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the Neumann heat kernel does not hold.  © 1993 Academic Press, Inc.

1. INTRODUCTION

Let p®(t, x, y) denote the Neumann heat kernel for D, that is, the
fundamental solution to the heat equation with Neumann boundary
conditions. Equivalently, p®(t, x, y) is the transition density of reflecting
Brownian motion in D. A question that has been of considerable interest
is the monotonicity of p®(t, x, y) as a function of D.

Problem 1. Under what conditions on D, & D, is it true that
PPt x, y)= pPt, x, y) for all (x, y, t)e D, x Dy x (0, 0)?

This question was raised by Chavel [1] who showed that the inequality
holds if D, is a ball centered at x and D, is convex. Kendall [27] has shown
that if D, and D, are convex and a sphere about x separates éD, and ¢D,,
then domain monotonicity holds. Carmona and Zheng [3] showed that it
also holds when the domains are convex and D, < D,, provided 1 is
sufficiently small. Hsu [4] has considered the case where D, is a
parallelopiped and D, satisfies a certain condition relating its inward
normals to D,.

As these results indicate (see the introduction to Hsu [4]), in the above
problem it is the case of convex domains that is of interest. The following
special case of Problem 1 has received a great deal of attention.

Problem 2. Tt is true that p°(t, x, y)= p”(1, x, y) for all (x, y, t)e
D, xD,x(0,c)if D, =D, and both domains are convex?
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This paper is devoted to counterexamples showing that domain
monotonicity need not hold for arbitrary convex domains D, and D,.

THEOREM 1. There exist convex domains D, < D, < B2, points x, ve D,,
and t >0 such that

PPt x, )< pPAL x, p).

In our example, the domains D; and D, are wedges and x and y lie on
the boundary of D, but it is easy, using translation invariance, continuity
of the heat kernel, and the idea of (3.2) below, to modify the example so
that D, and D, are bounded, strictly convex, and have a smooth boundary,
the closure of D, is contained in the interior of D,, and x and y belong to
the interior of D,.

We also give an example of two bounded convex domains where domain
monotonicity does not hold for arbitrarily small ¢. It is not hard to
modify this example so that 0D, n 8D, consists of a single point. Thus, in
the Carmona-Zheng results [3] it is crucial that the closure of D, be
contained in the interior of D,.

THEOREM 2. There exist bounded convex domains D, and D, with
D, = D,cR? and triples (x,,, V. tm) €Dy x D x (0, ) such that t,,—0
and pnl(tm’ xln’ .an) < pnl(tm’ 'xm9 ,Vm) ,for al[ m.

In Section 2 we prove Theorem | and in Section 4 we prove Theorem 2.
Section 3 gives the proofs of the main lemmas.

We thank R. Carmona, W. Kendall, and W. Zheng for very useful
comments on a preliminary version of this paper.

2. FIRST EXAMPLE

In what follows, we use the probabilist’s p”(s, x, ), that is, the kernel
corresponding to 14. Thus p™(z, x, y) = (2mt) ' exp(—|x — y|*/21).
Fix t>0. Let

W)= {z=re”:re(0, ), 8e(0, 3n/4)},
W(£)= W(0)+('—85 8)’
x.=(—¢,¢), y.={(1,¢), z.=(1+4+¢0).

The proof of Theorem ! hinges on the following two lemmas. We prove
them is Section 3.
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LemMA 1. For all ye W(0) and (>0, p* (1, y, 0)=(8/3) p™(1, 3., 0).

LEMMA 2. For every fixed Be(0, 1) and 1 >0,
PO,y x) 2 PO, ., 0) = O ).

Proof of Theorem 1. Fix some >0 and let a= p®(1, y,. 0). Then there
exists ¢, >0 independent of ¢ such that

PRt 2,,0)=a—c e+ O(e?),

)

and since |y, — 0| =(1+¢%)"? =1+ 0(?),
PRt p,, 0)=a+ O(?).
By Lemma | and translation invariance,

PP, . %) = PO, 2, 0) = Ha = ¢ e+ O()),

and
PO, y.. 0)=5(a + O(e?)).
By Lemma 2,
PO, v, x) = pM Oy, 0)— O7)
>%a—0(s")
=p"t, v, x,)+ S e — O(7°).

Now take & sufficiently small that p"'(s, y,, x,)> p®A1, y,, x.), let
D, =Wi(g), and D,=W(0). |

3. PrROOFs OF LEMMAS

Proof of Lemma 1. Note p®(1,-,0) satisfies the heat equation in
W(0)— {0}, has a singularity of the right form at 0, and by symmetry
considerations (or by direct calculation) has 0 normal derivative on
dW(0)— {0}. This characterizes the heat kernel up to constants, so there
exists x such that

PV O, v, 0)=kp® (1, 3, 0).

Integrating over y e W(0), we get 1 =(3/8)x, hence k =8/3. |
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We present two proofs of Lemma 2, the first largely analytic and the
second entirely probabilistic, as each is of interest in itself.

First proof of Lemma 2. Let K=¢"", where b >0 is chosen small later.
Let ¢°(¢, x, y) denote the transition density of reflecting Brownian motion
in D killed on exiting B(0, K), the ball of radius X about 0. A proof
analogous to that of Lemma 1 shows that

g" (1, »,0)=44%(1, ,0).
Trivially,
pY O, v x) 20"y, x,). (3.1)
If r(1, x, y) denotes the transition density of two- dimensional Brownian
motion killed on exiting [ — K/ﬁ K/\/E]~ then p'(s, v,,0)and r(z, y,, 0)
factor into the product of transition densities of one-dimensional Brownian
motion, on the line and killed on exiting [—K/\/i, K/\/E], respectively.

Exact formulas (see Feller [5, p. 341]) then show that there exist ¢, ¢,
such that

[Pt poy 0) = r(t, ¥,, 0)] S, e~ 2K

We then have

PO, p,,0)— g1, ¥,,0)|

=81p™(t, 3., 0) = ¢%(1, ., 0)
<3Pt v, 0) = (1, y,, 0) < fey e (3.2)
By Bass and Hsu [6, Sect.3] (with easy modifications to extend
the results to the case of two dimensions), there exists ¢, such that

sup, p*ON1/2, z, z) < ¢4 /t. Since W(0)n B(0, K) is a bounded region, we
have an eigenvalue expansion for ¢"'?, namely

", y,, x) Z (X)) edy.), xeW(0),

where the ¢, are the eigenfunctions for one half the Laplacian with
Neumann boundary conditions on J¢W(0) and Dirichlet boundary
conditions on 0B(0, K), and the eigenvalues A, are nonnegative. Fix an
arbitrary ¢>0. Let

G(x)= _Z e o (x) y.).
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Let ¢, =sup, o 4 exp(—4#/2) < oo. Then by Cauchy-Schwarz,

[G(x) <y Y, e " lofx)] oAy,

i=1

1/2
<e(Te o) (Te o)

=ca(g" Y2, x, X)) (g7 /2, o, ¥ )P

ey P02, x, )2 (pPONY2, y,, v))' P < eqesft.

1/2

But from the eigenvalue expansion,
G(x) = _aqu)(t’ Ves - )/6, = - ( 1/2) AqW(O)(t’ Ves - )a

so g™, y,., x)=UxG(x), where Uy is the potential kernel for X,,
reflecting Brownian motion in W(0), killed on exiting B(0, K).

Let T=inf{s:|X,|>K}. Let Z, be standard Brownian motion in R?
S=inf{s:|Z,|>K**}, V the potential kernel for Z_ killed on exiting
B(0, K*?), Let y(z,, z5) = (24, |23} ). So y(Z,) is reflecting Brownian motion
in the upper half plane.

Map W(0)~ B(0, K) onto the intersection of the upper half plane with
B(0, K*?) by means of the conformal map F(z)=z*? By Levy’s theorem
(see Durrett [7, pp. 79-80], for example), when X, is away from the
boundary, F(X,) is a certain time change of a Brownian motion. Since
conformal maps preserve angles, the angle of reflection of F(X,) at the
boundary of F(W/(0)) is still norm]. So F(X,) is a time change of y(Z,).
Since |(F~'Y (z)] =3 |z| ~"*/4 and X, spends zero time on the boundary,
Lévy’s theorem shows that

U, G(x)=E f "G(x,) ds
0

— FF0 '[S 219(Z,)) "2 G(F((Z,))) ds

0
= Ve H(x*?),
where H(z)=9 |z{ "> G(F~'(3(2))) 1 30.x43(z)/16. From the analyst’s

point of view, this formula is just the conformal invariance of the Green
function and a change of variables.
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Let ¥(x, y)= —log(|x— y|)/r, the fundamental solution for one half the
Laplacian on R2 Then VH(x)— VH(x)= —E“VH(Z,) is harmonic, and
a crude estimate shows that it is bounded by ¢sK on B(0, 2) for some
¢s>0 independent of K. By a standard gradient estimate for harmonic
functions, |[V(V H—VH)| is bounded by c¢,K on B(0,1). Since
IVV(x, y)l =1/(n |x— y|), Holder’s inequality with exponents 32, 3 shows
that for some ¢;>0, {|VV(x—»)| |H(y)ldv is bounded by c¢,K for
x€ B(0,1). A similar argument shows that one can take the derivative
under the integral sign, so that |V(VH)(x)| < |VVi(x, p)I |H(y) dy,
xe B(0,1). Hence |VV H| is bounded by (c,+c;)K on B(0,1), and
therefore

[V H(x}?) =V H(0)] < (¢ + ¢7) K x| 2.

We then get
lg" O, yos x)— "0t v, 0) S (e +¢7) Kl |*7 (3.3)

Combining (3.1}, (3.2), and (3.3) and taking b sufficiently small proves the
lemma. |

The next proof is based on a special construction of reflecting Brownian
motion in W(0) and a coupling argument.

Second proof of Lemma 2. Let X be a standard two-dimensional
Brownian motion and assume that X(0)e W(0) a.s. One can easily modify
the proof of the Skorohod lemma (Karatzas and Shreve ([8, 3.6.14]) to see
that there exists a.s. a unique pair of continuous nondecreasing functions

o and o, with o =a, =0 and such that if

Y, £ explifa, —a, ))X,,

then o, is flat off the set {#>0:arg(¥,)=0}, 2, does not increase outside
{t=0:arg(Y,)=3n/4} and Y,e W(0) for all +=0. The last property
implies that we must have

a2 — min arg X(s) (3.4)
[VESCE
and
o, > max arg X(s)— 3n/4. (3.5)

[
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The process Y, behaves like standard Brownian motion in the interior of
W(0) and is confined to W(0), so it is a reflecting Brownian motion in
W(0). The angle of reflection is normal because the radial part of Y is the
same as that of X, and therefore the same as that of standard Brownian
motion. Hence, p*'°(4, x, y) is the transition density for Y.

Let S,={xeR?:|x|=¢} and M, =S, W(0). Since |Y,| =|X,| as. for
all 120, we have for all xe W(0) and 1>0

J‘ pW(O)(I’ X, y)dy———_[ PRZ(I, x, y)dy.

M, S,

In the last formula and in (3.6) below, we integrate with respect to the arc
length measure on S,.

Fix some 7> 0. Let a = p®'(1, y,,0). As in Section 2, | y, — 0| =1 + O(&?),
and therefore

J. p¥ O, y,, z) dz =J Pt v,, 2) dz =2mea + O(¢%). (3.6)
M, S

Choose arbitrary points v,,v,€ M, and suppose that X(0)=v,. Let
X =exp(iy)X,, where 7 is chosen so that X(0)=v,. Now construct’
reflecting Brownian motions Y, and ¥, from X, and X, in the manner
described at the beginning of the proof. Note that we always have
|Y|=|Y] Let T=inf{s>0:Y,=¥,} and A= {T<:}. Note that if
T < o, then Y, =Y, for all s> T, by the uniqueness of the processes « '
and o in the definition of Y. We have

PO, v, v)dy, =P(Y,edy,, A)+P(Y,edy,, A°)
and

pYOU, v v) dy =P(Y,edy,, A)+ P(Y edy,, 4°).
It follows that
pW(O}(ta ym Ul ) d}"a - PW(O)(” ym L"Z) d}'a S [p( Yr € d.vm A() (37)

Let % and &, be defined relative to X and ¥ in the same way o and
o, were defined relative to X and Y. Assume without loss of generality that
arg v, <argv,. The process a* pushes Y towards ¥ and 4  pushes ¥
towards Y. The processes &* and o~ cannot increase before 7. If
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a} +d&; =7, then we must necessarily have Y, = Y,. ie, 4 holds. Let
a= minse [o,.] arg X.s"

T,=inf{s>0:X,eS5,,},
B={ max arg X(s)— min argX(s)<3n/4},

0<s<s T 0<s< Ty

B, S BT <1}
If B~ {Y,edy,} holds, then T, <t and

max arg X, >a+y+ 3n/4.
se [0, ]

Then (3.4) and (3.5) imply that a} > —a and &, >a+7. Hence B°n
{Y,edy,} implies that " + &, =7 and therefore it implies AN {Y,edy,}.

Let V={z=re":r>0, 0€(0, 77/8)} and consider a conformal mapping
f(z)=z*" of V onto the upper half plane. By conformal invariance of
Brownian motion, the probability that X will hit §,, before hitting
the boundary of V is the same as the probability that a time-changed
Brownian motion f(X) starting from f(v,) will hit S, ,s» before hitting the
real axis and, therefore, this probability is bounded by O(|f(v,)]) = O(*").
Let {V,}.>, be the family of wedges obtained from V by rotation by the
angle kn/8. The same estimate applies to every wedge V. Since the family
is finite, the probability that X" will stay in any of V,’s before hitting §,,,
is bounded by O(e¥7). Every wedge with angle 3n/4 is covered by one of
V,’s, so the probability of B is bounded by O(&*”). The same bound holds
for B,.

It is elementary to check that p(s, y,, x)<¢; < oo for all xe M,,, and all
5§20. Thus

P( YI Edys’ A() S P( Y1 € dy.‘:s B) = [FD( YIEdys’ Bl)

<dy, [ PO(T(M,p))edx, B) plt—T(M, ), 3., )

Mg

<c,0(e"") dy,.
This and (3.7) imply that for all v,, v,e M,
PO,y 0 dy— PO,y v) dy S P(Y €dy,, A)S O™ dy.,.
It follows from (3.6) that

p" O, y., v) 23 a+ OE™)).
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Now combine this estimate, Lemma I, and the fact that p™(1, y,,0)=
Pt yo, 0) + O(¢?) to obtain

PPty 01) 2 Ha+ O(*) = §(p™(1, 3o, 0) + O(eY")
=30p™(t, ¥, 0)+ O(Y) = p™ (1, y,, 0) + O(=*").

We can obtain the same result with 8/7 replaced by any exponent smaller
than 4/3 by choosing a smaller angle for V. |

4, SECOND EXAMPLE

Let C(a, #) be the cone {z=(z,,z,):0<z,<h, |z,] <oz }. We say that
a domain D satisfies the uniform interior cone condition with parameters
a and A if, for every z € éD, there exists a translation and rotation of C(x, h)
that lies in D and has vertex at z.

Proof of Theorem 2. From the proof of Theorem 1 it should be clear
that the aperture angle 3n/4 can be replaced by any angle 6 € (n/2, n). Of
course, ¢ depends on 6 as well as . For a particular 6, let us denote the
domains W(¢) and W(0) that arise from Theorem 1 with r =1 by F,(6) and
F,(9), respectively.

Let E be any convex domain, bounded or not, containing the point 0
and satisfying the uniform interior cone condition with parameters a and
h. Let X, be reflecting Brownian motion in E, let ¢(s, x, y) be the transition
density of X, killed on exiting B(0, K), and let T=inf{s:|X,|>K}.
Convex domains are Lipschitz domains. By the estimates of Section 3 of
Bass and Hsu [6], there exist ¢y, ¢,, and ¢; (depending on « and 4) such
that p“(t, x, y)<c,/t and P*(sup,_, |X,— x| >4)<c,exp(—c34%/t). By
standard techniques (cf. the proof of Theorem 6.2 of Barlow and Bass [9]),
it follows that there exist ¢, and ¢5 >0 (depending only on « and A) such
that

0< pE(1, x, ¥)—q(1, x, y)=P*(X,edy, T< 1)<, e K. (4.1)

Suppose E, < E, are two convex domains satisfying the uniform interior
cone condition with parameters o and A such that for some 8e€ (n/2, n)
and some K= K(6) suitably large, E;n B(0, K)=F, (8)n B(0, K), i=1,2.
Applying the estimate (4.1) successively with E= E,, E,, F,(8), and F,(8),
it follows that if K(8) is sufficiently large, then there exist x, ye€ E, with
pE(L, x, )< p™(1, x, p).

Let us say that a pair of domains D, = D, have a (8, s)-suitable pair of
corners if some translation and rotation of the pair (D,, D,) followed by a
dilation by the factor 1/s result in a pair of domains whose intersections
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with B(0, K(8)) are the same as the intersections of F,(8) and F,(8) with
B(0, K(8)), respectively. By scaling and the above, if D, D, have a (9, s)-
suitable pair of corners, then there exist x, y € D, such that p”'(s% x, y) <
Do 2
psE x, p)
What we do now is take a sequence 8, € (n/2, ) increasing rapidly to 7.
We also take a sequence s,, decreasing to O sufficiently rapidly. We then
form a pair of domains D, D, as follows. Define

/
ﬂ|=0s ﬁj= Z (7[—9"1), j_—’l, 2, riey
m=1
z, =0, o =2;+2s,K(0)e"™ "M, j=0,1,2,.,
Gé+l=3j+|+€”i"’F2(6,'+1)’ Jj=01,2, .,
G|*'=z;  +e PFB; ), j=0,2,4,6,..,

G{+I=:;’+1+é’ ’/f’F2(0/+1)» J=1357, .,

D,= B, M)m< N G{), I=1,2.
1

J=

It is easy to check that if we choose s,, tending to 0 sufficiently rapidly and
M sufficiently large, then for each m odd, (D,, D,) contains (6,,, s,,)-
suitable pairs of corners (in the neighborhood of z,,). Also, D, and D, each
satisfy the uniform interior cone condition with =1 and x=}. Letting
t,,=s,, and using the results of the previous paragraph completes the proof.

m

REFERENCES

1. I. CHavEL, Heat diffusion in insulated convex domains, J. London Math. Soc. 34 (1986),
473-478.
. W. S. KenpaLr, Coupled Brownian motions and partial domain monotonicity for the
Neumann heat kernel, J. Funct. 4nal. 86 (1989), 226-236.
3. R. A. CARMONA AND W. ZHENG, Reflecting Brownian motions and comparison theorems
for Neumann heat kernels, Bull. Soc. Math. France (1993), to appear.
4. E. P. Hsu, A domain monotonicity property of the Neumann heat kernel, to appear.
5. W. FELLER, “Introduction to Probability Theory and its Applications,” Vol. 2, 2nd ed,,
Wiley, New York, 1971.
6. R. F. Bass anp P. Hsu, Some potential theory for reflecting Brownian motion in Hélder
and Lipschitz domains, Ann. Probab. 19 (1991), 486-508.
7. R. DURRETT, “Brownian Motion and Martingales in Analysis,” Wadsworth, Belmont, CA,
1984.
8. I. KaraTZAs AND S. E. SHREVE, “Brownian Motion and Stochastic Calculus,” Springer,
New York, 1988.
9. M. T. BarLow anD R. F. Bass, Transition densities for Brownien motion on the Sierpinski
carpet, Probab. Theory Related Fields 91 (1992), 307-330.

2



