K JG N2 a2

Ba oy [uallhy/2vi
s4supj J G,(x, y)dxdy.
n {

) G P2

That §, can be made small by taking K large follows from Hypothesis (C)(v). O

5. Large atoms

In this section we consider the “large™ atoms, those above a fixed given value.
We assume the following:

Hypothesis D. For each m=1,2,...,there exists a measure u,, on (I*)™ xR such
that
(i) for each y>0, u,,((I*)" x[~y, y]°) <0, and
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(ii) sup, Z,L. P(X,(-,[-y,¥]°) has at least one atom located in each of
AL AL AL)
= ,‘Lm(Al X AZX s X Am X [_.", .V]c)-
We first show that Hypothesis D implies the corresponding fact about §,.

Proposition 5.1. Under Hypothesis D, there exists a measure o, on the Borel sets
of (I')™ xR for each m=1,2,...such that

(i) for each y>0, 0. ({(I*)" x[-y, y]) <o and

(ii) sup, P(S.(-,[—», »]°) has at least one atom located in eachof A,,..., A,,)

So'm(“‘l Xoer xAm x[—yv y]‘)

Proof. For notational convenience, we prove the proposition for m = 3; the gen-
eralization to other m should then be obvious. We will fix y and let J =[-y, v]"
For S,(-,J) to have at least one atom in each of A,, A, and A,, either
(i) some X,(-,J) has an atom in each of them;
(ii) some X, (+,J) has an atom in two of them, while some other X, (-, J) has
an atom in the remaining set, or
(iii) for j,, j.,j, distinct, X,, (-, J) has an atom in A, for i=1,2,3.
The probability of (i) is bounded by
Y. P(X,,(-,J) has an atom in each of A, A,, A})
J—1
Su A XA XA xT)
The probability of (it) is less than the sum of three terms of the form

Y P(X,, (-, J)hasanatomin A, and A;)P(X,, (+,J) has an atom in Ay)

e

hete

< p(A X Ay xS (Ayx ).
Similarly the probability of (iii) is bounded by

Y Il P(X,,(-,/) has an atom in A))

hiatroni=|
S u (A x ) (Asx ) (Ayx ).
If we define o; so that
(A XA XA X )= u (A XA XA X )+ ua(A XA X - (A x -)
+pu (A X A;X ) (A X )
+us(A X AyX Y (A x )
T (A ) (A X )y (A X)),
it is clear that o, satisfies the proposition for m=3. O

With the help of Proposition 5.1, we can show that the atoms of S, of size =y
in absolute value will be in a compact set with high probability. Fix y, and define



T.(4)= T Yy(A[-5.y]). (5.1)

Proposition 5.2. There exist n, R, N(-), and h(-) such that for all n,
P(Tn 3 FPA(hv N! m R))<4€

Proof. Fix n. Since o,,((IY)™ x[~y, ¥]°) is finite for each m, o,(I¢ x[—a, a]) >0
as a - o, So, for a sufficiently large,

P(T, has an atom of size >a in absolute value) <e. (5.2)
Define

D, ={(s, eI O<]s—tl<n}.
As -0, D, | ¢, and hence (D, x[~y, y]°) > 0. Thus for n sufficiently small,

P(gap(T,)<n)<e (5.3)
If gap(T,)> u, then there are at most ¢,n “ atoms for a suitable constant c,, and
this fact and (5.2) show that

P(Variation(T,)> R)<2¢

if R is sufliciently large.

Now for 8 = k7', we want to show that we can find N(8) and h(8) such that the
probability that there is not a §-net satisfying Proposition (2.1)(iii) is <e&/2*. Let
B, =\, A1, where A, is defined by Hypothesis A(ii). Form=1,..., an™ let

Wq,,,={(t,,...,r,,,)e(l")"':for some purely atomic x with one atom
located at each of ¢,, ..., ¢, {{A, x(A))}.. u,
is not a 8-net for the graph x}.

By the proof of Theorem 4.4 of Buass and Pyke (1985), foreach m, W, | ¢ as g » 0,
and so o,,( W,,. X[y, y]°) = 0. Restricting ourselves to the set (gap(7,) > n), where
T, has at most ¢,n”“ atoms, we then see that the probability that {(A, T,.(A))}M.,,q
is not a §-net for the graph of T,(A) can be made less than e/2% uniformly in n,
by taking g large enough. Define N(8)= # (B,).
Let By,..., By, be an enumeration of B,.
P(T, has an atom in B;'*\ B, for some B, € B,)
< N(8) sup P(T, has an atom in B}*’\ B,)

B.cB,

< N(8) sup o (BL'""\B,x[—-y, y])<e/2"

B¢ B,

if h(8) is taken sufficiently small.
If (k+1)'s8<k™, let N(8)=N((k+1)™"), h(8)=((k+1)"'). With these
choices of 7, R, N, and h, we have proved the proposition. O
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6. Main theorem and examples

In this section we state and prove our main theorem and give some examples.

Theorem 6.1. Suppose A and {X,} satisfv Hypotheses A-D. Then S, Sta Dy(A)-

valued r.v., where - is with respect to dp,.

Proof. By Hypotheses B(ii), the finite dimensional distributions converge, and so
it suffices to prove tightness. Let £ >0. Let 4,,=m™', and choose y,, < sufficiently
small so that

P(|S. (-, [=¥ym¥mDla= ) <e/27"" (6.1)

This is possible by Proposttion 4.1.
Let

In(SD =5 Yo L= Yo ),
j=1

n

Cm(sn) = —E Z Y"I( T [— l\ l]\[_.v"l'.v"l])’
I

J=

so that J,,(S,) is purely atomic, and by Hypothesis B(v), C,,(S,) is continuous. Note

S’l( . ) —(‘]l"(s") + C’,"(Sn)) = Sll( ) * [_}""‘ yl"J)'

By Proposition 5.1, we can choose n,, small, R, large, and suitable functions
N,.(8), h,,(8) so that

P('II"(S") E FPA(h"l‘NI"‘nI"‘R"‘)) < 8/2"‘ ’l'

By Hypothesis B(v), for each n, C,,(S,), which is deterministic, is an equicontinuous
family of functions; moreover, C,.(S,) is uniformly bounded since C,,(S,)(¢) =0.

We therefore can find, using Proposition 2.2, a compact subset F of Dy(A) such
that P(S, & F) < e. This proves tightness, and by Theorem of 4.3 of Bass and Pyke
(1985), we have weak convergence. (]

Remark. Inthe case d =1 and A= ([0, t]: t€[0, 1]), where we write x(1) for x[0, t],
our topology on D(A) is very close to Skorokhod's M,-topology. However, it is
easy to see (cf. Billingsley (1968, p. 116)) that the F, sets of Proposition 2.2 are
compact with respect to the more common J,-topology as well, and so we have
weak convergence on D[0, 1] in the usual sense, also. It is perhaps worth remarking
that in this case H,(x)=0(in(1/x)), a very small log-entropy.

Example 6.1. Set-indexed Levy processes (cf. Bass and Pyke (1984), Adler and Feigin
(1984); see the first reference for any details omitted in the discussion below). Let
p be a measure on R\{0} with (x> A 1)p(dx)<c0. Let p, =pl_y.ip(-n-".n-")- Since
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p. is a finite measure, there is no difficulty constructing a mean 0 Levy process,
X1, which has Levy measure p,. For2<j=<n, let X,,=0.

If J=[-b, b]\[—a, a], the moment generating function of the symmetrization of
XA J) s

b

exp(|A| J' (e™+e ™ =2)p.(dx) +p,(—dx)])

<exp(|Alp.(J)(e" +e™" -2)),
where || is Lebesgue measure, since e*+e " is increasing for x>0. If we take
v (A, ) =|Alp([-y, ¥]°), we see that the symmetrization of X,,(A,J) will be
subpoissonian with parameters (v,,(A, a), b).
Define u,, by

x

Bl AX s XA, X [=y, y]) = I o[-y, yI9)lAl
i=1

If the A;’s are disjoint,
P(X,, has at least one atom located in each of A,,..., A,,)

m

=[] P(X,, has at least one atom located in A,)

"

= [_'. (1 =—exp(=p([y, yI)AD

<, (A X xA, x{-yv])

By lincarity, we also have Hypothesis 1 where the A,’s are not disjoint.

Hypotheses C(iii)-(v) translate to restrictions on p and A; the other hypotheses
can be routinely checked. By Theorem 6.1, S, = X, converges weakly, say to Z.
The process Z will be a mean 0 Lévy process indexed by A with Lévy measure
pli-1.1)- It is then easy to construct a Lévy process with p as its Lévy measure.

Suppose now that p is the Lévy measure of a stable process of index a € (1, 2),
and that H,, the log entropy with respect to Lebesgue measure is of the form K& ™",
In what follows, ¢,, ¢s, ... are constants whose exact values are of no importance.
We note p([-y, y])=c,y ™", and so v,(A, y)< ¢,y "|Al. In order that v,(A1B, y) <
8, we need |AAB|<8/c,y . Hence H(8, v,(+, y))< H (8/c,y ™). A simple calcula-
tion gives

G(x, y) < c,x rriRyman?,

Hypothesis C(iv) is satisfied with {<1+42'"" while C(iii) is obvious.

Another calculation shows G™'(¢y, y) = (™) """ and

- 2 - + - 3
G(r y)dts [.A y "’/..(y ar/lr H)(I ry/
[¢] '(.'(l/ >//2

for y small. The double integral in Hypothesis C(v) will then be finite if

—ar (-—ar)(l—r)
ey ) s -,
2 r+1 2
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or if r<(a=-1)"', the same exponent of metric entropy as that obtained in our
previous paper, Bass and Pyke (1984).

Example 6.2. Partial sum processes (cf. Bass and Pyke (1985), Section 5). Let
Vi,je{1,2-- -}¥ be mean 0 iid r.v.’s in the domain of normal attraction of a stable
law of index a€(1,2). Let C,.,-=n"(j—l,j], and let U,; be independent r.v.’s,
independent of the V;'s, with U,; uniform on C,;. Define
Z,(A)=n""" > B VilAﬁC,.j(Uni)'
jeti . n}

Suppose H,(8)< K&~ " for r<(a —1)"". The weak convergence of the Z, sequence
to a stable Lévy process, obtained in the above reference, is also a consequence of
Theorem 6.1. Let us restrict ourselves to the subsequence n¢ and index the X's by
X.4. where

Xati(A) =0~ " Vilane, (Uy).

Let us first consider the symmetrization of X,4. Suppose J <[z, z]\[ -y, ] with
O0<y<z=l Let ¢ be iid r.v.’s that are independent of the V; and U,’s and
P(g;=1)=P(¢; = —1) =1 It is easy to see that the symmetrization of X,4(A, J) has
the same distribution as }_,Zl ‘7, where the \7, are 1id, independent of N,

P(V,e B)=P(n *"eVie BnJ|n "e;Vie J),

and N is distributed as a Binomial (2, (A~ C,,,l/l(’,,,!)P(n “'”"slV,GJ)). Clearly,
|V,| is bounded by z, and so by Corollary 3.2, X,4(A, J) = X ,4(A, J), the symmetriza-
tion of X,4(A, J), is subpoissonian with parameters

(AN Cyl/|IC) P(n ",V J), 2).

Since Vj is in the domain of attraction of a stable law of index a and |C,,,f= n4

n‘P(n g Vie )< n'P(lg; V)| = yn?/ ") < oy 7"

We may thus take »,,(A, y) in Hypothesis C{(i) to be c(,fAﬂC,,jl}’"". and hence
va(A, ,V)=co|A[,Vv".
Since the number of atoms of X,,(A,J) is

Binomial(1,(JAn Cul/|Cyh P(n™ " Ve J))

and the moment generating function of a Binomial is dominated by that of a Poisson
(cf. proof of Corollary 3.2), we see that the above choice of v, will satisfy Hypothesis
C(ii) also.

Next,

‘ ) y P(X,4 (+,[~y, ¥]°) has an atom in A)
Jofr..o., n

<¢}V. (An Cl/IChP(VI=n"y) < cf|Aly™.
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Since each X, has at most one atom, Hypothesis D will be satisfied if we take
pm=0form=2, u,(AxJ)=csa+1)""|A|{Jy~* " dy. The calculations of Example
6.1 above show that the remainder of Hypothesis C is satisfied; see Bass and Pyke
(1985) for a proof that the finite dimensional distributions converge. We may then
apply Theorem 6.1 to conclude that Z, converges weakly in Dy(A).

Example 6.3.. Random masses, random locations (Generalized empirical measures).
Suppose one chooses n locations at random and then takes an observation at each
location. As n -, one would expect a central limit theorem to hold. Perhaps the
simplest model where the limit is not a continuous process is the following.

Let U; be iid uniform r.v.’s on (0, 1], and let V, be mean 0 iid r.v.’s in the domain
of normal attraction of a stable law of index a, a € (1, 2), independent of the U;’s.
Let

X (A)=n"""V,1,(U)).

Using the methods and calculations of Examples 6.1 and 6.2, one can see that
Hypotheses C and D are satisfied, provided H (8) < K8 ™", r <(a —1)"'. Hypothesis

B is routine, and we see that S, - to a stable Lévy process indexed by A.

Remark. A much more interesting case in Example 6.3 is where the distribution of
V; depends on the value of U,. This case fits casily into the framework of Theorem
6.1, and with suitable conditions one can obtain a central limit theorem that will
apply. Although these processes can be expressed in terms of ordinary empirical
processes, the novelty here s the non-Gaussian limit.

Similar remarks apply to Examples 6.1 and 6.2, also. It is not hard to modify
Example 6.1 to get processes with independent but not stationary increments. One
could modify Example 6.2 to get a central limit theorem for partial sums of
non-identically distributed r.v.'s.

7. Continuous components

We have not considered the case where the X,,’'s have a nondeterministic con-
tinuous component nor the case where the limit law of the S, sequence has a
continuous component (as, for example, in empirical processes converging to a
tied-down Brownian process). The primary reason we have not done so is that there
is already a large literature concerning continuous limits (see Section 1), and any
of these results can be combined with our Theorem 6.1 as follows.

Suppose first of all that Hypothesis A holds. Suppose each X,,; can be written as
X+ X§. Let

Sy=Y% X and SP=Y% X
i=1 i=1
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Suppose the joint finite dimensional distributions of (S5, S7) converge. Suppose

the X satisfy Hypotheses B, C, and D. Finally, suppose S¢ i $ e C(A), the

continuous functions on 4. Here the meaning o
. L
the X5, are themselves in C(A), then - means weak convergence with respect to
[l -]4- It follows that for given ¢, there exists a compact subset K, of Dy(A) with
sup, P(SS 2 K,)<e: Take J,,=0and C,(S¢)=S¢.
- L
If SS is the empirical process, Dudley and Philipp (1983) interpret — in our

context as:
There exist continuous Gaussian processes T, such that

IS5 = Tulla 20 asn-wx.
For this case, let d,, = m~'. Given &, there exists n,, such that for n=n,,,
PUIS, - T.lla=4.)<e/3.
Let
C.(S5)=T, and J,(Sy)=0ifn=n,,
and
Co(Sy)=—ES, J,(S,) =S, +ES, itn<n,,.

By taking N,, and R, sufliciently large and h,, and 7, sufficiently small, it is not
hard, using Proposition 2.2, to sce that in this case as well, there exists a compact
subset K, of Dy(A) with sup, P(S, ¢ K,)<e.

Similar arguments show that for each of the references mentioned in Section |,
S is in a compact subset K, of D,(A) with large probability. By the proof of
Theorem 6.1, we get that, given e, there exists a compuct subset K, of D,(A) with
P(SP ¢ K,)<e. Then, considered as elements of Dy(A)x D,(A), we have that
(5S¢, SP) converges weakly, say to (S, ), where the metric here is d;, x dj,. By
Skorokhod's representation theorem (cf. remarks following Theorem 4.3 of Bass
and Pyke (1985)), we can find another probability space and processes
S, 87 8¢ 8" equal in law to S¢, S, S, S”, respectively, such that

d

A, 123 dn

AP 5(', a.s., and 5:,',’—-———' 5", a.s.
. A 1la ag
Since §¢ € C(A) by assumption, then S, — S by Theorem 3.5 of Bass and
Pyke (1985). By Lemma 3.3 of that sume paper,

‘ll)

.S:f,'+.§,',’———- s¢ +S"’, a.s.

The weak convergence of S, with respect to d;, follows immediately.
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8. Signed measures

haca ago
alsd, g,

Until now, we have considered sums of purely atomic and continuous processes
+
L3

any alamante af NM A athor than
wiv ~ 1L

€ man IV UL L) vuiv nairi

b/
measures concentrated on the surfaces of convex sets. In this section we introduce
a set Dgy,(A) intermediate between D, and D. While we do not know if Dg,, is all
of D, it contains virtually every example likely to come up in practice.

Let us say that x: A » R is a signed measure if x is the restriction to A of a signed
measure, also denoted x, on (I¢, B(I?)) of finite total variation. Define

Dgp(A) ={x: A—>R: there exist signed measures j,, and continuous
Sunctions c,, such that |x —{(j,.+c,)||a=>0 as m->0}.

Clearly Dy< Dgyy < D. ,

We will give a condition sufficient for a subset of Dg,,(A) to be compact with
respect to dp,. With this criterion, it should not be hard to formulate and prove
central limit theorems using the techniques introduced in this paper. We leave such
formulations to the reader with particular applications in mind.

First, we need a lemma. Recall that the topology on I is the relative one.

Lemma 8.1. If x is a signed measure, Hypothesis A holds, A€ A, and 8, ¢ >0, then
there exists Be A with A< B°< A® such that |x(B) = x(A)|< e and x(2aB) = 0.

Proof. Since in the relative topology 41 =@, we may without loss of generality
assume Ag [, Suppose x is the restriction of a signed measure, also denoted x,
with total variation measure |x|. If necessary, make & smaller so that |¢|(A*\A) < ¢
and A® g I“. By Hypothesis A, there exists C,,€ A such that A< C%,,< C,,,c A2,
Pick by, so that A"~< CY,,, and then pick Cy 56 A so that A= CY,,< C, y< APus,
Pick b,,,so that C{}¢'< A*? and then pick Cy,4€ Asothat Cy,c CY,,< Gy 5 ClI.
Continue in this way, choosing C,,s, Cs,4, etc. For re (0, 1) not a dyadic rational,
let C, =), avuas C: Since A is closed with respect to dy,, we have C, € A. Since
every pair of reals is separated by a dyadic rational, the C,’s are all disjoint, and
for all re(0,1), A< CY< C, < A Since there are uncountably many C,’s, we can
find one, call it C,, such that |xl(i)C,") = 0. Letting B = C,, completes the proof. O

If x is a signed measure, define
Variation (x) = total variation of x with respect to (1, B(1y).

Since A is compact, it is clear that given a sequence of signed measures x,, with
sup,, Variation(x,,) finite, there is a subsequence x,,- and a signed measure x, such
that x,,- (A)- x,(A) whenever x,(dA)=0. With this observation, the proof of the
following theorems are very similar to the proofs of Proposition 3.2 and Theorem
3.4 of Bass and Pyke (1985) and are left to the reader.
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Theorem 8.2. Let N be an integer-valued function, h a real-valued function and R a
real number. Let Fs\(h, N, R) be the set of all signed measures x such that

(i) Variation (x)< R,

(i1) for each 8, there exist A, ..., An(s) € A, possibly depending on x, such that
(a) every element of G(x) is within & of {(A,, x(AN}XY' with respect to dg, and

(b)  sup |x(B)-x(A)[<8 i=1,...,N(8).
A‘Hll

A<=B<=
Then Fgy(h, N, R) is compact relative to d,.

Theorem 8.3. Suppose for each m=1 that R, and M,, are reals, h,, and N, are
Sfunctions as in Theorem 8.2, w,, is an increasing function with w,,(r)~0 as r-0 and
A 4 0. Let Fiy(h, N, R, M, w, 4) be the set of x € Dgp(A) such that for each m there
exists a signed measure J,,(x) and C, (x)e C(A)} with
(1) J.(x)€ Fgp(h,,, N, R,
(i) (@) [[Cal(x)as M,
(b) sup{|C,.(x)(A) = C.(x)(B)|: A, Be A, d,,(A, B)<r}<w,(r), and

(i) lx=(J. (Y + C. ()| =4.,.

Then F(h, N, R, M, w, 3) is compact relative to d,,.
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