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1 Introduction

Let D be a domain in IR? that has a Green function gp(x, y). If x, y, and z are
in the same component of D, let

gD(xa J’)QD()’»Z) .

g(x,2) (-

gz(xs y) -

If x, y,z are not all in the same component, we set g,(x, y) = 0. If z € D, then

g:(x,y) is the Green function of Brownian motion conditioned to hit z before

exiting D. That is, if z € D, then gp(-,z) is harmonic in D — {z}, and g,(x, y)

is the Green function of Brownian motion in D — {z}, A-path transformed by

the function gp(-,z). (See [Do] for further information on A-path transforms.)
Our main result is the following.

Theorem 1.1 Suppose D is a bounded domain in R2. Then there exists a
constant ¢y such that

g:(x, y) < er (1 +log™(1/|x — y) +log™(1/|y — z])). (12)

Here logt x = 0V log x and ¢, depends only on the diameter of D.

* Supported in part by NSF grant DMS-9100244 and an AMS Centennial Fellowship



480 R.F. Bass, K. Burdzy

Our motivation in proving Theorem 1.1 is to obtain the conditional gauge
theorem in arbitrary bounded planar domains. To state our result, we introduce
some notation. Let B(x, r) denote the open ball about x of radius ». A function
g:R? — R is in the Kato class if

lim sup Supg|fI(y)|1B(x,e>(y)(1 +1log"(1/]x — y))dy = 0. (1.3)

e—0 x

Let 4, be the minimal Martin boundary of D (see [Do]). The conditional gauge
is the function

Ey(7) = B exp <}Dq()@>ds) ,
0

where x € D, z € 4;, Ef is the expectation of Brownian motion /-path trans-
formed to go to z before exiting D, tp is the time to exit D, and X, is the
trajectory of the process.

Theorem 1.2 (Conditional gauge) If E,(x0,z0) < oo for some pair (xo,z) with
xg € D,zo € Ay, it is finite for all pairs (x,z) with x € D, z € A, and there
exists ¢y such that

Cz_l é Eq(x,z)/Eq(XO:ZO) é C2, X 6D7 zE Al'

The conditional gauge theorem is of great importance in the study of the
Schrodinger operator (1/2)Au + qu. See [CFZ] for a good discussion of the
history and uses of the conditional gauge theorem and a proof in the case
of Lipschitz domains in R, d = 3. See also [CZ]. In the case of R?, the
conditional gauge theorem has been previously established for bounded Jordan
domains in [Zh], for simply connected and certain other domains in [McC], and
for bounded domains satisfying a uniform capacity condition in [Cr]. Theorem
1.2 makes no assumptions on the domain D other than being bounded.

As will be apparent from our proof of Theorem 1.1, requiring the domain
to be bounded is too strong. Let Capp, ,\(£) denote the capacity of the set £
with respect to the Green potential gp(y ). (For definitions, see (1.8) below or
[PS].)

Theorem 1.3 Suppose D is a domain in R? satisfying

(a) D has a Green function.

(b) There exists ¢y such that if 'y € D, there exists v > 0 (depending on y)
such that

CapB(y,ZOr)(Dc NB(y,r)) = c. (14)
Let
hy(x) = sup{gp(w, y): w — y| = 3|x — |/2000}.

Then there exists cs such that

g:(x,¥) = ca(l + hy(x) + hy(2)), x,y,z€D. (1.5)

Proposition 2.4 below is one of the main estimates needed for the proof of
Theorem 1.1. One may look at this proposition as a special case of the fol-
lowing more general statement, which has some interest of its own.
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Suppose that D, are connected planar domains. Fix some R > 0, a € {0,1)
and p € (0,aR/2). Let &, be the harmonic function in B(x, p) N D, with bound-
ary values 1 on 8B(x,p) N D, and 0 elsewhere. Note that IP} is the distribution
of Brownian motion starting from x and conditioned to exit B(x, p) before hit-

ting DS, We will write ]15;; to denote the ]P’,in -distribution of X; — x, i.e., the

process shifted so that it starts from the origin. Let IP* denote the distribution
of Brownian motion starting from 0 and stopped upon hitting 0B(0, p). Our
next result is concerned with weak convergence and for this reason it will be
more convenient to assume that conditioned processes are stopped rather than
killed at their lifetime. Note that with IP} -probability 1, the left limit of the
process is well defined at its lifetime.

Theorem 1.4 Let a, = Capy )(D; N B(0,aR)). If a, — 0 then ]13;; converges

weakly to D", The convergence is uniform in the following sense. Given an
open set A C C[p,oo) and § > 0, there exist ay > 0 such that if a, < ag
then P} (4) = IP*(4) — B for all domains D, and all x € D, N B(0,aR/2).

The point of Theorem 1.4 is that the convergence holds for all points x € D, N
B(0,aR/2). If a, is small then for “most” x, the probability IP*(750,4zy < Tp,)
is very close to 1 and for such x the conclusion of Theorem 1.4 follows im-
mediately. However, if Capg g z)(D; N B(0,aR)) > 0 then there are necessarily
some points x € D, N B(0,aR) such that P*(tp, ) < 1p,) is arbitrarily small.
For these points, conditioning on the event {tpx ) < Tp,} could conceivably
change the distribution of the process; we show that this is not the case.

In the remainder of this section we introduce some further notation and
present a brief summary of some facts about capacities. In the next section
we prove four propositions about capacities and hitting probabilities. The tech-
niques used here may be of independent interest. In Sect. 3 we prove Theorems
1.1, 1.2, and 1.3. We also discuss some extensions and lack of extensions to
Theorems 1.2 and 1.3. Theorem 1.4 is proved in Sect. 4. An easy example
supplied in Sect. 4 shows that Theorem 1.4 is false in dimensions greater
than 2.

If U is a domain, gy will denote the Green function and Gy the corresponding
Green potential. For the ball B(0, R) we have the formula

el |y — B2/ x|

Rlx — ¥ ) x,y € B(0,R). (1.6)

1
ga,R) (%, ) = - 10g<
If x,y € B(0, R)", then gp ryc(x,y) is also given by the right-hand side of
(1.6); see [PS], p. 114. We let Ty = T(E) and 1z = ©(E) be the first hit to E
and first exit from E, respectively. That is

Tgp=inf{t: X, €E}, tp=inf{r: X, ¢ E}.

E” will denote the set of points that are regular for £. This means x € E”
if and only if P*(Tg =0)=1. If E is a set in a domain U, the capacitary
or equilibrium measure for £ is a measure u concentrated on E” such that
Gyu = 1on U and Gyu =1 on E". We have the formula

Gupx) = PH(Tp < ). (1.7)



482 R.F. Bass, K. Burdzy

The capacity of £ with respect to the Green potential Gy is defined to be

Capy(E) = w(U) = w(E"). (1.8)

(We will not be using the notion of logarithmic capacity in this paper.) For
proofs and further details, see [PS].

We will use B to denote the ball B(0,2000).
There exists ¢s such that if 7 is a line segment of length at most 1 and Z is
linear measure on I (i.e., one dimensional Lebesgue measure), then

Gpi(x) < cs, x€L (1.9)

To see this, by (1.6) and symmetry considerations, GpA(x) will be largest if
x =20 and [ is of length 1 and centered at the origin. Expression (1.9) then

follows from the finiteness of f_l/lz/z log(1/r)dr.

2 Capacity

In this section we prove a number of propositions concerning capacity. We
suppose D is an open connected domain in IR?, but not necessarily simply
connected.

Proposition 2.1 Let 6 > 0, o € (0,1), and suppose
Capg(D° N {B(0,110) — B(0,100)}) = 6.
There exists ¢ depending only on o such that if x € 6B(0,200), then
P (tp < Tpo,0)) 2 €10. 2.1

Proof. Let A =D°N{B(0,110) — B(0,10x)}. We show first there exists c;
such that

Capp,up(4) Z ¢;'6. (2.2)

Let u be the capacitary measure of 4 with respect to gp. From the explicit
formulas (1.6) for gr(x, y) and gp, . (¥, y), we conclude that there exists c;
such that gp,x)(x, ¥) = cagm(x, y) if x, y € B(0,111) — B(0,9«). Hence

Gaoar (X)) = [groae(x y)udy) = ¢ [gn(x, y)u(dy)
= Gpux) = o

for x € A. By the maximum principle ([PS]), p. 163), Gpo,uett < ¢2 on
B(0,2)°. Consequently c; it is a measure concentrated on A" whose G0, )
potential is bounded by 1 on B(0,a)°. It follows that

Cappaye(d) Z ¢ ' wA) 2 516,

which is (2.2).
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Next, let v be the capacitary measure of 4 with respect to gp, ). Let a(dz)
be surface measure on 0B(0,200), normalized to have total mass 1. By rota-
tional symmetry, Gpo,xc0 = c3 on 9B(0,200) for some constant c3. Gp,)0
is harmonic off the support of ¢ and 0 on dB(0,x). So there exists ¢4 such
that if x € B(0,111) — B(0,9«), then

Gp(0, 2 0(x) = c3P*(Tpp0,100) < Tam(0,0)) = C3¢4. (2.3)

By the symmetry of gp(,x)c(x, ) in x and y and Fubini’s theorem,
JGro,uev(¥)a(dy) = [Gao,ap0(x)W(dx) Zeseav(d)Z (e3ea)(c; ') (24)
Finally, by the Harnack inequality, there exists ¢5 such that if x, z € 6B(0,200),
PHTy < Taow) Z esPHTu < Taoa))- (2.5)

Integrating over z with respect to o,
P*(tp < Thiog)) Z P(Ty < Taoam) 2 ¢s[PH(Ty < Thog)o(dz)
= ¢s5 [ Gpomyv(z)a(dz).

Combining with (2.4) proves (2.1) with ¢; = 02_1030405. Cl
Let

S={re’: —m/2 <0 <2n, 64+0/n <r<7T+06/},
Lz{reio: 6 =2x, 8 < r < 9},

R={re®: 2n—1/32 < 0 < 2n4+1/32, 5 < r < 10}, and
W={ré": 2n—1/32 < 0 < 2n+1/32, r =5}.

Let xo be the point 6e~™*

Lebesgue measure) on L.

. Let y be linear measure (i.e., one dimensional

Proposition 2.2 There exist € and cg such that if Capp(D° NR) £ ¢ and
B = {X cL: IPX(TW < TD“U(@R—W)) = 06}, (26)
then y(B) = 1/2.

Proof. Let ¥’ = 17/2. By the support theorem for Brownian motion, there exists
¢7 such that

P*(Ty < Tor—w) Z c7. (2.7)
By Harnack’s, inequality, there exists c¢g such that if x € L,
P Ty < Top—w) 2 csP* (Tw < Top—w). (2.8)
We will show
y{x e L:P*(zp £ Tar) > crcef2} < 1/2. 2.9)

That this proves the proposition with ¢g = ¢7¢5/2 can be seen as follows: Recall
that y(L) = 1. If
P*(tp < Tar) < c7¢8/2,
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then
P*(Ty < Tpeyar-wy) = P (Tw < Top—w) — P (tp < Tor) = c7¢3/2,

or x € B. So it suffices to show (2.9).
Let £ =D°NR. Let u be the capacitary measure of £ with respect to gp. Let

H(x) = PX(Ty < tp) = Gpu(x).
Let C={xeL: H(x) = ccg/2}. Then
gGIBH(x)V(dx) Z (cres/2)9(C).

On the other hand,
JGru(x)y(dx) < [Gpu(x)y(dx)
C

= [Gmy(x)u(dx).
By (1.9) there exists ¢y such that if x € L,
Gpy(x) = oo
By the maximum principle, Ggy is bounded by ¢g on B. Hence
(c7¢8/2)9(C) = o [ u(dx) = o E) = coCapg(E) = coe.

If we choose ¢ less than cycg/4cy, then p(C) < 1/2. Finally, note that {1p <
Tor} C{Tg < 1}, and so if x € L and P*(zp £ Tsr) > cyc8/2, then x € C.
O

Proposition 2.3 There exist £ and c1g such that if B is any subset of L with
y(B) = 1/2 and Capg(SND°) £ ¢, then

IPXO(XTS € B, Ty < TD) = Cl()IPXO(TS < ‘CD). (210)

Proof. Let E=DNS. Let H(x) = IP*(Tz < tg). S is a Lipschitz domain and
so surface measure and harmonic measure are mutually absolutely continuous
[Da]. There exists ¢;; such that

P(X,, € B) Z ci1. (2.11)

Combining this with Harnack’s inequality, there exists c¢j; such that if x €
B(xp, 1/300), then
P (X, € B) = cpo. (2.12)

Our first goal is to show that there exists u € [1/900,2/900] such that
H = c¢12/2  on 0B(xp,u). (2.13)

Suppose (2.13) does not hold. Let u be the capacitary measure of £ with
respect to gp. For every u € [1/900,2/900], there exists z, € dB(xg, 1) such that
H(z,) > c12/2. Since H(x) = Gpu(x) is lower semicontinuous, there exists a
radial line segment containing z, on which H > ¢13/2 (radial with respect to
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the center xp). By compactness, there exist finitely many radial line segments
such that H > ¢j3/2 on each one and for each u € [1/900,2/900], 0B(xo,u)
intersects at least one of the radial line segments. By taking finite intersections,
we can find radial line segments [j, ..., Iy (not necessarily open intervals) that
are disjoint, on each of which H = ¢15/2, each is contained in B(xp,2/900) —
B(xg,1/900), and for each u € [1/900,2/900], 0B(xo,u) intersects exactly one
I. Let I = UY|I; and let A be arc length measure (i.c., linear measure) on /.
Since H 2 ¢12/2 on I,

(c12/2)(1/900) = IfGJBu(X)/l(dX) = [GrA(y)u(dy). (2.14)

For any fixed y € B(xy,2/900) — B(xp, 1/900), let I, consist of a single ra-
dial line segment passing through y, that is, 1, = xo + {(r,0p) : 1/900 < r <
2/900}, where 8y = arg(y — xq). By (1.9) there exists cq3 such that if 4, is
linear measure on /,, Gpi,(y) = c13. On 8B(xp,v), gn(y,z) is largest when
z € I,. Thus

GpMy) = If g(»,2)Adz) < If gB(y,2)A,(dz)

= Gpiy(y) £ cis

Thus GgA(y) £ c13 for y € I. By the maximum principle, G4 < ¢j3 for all
y € IB. Hence the right hand side of (2.14) is bounded by

c13(E) = c13Capg(E) = cpse.

If we take £ < ¢12/3600c¢;3, then (2.13) is proved.
Next, suppose x € dB(xp,u). Combining (2.13) and (2.12),

P*(X;, € B, 15 < Tr) = c12/2. (2.15)
By the strong Markov property,
P X,y €8, 5 <tp) = % [R50 (X €B, 75 <1p); T(3B(ro, ) < 7]
2 (c12/2)P*(T(0B(x0,u)) < Tg). (2.16)
Another application of the strong Markov property yields
PP (s < 1p) < PO(T(0B(xp,u)) < Tg). (2.17)

Combining (2.16) and (2.17) proves (2.10) with ¢y = ¢12/2. U

Let us say that “X; makes a loop around B(0,R)” if the graph {X;: 0 £ s <
1p A T(3B(0,5R/4)) A T(0B(0,5R/2))} contains a closed curve C with B(0,R)
contained in one of the bounded components of C*.

Proposition 2.4 There exist € and ci4 such that if Capy(D° N B(0,100)) < ¢,
then

P (X, makes a loop around B(0,4)) = c14IP*(T(0B(0,4)) < tp). (2.18)
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Proof. Using Proposition 2.2, there exist ¢ and ¢ such that if B C L is defined
by (2.6), »(B) = 1/2 and
P*(Tyw < Tpeuer—w)) = C6

if x € B. Taking ¢ smaller if necessary, we use Proposition 2.3 to see that there
exists c1o such that (2.10) holds. If X; starts at xp, exits .S in B before hitting
D¢, and then exits R in W before hitting D¢, then X; must make a loop around
B(0,4) before hitting time tp. Hence the left hand side of (2.18) is bigger than

PO(X; € B, 15 < 1p, Xz oy €W, tpoly < 1poly)
By the strong Markov property, the choice of B, and (2.10), this is equal to

IEYo [IPX’(S)(XTR €W, tr < 1p); Xiy €B, 15 < ’CD]
‘ cslP (X € B, 15 < 1p)

cc10P(ts < 1p)

cc1oP(T(9B(0,4)) < 1p). [

v v v

3 Green functions

About each point y € D we will determine a radius » such that B(y,2000r)
contains at least some of D° but not too much. Let

n = Capg(B(0,100) — B(0,50)).

Lemma 3.1 Let y € D and ¢ < 5. There exists o € (0,1) (depending on ¢
but not y) and r > 0 (depending on ¢ and y) such that

CapB(y,ZOOOr)(DC NB(y,100r)) < ¢ 3.1

and
CapB(y,ZOOOr)(DC N {B(y,110r) — B(y, 10ar)} > £/2. (3.2)

Proof. Fix y and £ and let
4, = {s: Capg,, 20005)(D° N B(y,100s)) = €}
This set is not empty, for if 5 is sufficiently large, D C B(y,50s). Then
Cappy, 20005 (D N B(»,1005)) = Capp,, 20005)(B(¥, 100s) — B(y,50s)) =

by scaling and translation invariance. Thus for s sufficiently large, s € 4,.

On the other hand, since D is open, for s sufficiently small, D¢ N B(y, 100s)
= 0. If 50 = inf 4,, then 5o > 0.
Choose 7 € (21s¢/22,s0). Since r < 89, » ¢ 4, and (3.1) holds. Choose 7 €
(50,21s50/20) N A4,. Then Cappy,20000(D° N B(y,100¢)) > . By our choice of
t, B(y,110r) D B(y,100¢). Then Capa(,, 2000n{D° N B(y,110r)) = €. Let u be
the capacitary measure of DN B(y,110r) with respect to gp(y, 2000,). Since
t>r, then 9B(y,2000t) é 9B(y,2000r) pOil’ltWiSC, and hence GB(y,zooor)‘u < 1 in
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B(y,2000r). It follows that
Cappg;, 2000 (D° N B(y, 110r)) = u(D° N B(y,110r)) 2 ¢. (33)

Finally, choose o < 1 small so that Capg(B(0,102)) < £/2. By scaling and
translation invariance, Capg(y,2000-)(B(y,100r)) < /2. Expression (3.2) fol-
lows from this and (3.3). O

Lemma 3.2 Let y€ D, € < #, and let o and r be chosen as in Lemma 3.1
so that (3.1) and (3.2) hold. Suppose w € 0B(y,3r). Then there exists c,
depending on £ and o, but not y or r, such that

gp(w,y) = 2. (3.4)

Proof Let E =D U B(y,2ar). Since D C E, it suffices to obtain the bound
ggW,y) < 2, w € 0B(y,3r). (3.5)

We use a renewal argument. Let

g
A= sup E’[lgya(X)ds,
vEIB(y,200r) 0

P = sup IPU(TB(%W) < ‘L'E).
v€0B(y,200r)

By Proposition 2.1 and (3.2), p < 1. By the strong Markov property, if v €
O0B(y,200r),

TE E
IEUIIB(J/»W)(‘XS) ds = E [IEXT(B(%W))le(y,ur)(Xv) ds; Tp(yary < TE:I
0 0

TB(y, 200r)

é ]EU IEXT(B(y,w‘)) f lB(y,(xr)()(s) dsil
0

e
IEXT(B(y,ocr)) f lB(y’W)(AXS) dS; TB(y,ocr) < TE] . (36)

TB(y,200r)

+ B’

The first term on the right hand side of (3.6) is bounded by c3#? for some
constant c3 since sup,cp2 I Tp(y 2000) < c3r?. If u € 8B(y,ar), by the strong
Markov property

g 1E
B* f lB(y,xr)(Xv) ds = IE* ]EXT(B('V’ZOOY))fIB(y,ar)()(s) dS:| § A. (37)
TB(y,200r) 0

Hence the second term on the right hand side of (3.6) is bounded by
AP (Ty(y,0ry < T5) < pA.
Substituting these bounds in (3.6) and then taking the sup over v € dB(y, 200r),
AL et + pA. »
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A is finite, since
]EU‘EE < IEUTB(O,M) < 00. (38)

Hence
A £ e /(1= p). (3.9)

Since w € 0B(y,3r), B(y,20r) C E, and gg(w, -) is harmonic in E, by the
Harnack inequality there exists ¢4 such that

ge(w, y) = cage(w,z), z € B(y,ar).

Integrating over B(y, ar),

174
9w, y) < calB(y,ar)| ™" [ ge(w,z) dz = csr 7 B [1(;, 50X, ) ds.
B(y,or) 0

As in (3.6),

TE E
E” [15(,0n/(Xs)ds < B a0, 200r) + BYEX @020 [, 000 (X;) ds
0 0

HA

esr? + A,

hence
ge(w,z) £ esr e + A].

With (3.9) this proves (3.5). [

Proof of Theorem 1.1. Let x, y,z be distinct points in D. Fix y. Choose ¢ less
than # and sufficiently small so that the conclusion of Proposition 2.4 holds.
Choose » as in Lemma 3.1.

Suppose for now that x, z ¢ B(»,2000r). We want an upper bound on
g:(x, y), and by the maximum principle for functions that are harmonic with
respect to A-path transformed Brownian motion (see [Do]), it suffices to get
an upper bound on g¢,(w, y), w € 0B(y,6r). Let A = gp(y,2). Since gp(-,z) is
lower semicontinuous, the set {v: gp(v,z) > 4/2} is open. Since gp(-,z) is har-
monic in D — {z}, y must be in the same component of {v: gp(v,z) > 1/2}
as z by the maximum principle. Therefore there exists a curve C contained in
D and connecting y and z such that gp(v,z) = 4/2 for all v € C.

Fix w € 0B(y,6r), and let a = IP*(Tsp(;,4y < tp). By Proposition 2.4, trans-
lation invariance, rotation invariance, and scaling, there exists c¢¢ such that

P*(X; makes a loop around B(y,4r)) = csa.
If X, makes a loop around B(y,4r), the path of X; must intersect C, and thus
P¥(Te < tp A Tppary) = Coa.
By the strong Markov property and the fact that gp(-,z) is harmonic in D — {z},

gp(w,z) = B¥[gp(X7.,2); Te < tp A Taiyary] = (cea)A/2. (3.10)
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Now let us look at gp(w, y). By the strong Markov property and Lemma 3.2,
gp(w, ¥) = E"[gp(Xr@(,3r) ¥)s T(r3r) < ]
< aPY(Tpy,4n < ) S 0 (3.11)
Substituting in the formula for g,(w, y),

_ gD(W,y)gD(y,Z) < (CZa)l _ _2_?2
g:(w, y) = Inwn2) Sl (3.12)

as desired.

It remains to consider the case when x or z is in B(y,2000r). Suppose
x~ ¥y £ |z—y| and |x — ¥| £ 2000r. Let us set ¥ = |x — y|/2000. By the
construction of Lemma 3.1, (3.1) still holds with #” in place of ». The argument
we have just given in the first part of the proof still holds, except that we cannot
use Lemma 3.2 and we need a substitute for (3.11).

Choose M so that D C B(0,M). If v € 0B(y,3r"),

gp(v, ¥) = ga.m) (v, ¥) < er(1 +Tog (1o — ) < es(1 +log"(1/r')) (3.13)

for some constants c; and cg by the formula for gpo . Since ' =
|x — »|/2000,

gp(v,2) £ co(1+1log"(1/]x — y)). (3.14)
As in (3.11), if w € 0B(y,67"),
gp(w,») < eoa(l +1log™(1/[x — y|)). (3.15)

If we use (3.15) in place of (3.11), we get

2¢9(1 +log™(1/x — y]))
Ce '

g:(w,y) = (3.16)

Finally, suppose |z — y| < |x — y|. Since g.(x, ¥) = g«(z, ¥), we simply reverse
the roles of x and z.

Checking where the constants come from, we see that they all depend only
on the diameter of D. [

Remark. We learned the idea of using loops to estimate occupation times from
[Dv].

Proof of Theorem 1.2. Let xp € D. If z is in the Martin boundary of D, there
exist z, € D converging to some point zgp € 0D such that gp(x,z,)/gp(x0,2,) —
M(x,z), the Martin kernel with pole at z, and the convergence is uniform over
x in compact subsets of D — {xg}. If we replace z in (1.1) by z,, divide the
numerator and denominator by gp(xp,z,), and then let n — oo, we get from
(1.2) that

gp(x, y)M(y,z)

M(x2) < o1 +logh (1/]x — D) +logt (1/]z0 — y|)).

The argument of [Cr], Theorem 6, now applies and gives Theorem 1.2. O
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Proof of Theorem 1.3. We obtain Theorem 1.3 by examining where in the
proof of Theorem 1.1 we used the fact that D was a bounded domain. There
are three places. First, in the proof of Lemma 3.1 we needed to know that
the set 4, was nonempty. This is implied by (1.4). Secondly, let y € D. Since
D has a Green function, it is easy to see that £ = D U B(y,2ar) does also,
provided o € (0,1) and 7 is chosen as in Lemma 3.1. Since the Green function
is locally integrable, a compactness argument shows that

E
sup  [lpoan(Xs)ds = sup [ 9e(v,z) dz < .
vEBB(y,200r) 0 v€0B(y,200r) B(y, ar)

This substitutes for (3.8). Finally, in place of (3.13) we use the definition of
hy(x). O

Remarks. 1. If D is contained in an infinite strip, then D satisfies the hypothe-
ses of Theorem 1.3. It is not hard, using a renewal argument, to see there
exists ¢y such that

hy(x) < en(1+log (1/]x — y]).

Expression (1.4) is proved the same way as in Lemma 3.1, and so (1.2) holds
for domains contained inside strips.

2. The half plane is an example of a domain where Theorem 1.3(a) and
(b) hold but (1.2) does not. To see this, set z =1, xy = Ni, vy = 1/2+ Nj,
and let N — oo.

3. One might ask whether in Theorem 1.2 one can weaken the conditions
on q. For example, suppose D is bounded and suppose that we only require
that

lim sup sup [g(»)|15e)(¥)gp(x, ) dy = 0.
e—0 X D
Does the conclusion of Theorem 1.2 still hold? (This is suggested by some
results in [CFZ] and [McC].) It turns out the answer is no. The counterexample
is rather lengthy and we do not present it here.

4 Weak convergence

Proof of Theorem 1.4. We drop the subscript 7 throughout the proof. Suppose
b < 1and r € (0,p/6). Let K = DN B(0,oR) and

N = {y EB(JC,B»I"):]PX(‘L'B(O,R) < TK) > b}
Let yo = (0,(1 + 2)R/2). Tt follows from (1.6) that gB(o,R)(yo,y) <cp <00
for all y € B(0,aR). Let u be the capacitary measure for X in B(0,R). Note

that the mass of p is equal to a. Hence

PY(Tx < a0, 1)) = Gro,myu(Yo) < acy. (4.1)
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There exists ¢, such that if 4 C B(0,aR), then
]PyO(TA < TB(O,R)) g ]PyO(XRZ/\I(B(O,r)) EA) > 02|A|,

where |A| stands for the area of A. This, (4.1), the strong Markov property
applied at Tyc and the definition of N imply that

IN“lez < IPP(Tye < 1p0,8)) = P(Tx < tp0,p))/(1 — b) £ acy/(1 — b).

Thus |N¢| < aci/ea(1 — b). Fix b and r for the moment. If § > 0, we may
choose a so small that

N N B(x,3r) > (1 — 6)|B(x,3r)| 4.2)

and N N (B(x,2r) — B(x,7)) # 0.
Suppose that b; < 1 and let

V={y € B(x,2r) = B(x,r):Py(Tn < tp(x,3r)) > b1}.

We will argue that for a fixed by and suitable choice of a,b and 5, every
continuous path I” starting at x and ending at a point of 0B(x, 2r) must intersect
V. Suppose to the contrary that there is a path I' C V¢. Choose any y; €
N N (B(x,2r) — B(x,r)) (recall that this set is non-empty). In view of (4.2),

P(Ty < tpp3m) > €3

where ¢3 < 1 may be chosen as close to 1 as we like provided & is taken
sufficiently small. The last inequality and the fact that y; € N imply in view
of the definition of N that

IPZI(TN < TB(x,3r)) > Cc3 — (1 — b) =C4. (43)

Here ¢4 < 1 can be taken as close to 1 as we like if b is chosen close to 1 and &
small. The probability that a Brownian path starting from y; will make a closed
loop around B(x, ») before leaving B(x,2r) — B(x,r) is greater than cs > 0. The
IP;"-probability of the same event is greater than or equal to ¢cs — (1 — b) = ¢
and we may assume that ¢ > 0 by choosing a sufficiently large 5. A path
containing a closed loop around B(x, ) within B(x,2#) — B(x,r) must intersect
I', and therefore it must intersect V. By the strong Markov property applied
at the hitting time of V¢,

P (Top,3ry < Tw) 2 co(1 — by). (44)

If ¢4 is sufficiently close to 1 then cs(1 — b;) > 1 — ¢4, and therefore (4.3) and
(4.4) contradict each other. This proves that every continuous path I' starting
at x and ending at a point of 0B(x,2r) must intersect V.

The last remark implies that every trajectory of the IP}-process must hit ¥
and so by the strong Markov property it hits N before hitting dB(x,3r) with
probability greater than by. The process {X,,s < Ty} under IP} conditioned by
{Tv < tB3r} is a conditioned Brownian motion in a subset of B(x,7), so by
the results of [CM] its expected lifetime is bounded by cs7%. If we choose r
sufficiently small, we can make this expected lifetime arbitrarily small. Note
that the diameter of the trace of {X;, 7 < Ty} is bounded by 6r provided
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the event {Ty < 7p(,3r)} holds. The estimates of the diameter and Ty do
not depend on the shape of D or x — they only depend on r. The process
{X; —x, s =2 Ty} under IP}, is an h-process in D — x starting from a point of
N —x. It is easy to see that for any open set 4 C C[0,00) and y > 0, this
process will take values in 4 with probability greater than HSX(/]) —y if we
choose a suitably small » and large b in the definition of N.

One can easily prove the following remark about weak convergence. Sup-
pose 4 C C[0,00) is an open set and f > 0. Then one can find y > 0 with
the following properties. Let 4, be the family of all functions in 4 whose
Skorohod distance from A4° is greater than y. Assume that for some process
Y and a random time S, the trajectory of the process {Y(s), s = S} is in
4, with probability greater than ]lSX(Ay) — y. Moreover, assume that S < y and
max;<s |Y(s) — Y(0)| < y with probability greater than 1 — y. Then the proba-
bility that {Y(s), s = 0} is in 4 is greater than B"(4) — . This lemma applies
to X; —x under PP} when a — 0 according to the facts listed in the previous
paragraph (7 plays the role of S and 4, plays the role of 4). This completes
the proof. [J

Theorem 1.4 may be used to give an alternative proof of Proposition 2.4.

Proof of Proposition 2.4. The event B = {T(dB(0,4)) < tp(x),30)} is a closed
set in C[0, c0).

In this proof, “X, makes a loop around B(0,R)” will refer to the event
“the graph {X;:0 <5 < Tapo,5r/4) N Topo,sri2y} contains a closed curve C
with B(0,R) contained in one of the bounded components of C°” (we do
not require that the loop is made before hitting D°). It is easy to see that this
event contains an open event 4 C C[0,00) with IP™(4) > 0.

Let lP)hC" denote the distribution IP*® conditioned by {7ap,,30) < tp}. Since
A is open and B is closed, Theorem 1.4 shows that for a fixed f > 0, we may
find € > 0 sufficiently small so that Capp(D‘ N B(0,100)) < e implies that
P37(4) 2 IP(4) — § and PY(B) = IP,’(B) — f.

Note that By = {T(B(0,3)) < Ta,,30)} 1S an open set in C[0,00) and B; C B.
For § sufficiently small we have

P,°(B) = P(By) = PO(By)— f > 0.
Hence, it is possible to choose ¢; > 0 such that P*(4) = ¢;IP*™(B) and
2, > 0 so that ¢;(IP;°(B) — B) — B = aIP;°(B) (we may have to adjust ¢).
Then
P (X, makes a loop around B(0,4) before 1p)

= IP*(X; makes a loop around B(0,4) and Tsp(x)30) < Tp)

= 1P}’ (X; makes a loop around B(0,4))P™(Tap(x,30) < Tp)

z PP (Topxy30) < Tp)

= (P(4) — BYP™(Top(ry30) < Tp)

= (c1P(B) — BYP(Top(ey30) < o)
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v

(CI(PZO(B) -B - ﬁ)]Pxo(TaB(xo,so) < 1p)

> ;PR (BYP™(Topxy30) < Tp)

\

2P (T(3B(0,4)) < T5(xy30) )P (Top(xp.30) < Tp)
caP*(T(0B(0,4)) < Txy30)> ToB(xp,30) < TD)

¢, P(T(8B(0,4)) < ). O

i

1\

Example 4.1. Let D = D(e) = K° where
K={x=(@Luxu)eR: x| <1, X+x=c}

The capacity of K in B(0,20) can be made arbitrarily close to 0 by taking
¢ small enough. However, Brownian motion starting from 0 and conditioned
to hit 6B(0,2) before hitting D does not converge in distribution to standard
Brownian motion as € goes to 0 because it has to travel a distance 1 within a
very thin tube. This shows that Theorem 4.1 cannot be generalized to higher
dimensions.
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