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1 Introduction 

Let D be a domain in ]R 2 that has a Green function gD(X, y). If  x, y, and z are 
in the same component of  D, let 

gD(X, y)gD(y,z) 
gz(x,y) = (1.1) 

gD(X,Z) 

Ifx,  y,z are not all in the same component, we set 9z(x,y) = 0. I f z  E D, then 
gz(x, y) is the Green function o f  Brownian motion conditioned to hit z before 
exiting D. That is, i f z  E D, then gD(',z) is harmonic in D - {z}, and gz(x,y) 
is the Green function o f  Brownian motion in D - {z}, h-path transformed by 
the function gD(',z). (See [Do] for further information on h-path transforms.) 

Our main result is the following. 

Theorem 1.1 Suppose D is a bounded domain in IR 2. Then there exists a 
constant cl such that 

gz(x,y) <_ c1(1 + log+(1/lx - Yl) + log+(1/lY - zl)). (1.2) 

Here log + x = 0 V log x and cl depends only on the diameter of D. 
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Our motivation in proving Theorem 1.1 is to obtain the conditional gauge 
theorem in arbitrary bounded planar domains. To state our result, we introduce 
some notation. Let B(x, r) denote the open ball about x of  radius r. A function 
q �9 1R 2 -+ IR is in the Kato class if  

lim supsupflq(y)llB(x,~)(y)(1 + log+(1/lx - yl))dy = 0. (1.3) 
c - + 0  x D 

Let A1 be the minimal Martin boundary of  D (see [Do]). The conditional gauge 
is the function 

C; ) Eq(x,z) = E x exp q(Xs)ds , 

where x C D, z E Al, IE x is the expectation of  Brownian motion h-path trans- 
formed to go to z before exiting D, ZD is the time to exit D, and Xt is the 
trajectory of  the process. 

Theorem 1.2 (Conditional gauge) I f  Eq(xo,zo ) < oc for some pair (xo,zo ) with 
xo C D, zo E AI, it is finite for all pairs (x,z) with x E D, z E A1 and there 
exists c2 such that 

c21 <= Eq(x,z)/Eq(xo,zo) < c2, x E D, z E A1. 

The conditional gauge theorem is of  great importance in the study of the 
Schr6dinger operator (1/2)Au +qu. See [CFZ] for a good discussion of  the 
history and uses of  the conditional gauge theorem and a proof  in the case 
of  Lipschitz domains in IR d, d > 3. See also [CZ]. In the case of  IR 2, the 
conditional gauge theorem has been previously established for bounded Jordan 
domains in [Zh], for simply connected and certain other domains in [McC], and 
for bounded domains satisfying a uniform capacity condition in [Cr]. Theorem 
1.2 makes no assumptions on the domain D other than being bounded. 

As will be apparent from our proof  of  Theorem 1.1, requiring the domain 
to be bounded is too strong. Let CapB(x,r)(E ) denote the capacity of  the set E 
with respect to the Green potential gB(x,r). (For definitions, see (1.8) below or 
[PS].) 

Theorem 1.3 Suppose D is a domain in IR 2 satisfying 
(a) D has a Green function. 
(b) There exists c3 such that i f  y E D, there exists r > 0 (depending on y) 
such that 

CapB(y ' 20r)(D c A B(y, r ) )  > c3. (1.4) 

Let 
hy(x) = sup{gD(W, y):  ]w -- Yl = 3Ix -- y[/2000}. 

Then there exists c4 such that 

gz(X,y) <= c4(1 +hy(x )+hy ( z ) ) ,  x ,y , z  ED. (1.5) 

Proposition 2.4 below is one of  the main estimates needed for the proof  of  
Theorem 1.1. One may look at this proposition as a special case of  the fol- 
lowing more general statement, which has some interest of  its own. 
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Suppose that Dn are connected planar domains. Fix some R > 0, c~ E (0, 1) 
and p E (0, eR/2). Let hn be the harmonic function in B(x, p) N Dn with bound- 
ary values 1 on c3B(x, p) n Dn and 0 elsewhere. Note that lP~n is the distribution 
of  Brownian motion starting from x and conditioned to exit B(x,p) before hit- 

~ X  

ting D~. We will write lPh, to denote the lP~n -distribution of  Xt - x ,  i.e., the 

process shifted so that it starts from the origin. Let IP x denote the distribution 
of  Brownian motion starting from 0 and stopped upon hitting ~?B(O,p). Our 
next result is concerned with weak convergence and for this reason it will be 
more convenient to assume that conditioned processes are stopped rather than 
killed at their lifetime. Note that with lP~,-probability 1, the left limit o f  the 
process is well defined at its lifetime. 

Theorem 1.4 Let an = Cap~(0,e)(D~ N B(O,c~R)). I f  an ~ 0 then IP~,, converges 

weakly to IP x. The convergence is uniform in the followin9 sense. Given an 
open set A C_ C[O, oc) and fl > O, there exist ao > 0 such that i f  an < ao 
then lpXhn(A) >= OX(A) - fl for all domains Dn and all x r Dn NB(O, eR/2). 

The point of  Theorem 1.4 is that the convergence holds for all points x C Dn N 
B(0,7~R/2). I f  an is small then for "most" x, the probability lP~(ze(0,~R) < rD,) 
is very close to 1 and for such x the conclusion of  Theorem 1.4 follows im- 
mediately. However, if  CapB(0,R)(D ~' N B(0, c~R)) > 0 then there are necessarily 
some points x C Dn n B(0, ~R) such that 1P~(zB(x,p) < z~,,) is arbitrarily small. 
For these points, conditioning on the event {re(x,p) < ZD,~} could conceivably 
change the distribution of  the process; we show that tiffs is not the case. 

In the remainder o f  this section we introduce some further notation and 
present a brief summary of  some facts about capacities. In the next section 
we prove four propositions about capacities and hitting probabilities. The tech- 
niques used here may be of  independent interest. In Sect. 3 we prove Theorems 
1.1, 1.2, and 1.3. We also discuss some extensions and lack of  extensions to 
Theorems 1.2 and 1.3. Theorem 1.4 is proved in Sect. 4. An easy example 
supplied in Sect. 4 shows that Theorem 1.4 is false in dimensions greater 
than 2. 
I f  U is a domain, gu will denote the Green function and Gu the corresponding 
Green potential. For the ball B(0, R) we have the formula 

1 log(IXl ly_- eax/lx[21~ 
gg(o,R)(x,y) = -~ RIx - Yi 2, x ,y  e B(O,R). (1.6) 

I f  x ,y  E B(O, R) c, then gB(O,R)~(x,y) is also given by the right-hand side of  
(1.6); see [PS], p. 114. We let TE = T(E) and ZE = ~(E) be the first hit to E 
and first exit from E, respectively. That is 

TE = inf{t : Xt E E}, z E = i n f { t :  Xt ~ E}. 

E ~ will denote the set o f  points that are regular for E. This means x E E ~ 
if and only if Ipx(TE = 0) = 1. I f  E is a set in a domain U, the capacitary 
or equilibrium measure for E is a measure # concentrated on E r such that 
G~:# < 1 on U and Gu# = 1 on E ~. We have the formula 

Gv~(x )  = ~ ( r E  < zv) .  (1.7) 
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The capacity of  E with respect to the Green potential Gu is defined to be 

Capv(E  ) = ~ ( U )  = #(E"). (1.8) 

(We will not be using the notion of  logarithmic capacity in this paper.) For 
proofs and further details, see [PS]. 

We will use IB to denote the ball B(0,2000). 
There exists c5 such that if  I is a line segment of  length at most 1 and 2 is 
linear measure on I (i.e., one dimensional Lebesgue measure), then 

G32(x)  <- c5, x E L (1.9) 

To see this, by (1.6) and symmetry considerations, G~)~(x) will be largest if  
x = 0 and I is o f  length 1 and centered at the origin. Expression (1.9) then 

follows from the finiteness of  ~-,/('/'2'21~ 

2 Capacity 

In this section we prove a number of  propositions concerning capacity. We 
suppose D is an open connected domain in IR 2, but not necessarily simply 
connected. 

Proposit ion 2.1 Let  6 > O, c~ C (0, 1), and suppose 

Cap3(D c N {B(0, 110) - B(0, 10c~)}) > 6. 

There exists ci depending only on ~ such that i f  x C 0B(0,200), then 

]PX('cD < T~(o,~)) > C16. (2.1) 

Proof  Let A = D e N  {B(0, 1 1 0 ) -  B(0, 10~)}. We show first there exists c2 
such that 

CapB(0,~)c(A ) > c~16. (2.2) 

Let # be the capacitary measure of  A with respect to 93- From the explicit 
formulas (1.6) for g3(x ,y )  and 9B(o,~),(x, y),  we conclude that there exists c2 
such that 9B(0, ~)c (x, y )  < e293 (x, y )  if  x, y E B( 0, 111 ) - B( 0, 9 c~). Hence 

~B(o,~)c~(x) : f oB(o,~)c(x, y)~(dy) _<_ c2 f 93(x, y)~(dy) 

= c2G3#(x) <= c2 

for x ~ A .  By the maximum principle ([PS]), p. 163), GB(0,~)c# < c2 on 
B(0,~)q  Consequently -J  c 2 # is a measure concentrated on A ~ whose Ge(0,,)~ 
potential is bounded by 1 on B(0, c~) ~. It follows that 

Caps(0,~)c(A) > c21#(A ~) > c216, 

which is (2.2). 
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Next, let v be the capacitary measure o f  A with respect to 9B(0,~)c. Let a(dz) 
be surface measure on 0B(0,200), normalized to have total mass 1. By rota- 
tional symmetry, GB(o,~)~a = c3 on ~B(0,200) for some constant c3. G~(0,~)ca 
is harmonic off the support of  a and 0 on ~B(0,c 0.  So there exists c4 such 
that if  x �9 B(0 ,  111 ) - B(0 ,  9c0,  then 

GB(O,~)c~7(X) = c3lpx(ToB(O,lOO) < TeB(o,~)) > C3C4. (2.3) 

By the symmetry of  ge(o,~)c(x,y) in x and y and Fubini's theorem, 

f aB(o,~)cv(y)a(dy) - f GB(o,~)ca(x)v(dx) > c3c4v(A ) ~ (c3c4)(c21 (~). (2.4) 

Finally, by the Harnack inequality, there exists c5 such that if x, z �9 ~?B(0, 200), 

IPX(TA < TB(o,~)) > csIPZ(TA < T~(o,~)). (2.5) 

Integrating over z with respect to a, 

]Px('CD < TB(O,c~)) >= IpX(TA < rB(o,co) _--> csflPZ(rA < T~(o,~))a(dz) 

= csfGB(o,~)cv(z)a(dz). 

Combining with (2.4) proves (2.1) with c~ = c21c3c4c5. [] 
Let 

S = {re iO : -7c/2 < 0 < 2~, 6 + 0/~ < r < 7 + O/Tr}, 

L = {re iO : 0 = 2re, 8 < r < 9}, 

R = {re i~ : 2~z-  1/32 < 0 < 27z+ 1/32, 5 < r < 10}, and 

W = { r e  ~~ 2 ~ z - 1 / 3 2  < 0 < 2 ~ + 1 / 3 2 ,  r = 5 } .  

Let x0 be the point 6e -i~/4. Let 7 be linear measure (i.e., one dimensional 
Lebesgue measure) on L. 

Proposition 2.2 There exist e and c6 such that i f  Cap~(D ~ N R) < c and 

B = {x �9 L : lpX(Tw < TDCu(OR-W)) >= C6}, (2.6) 

then 7(B) > 1/2. 

Proof  Let x ~ = 17/2. By the support theorem for Brownian motion, there exists 
c 7 such that 

I 

IP x (Tv/ < T~R-vr > c7. (2.7) 

By Harnack's, inequality, there exists c8 such that if x �9 L, 

t 

IpX(Tw < TOR-w) >--_ cslP x (Tw < Toe-w). (2.8) 

We will show 

7{x �9 L : Ipx(zD <= TaR) > c7c8/2} < 1/2. (2.9) 

That this proves the proposition with c6 = c7c8/2 can be seen as follows: Recall 
that y ( L ) =  1. I f  

IPX(zD < TaR) < c7c8/2, 
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then 

IP~(Tw < TD~u(0e-v/)) > Ipx(Tw < TaR w ) -  Ipx(~D <= Toe) > c7c8/2, 

or x C B. So it suffices to show (2.9). 
Let E = D e A R. Let # be the capacitary measure of  E with respect to 9~- Let 

H(x)  = lpX(Te < r~) = GB#(x). 

Let C = {x E L : H(x)  > c7c8/2}. Then 

On the other hand, 

f G~#(x)y(dx) >= (c7c8/2)7(C). 
c 

f a~#(x)~/(dx) < f c~#(x)~(dx) 
c 

= fa~/(x)#(dx). 

By (1.9) there exists c 9 such that if x E L, 

GIB?(x) <= C9. 

By the maximum principle, G~7 is bounded by c9 on lB. Hence 

(c7c8/2)7(C) <= c 9 f # ( d x ) =  c 9 # ( E ) -  c9CaplB(E) =< c9c. 

I f  we choose e less than c7c8/4c9, then 7(C) < 1/2. Finally, note that {rD < 
TaR} C {Te < ~ } ,  and so if x ~ L and lpx(~/) =< TaR) > c7c8/2, then x E C. 

[] 

Proposition 2.3 There exist c and ci0 such that i f  B is any subset o f  L with 
7(B) > 1/2 and C a p ~ ( S A D  c) < r then 

IPx~ ~ B, zs < rD) > clolpX~ < rD). (2.10) 

Proof Let E = D c n S. Let H(x)  = Ipx(TE < r~). S is a Lipschitz domain and 
so surface measure and harmonic measure are mutually absolutely continuous 
[Da]. There exists Cll such that 

lpx~ E B) > Cll. (2.11) 

Combining this with Harnack's inequality, there exists c12 such that if x C 
B(xo, 1/300), then 

lpx(X~s E B) > c12. (2.12) 

Our first goal is to show that there exists u C [1/900,2/900] such that 

H <= c12/2 on OB(xo, u). (2.13) 

Suppose (2.13) does not hold. Let # be the capacitary measure of  E with 
respect to 9~. For every u E [1/900, 2/900], there exists zu E OB(xo, u) such that 
H(zu) > c12/2. Since H(x)  = G~#(x) is lower semicontinuous, there exists a 
radial line segment containing z, on which H > c12/2 (radial with respect to 
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the center x0). By compactness, there exist finitely many radial line segments 
such that H > c12/2 on each one and for each u C [1/900,2/900],c3B(xo, u) 
intersects at least one of the radial line segments. By taking finite intersections, 
we can find radial line segments I1, . . . ,  IN (not necessarily open intervals) that 
are disjoint, on each of which H > c12/2, each is contained in B(xo,2/900) - 
B(xo, 1/900), and for each u E [1/900,2/900], c3B(xo, u) intersects exactly one 
Ii. Let I = uN=I// and let 2 be arc length measure (i.e., linear measure) on I. 
Since H > r on I, 

(c12/2)(1/900) < fG~#(x )2 (dx )= fG~2(y)#(dy) .  (2.14) 
I 

For any fixed y E B(xo,2/9OO)-B(xo, 1/900), let Iy consist of a single ra- 
dial line segment passing through y, that is, Iy = xo + {(r, 00) �9 1/900 < r < 
2/900}, where 00 = a r g ( y - x 0 ) .  By (1.9) there exists ci3 such that if 2y is 
linear measure on Iy, G~32y(y) < c13. On c?B(xo, v), g~(y,z) is largest when 
z E Iv. Thus 

G~2(y) = f g~(y,z)2(dz) < f grB(y,Z)2y(dz) 
1 ly 

= G~2y(y) < c13. 

Thus G~2(y) __< c13 for y C I. By the maximum principle, G~2 < c13 for all 
y E lB. Hence the right hand side of (2.14) is bounded by 

C13~(L" ) = ci3Cap~(E) ~ c13s 

If we take c __< c12/3600c13, then (2.13) is proved. 
Next, suppose x E ~?B(xo, u). Combining (2.13) and (2.12), 

lpx(X~s E B, ~s < TE) >--_ c12/2. (2.15) 

By the strong Markov property, 

]pxo (XTs EB, zs < zz) ) = IE xo [lpxr(c)B(x0,,))(XTs CB, rs < ZD ); T(~B(xo, u)) < Te l 

> (c12/2)lpx~ u)) < TE). (2.16) 

Another application of the strong Markov property yields 

lpx~ < ZD) <= lPX~ u)) < TE). (2.17) 

Combining (2.16) and (2.17) proves (2.10) with c10 = c12/2. [] 

Let us say that "Xt makes a loop around B(0,R)" if the graph (X~ : 0 < s < 
rD A T(c3B(O, 5R/4))A T(OB(O, 5R/2))} contains a closed curve C with B(O,R) 
contained in one of the bounded components of C c. 

Proposition 2.4 There exist c and c14 such that i f  Cap~(D C N B(0, 100)) < c, 
then 

lpx~ makes a loop around B(0,4)) => c141PX~ < zo). (2.18) 
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Proof  Using Proposition 2.2, there exist ~ and c 6 such that if B C_ L is defined 
by (2.6), 7(B) > 1/2 and 

]pX(T W < TDCU(OR-W)) >= C 6 

i f x  E B. Taking c smaller if necessary, we use Proposition 2.3 to see that there 
exists el0 such that (2.10) holds. I fX t  starts at x0, exits S in B before hitting 
D ~, and then exits R in W before hitting D c, then Xt must make a loop around 
B(0,4) before hitting time ZD. Hence the left hand side of  (2.18) is bigger than 

IPX~ E B, "c S < T,D, XrR o Ors E W, "c R o Ors < "c D o O r s  ) . 

By the strong Markov property, the choice o f  B, and (2.10), this is equal to 

~o [~,x~(~(x~ e w,~e < ~ ) ;  x ~  c B, ~s < ~D] 

C6I~xo(Xzs E B, T, S < "CD) 
xo C6C10 ID ('CS < TD) 

>-_ c6clo]pX~ < ~D). [] 

3 Green functions 

About each point y E D we will determine a radius r such that B(y, 2000r) 
contains at least some of  D c but not too much. Let 

r / =  Cap~(B(0, 100) - B(0, 50)). 

Lemma 3.1 Let  y E D and e < tl. There exists ~ C (0, 1) (depending on c 
but not y)  and r > 0 (depending on c and y)  such that 

and 

Cape(y,2OOO~)(D c VI B(y,  100r)) < c (3.1) 

Proof  Fix y and c and let 

Ay = {s: CaPB(y,2ooos)(D ~ N B(y,  100s)) > c}. 

This set is not empty, for if s is sufficiently large, D C_ B(y,  50s). Then 

CapB(y,2OOOs)(D C N B(y,  100s)) > CapB(y,2OOOs)(B(y, 100s) - B(y,  50s)) = q 

by scaling and translation invariance. Thus for s sufficiently large, s E Ay. 
On the other hand, since D is open, for s sufficiently small, D C A B(y,  100s) 

= 0. If  so = infAy,  then So > 0. 
Choose r E (21So/22,so). Since r < so, r ~ Ay, and (3.1) holds. Choose t E 
(so,21so/20)VIAy. Then CapB(y,2OOOt)(D C NB(y ,  100t)) > c. By our choice of  
t, B(y,  110r) _D B(y, 100t). Then CapB(y, ZOOOt)(O c (3 B(y, 110r)) > c. Let # be 
the capacitary measure of  D c f iB(y ,  l l0r)  with respect to gB(y,2oooo. Since 
t > r, then ge(y,2o0o0 > 9B(y, 2OOOr) pointwise, and hence GB(y,2OOOr)lJ < 1 in 

CapB(y,2OOOr)(D c N {B(y, 110r) - B(y, 10c~r)} > c/2. (3.2) 
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B(y, 2000r). It follows that 

CaPB(y,2OOOr)(D c 7) B(y, 110r)) >_ t~(D c N B(y, 110r)) > c. (3.3) 

Finally, choose c~ < 1 small so that Cap~(B(0, 10c0) < c/2. By scaling and 
translation invariance, CapB(y,2OOOr)(B(y, 10~r)) < c/2. Expression (3.2) fol- 
lows from this and (3.3). [] 

Lemma 3.2 Let y E D, e < ~, and let c~ and r be chosen as in Lemma 3.1 
so that (3.1) and (3.2) hold. Suppose co E OB(y, 3r). Then there exists c2, 
dependin9 on c and c~, but not y or r, such that 

9D(w,y) < c2. (3.4) 

Proof Let E = D t5 B(y, 2c~r). Since D C E, it suffices to obtain the bound 

9E(w, y) < C2, W E OB(y, 3r). (3.5) 

We use a renewal argument. Let 

rE 
A = sup lE~(1B(y,~)(Xs)ds, 

vEc3B(y, 2OOr) 0 

p = sup ]PV(TB(y,~r) < ZE). 
v E c3B( y, 200r) 

By Proposition 2.1 and (3.2), p < 1. By the strong Markov property, if v E 
OB(y, 200r), 

~ [ ~e ] 
IE~ f lB(y,~r)(Xs) ds = IE v lEXr(~(y,~"~) f lB(y,~r)(Xs) ds; TB(y,~r) < rE 

o o 

I ~B(y,2Oo,~ ] 
< IE ~ lEXr(e(y,~r~ f l~(y,~)(X~) ds 

o 

-k IE v ]E Xr(B(y'~)) f 1B(y,~r)(Xs) ds; TB(y,~r) < ZE �9 (3.6) 
7:B(y, 2OOr) 

The first term on the right hand side of (3.6) is bounded by c3r 2 for some 
constant c3 since s u p ~ 2  IEz~B(y,200r) <= c3r 2. If u E ~B(y,~r), by the strong 
Markov property 

IE u f 1B(y, zr)(Xs ) ds = ]E ~ lEX~(e(y,z~176 f le(y,~)(Xs) ds < A. (3.7) 
ZB(y, 2OOr) 0 

Hence the second term on the right hand side of (3.6) is bounded by 

AIPV(TB(y,~r) < "CE) ~ pA. 

Substituting these bounds in (3.6) and then taking the sup over v E ~?B(y, 200r), 

A <= c3 r2 + pA. 
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A is finite, since 

Hence 

]EVTE <= ]EV"CB(0, M) < 0(3. 

A <= c3r2/(1 - p). 
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(3.8) 

(3.9) 

Since w E OB(y, 3r), B(y,2c~r) c E, and gE(w, ") is harmonic in E, by the 
Hamack  inequality there exists c4 such that 

gE(w,y) <= C4gE(W,Z), z C B(y,o:r). 

Integrating over B(y, c~r ), 

-c E 
gE(w,y) <= c4[B(y,~r)[ -~ f gE(W,Z) dz = csr-21EWf l~(y,~r)(X,)ds. 

B(y, y~r) 0 

As in (3.6), 

ZE ~E 
]EW f 1B(y,~r)(Xs)ds ~ ~EWTB(y, 2OOr) + ]EW]E xv(B(y,2OOr)) f 1B(y ,~r)(Xs) ds 

o 0 
<= C3 r2 -7 A, 

hence 
gE(W,Z) <= e5r-2[e3 r2 +A] .  

With (3.9) this proves (3.5). [] 

Proof of  Theorem 1.1. Let x,y ,z  be distinct points in D. Fix y. Choose c less 
than t/ and sufficiently small so that the conclusion of  Proposition 2.4 holds. 
Choose r as in Lemma 3.1. 

Suppose for now that x, z ~ B(y,2OOOr). We want an upper bound on 
9z(x, y), and by the maximum principle for functions that are harmonic with 
respect to h-path transformed Brownian motion (see [Do]), it suffices to get 
an upper bound on gz(w,y), w E OB(y, 6r). Let 2 = 9D(y,z). Since gD(',z) is 
lower semicontinuous, the set {v: gD(V,z) > 2/2} is open. Since gD(',z) is har- 
monic in D - {z}, y must be in the same component of  {v:  gD(V,Z) > 2/2} 
as z by the maximum principle. Therefore there exists a curve C contained in 
D and connecting y and z such that gD(v,z) > 2/2 for all v E C. 
Fix w C OB(y, 6r), and let a = IpW(To8(y,4r) < rD). By Proposition 2.4, trans- 
lation invariance, rotation invariance, and scaling, there exists c6 such that 

IPW(Xz makes a loop around B(y,4r)) > c6a. 

I f  Xt makes a loop around B(y, 4r),  the path of  Xt must intersect C, and thus 

]pW(Tc < TD /~ TB(y,4r)) ~ c6a. 

By the strong Markov property and the fact that gD(',z) is harmonic in D - {z}, 

9D(W,Z) >= lEW[gD(Xrc,Z); Tc < ZD A TB(y,4,-)] >= (c6a))c/2. (3.10) 
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Now let us look at 99(w, y). By the strong Markov property and Lemma 3.2, 

gD(w, y) < ]EW[gD(XT(B(y,3r)), y); TB(y,3r) < "CD] 

<= c2IpW(TB(y,4r) < "CD) ~ c2a. (3.11) 

Substituting in the formula for 9z(W, y), 

gz(w, y ) =  gD(W,y)gD(y,z) <_ (c2a)2 _ 2c2, (3.12) 
g D ( W , Z )  - -  c6a)~/2 C 6 

as desired. 
It remains to consider the case when x or z is in B(y,2OOOr). Suppose 

I x -  Yl --< I z -  Yl and I x -  Yl < 2000r. Let us set r '  = I x -  yl/2000. By the 
construction of  Lemma 3.1, (3.1) still holds with r t in place of  r. The argument 
we have just given in the first part of  the proof  still holds, except that we cannot 
use Lemma 3.2 and we need a substitute for (3.11). 
Choose M so that D C_ B(O,M). I f  v E ~3B(y, 3r~), 

gD(V,y) <= gB(O,M)(V,y) <= C7(1 + 1og+(1/lV -- y[))  _--< C8(1 - t- log+(1/r t))  (3.13) 

for some constants c7 and cs by the formula for gB(O,M). Since r ~ =  
Ix - yl/2000, 

gD(V,Z) <= C9(1 § 1og+(1/lx -- Yl))" (3.14) 

As in (3.11), i f w  E ~B(y, 6r~), 

gD(w,y) < c9a(1 + log+(1/lx -- y[)). (3.15) 

I f  we use (3.15) in place of  (3.11), we get 

2c9(1 + log+(1/lx - Y[)) 
9z(w, y )  < (3.16) 

C6 

Finally, suppose ]z - y[ < Ix - Yl. Since 9z(x,y) = 9x(z,y), we simply reverse 
the roles of  x and z. 

Checking where the constants come from, we see that they all depend only 
on the diameter of  D. [] 

Remark. We learned the idea of  using loops to estimate occupation times from 
{Dv]. 

Proof o f  Theorem 1.2. Let x0 E D. I f  z is in the Martin boundary of  D, there 
exist zn E D converging to some point z0 C ~D such that gD(X, Zn)/gD(xO,zn) --* 
M(x,z),  the Martin kernel with pole at z, and the convergence is uniform over 
x in compact subsets of  D - {x0}. I f  we replace z in (1.1) by zn, divide the 
numerator and denominator by gD(xO,zn), and then let n ---+ c~, we get from 
(1.2) that 

gD(x,y)M(y,z)  < clo(1 + log+(1/I x -- y[) + log+(1/lzo -- Yl))- 
M(x,z)  = 

The argument of  [Cr], Theorem 6, now applies and gives Theorem 1.2. [] 
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Proof of  Theorem 1.3. We obtain Theorem 1.3 by examining where in the 
proof of  Theorem 1.1 we used the fact that D was a bounded domain. There 
are three places. First, in the proof of  Lemma 3.1 we needed to know that 
the set Ay was nonempty. This is implied by (1.4). Secondly, let y E D. Since 
D has a Green function, it is easy to see that E = D U B(y,2~r) does also, 
provided 7 E (0, 1) and r is chosen as in Lemma 3.1. Since the Green function 
is locally integrable, a compactness argument shows that 

sup f 1B(y,~r)(Xs) ds = sup f gE(V,Z) dz < oo. 
vC c~B(y, 20Or) 0 v E c~B( y, 200r  ) B(y, ~r ) 

This substitutes for (3.8). Finally, in place of  (3.13) we use the definition o f  
hy(x ) .  [] 

Remarks. 1. If  D is contained in an infinite strip, then D satisfies the hypothe- 
ses of  Theorem 1.3. It is not hard, using a renewal argument, to see there 
exists ea~ such that 

by(x) ~ c11(1 + log+(1/lx - Yl))- 

Expression (1.4) is proved the same way as in Lemma 3.1, and so (1.2) holds 
for domains contained inside strips. 

2. The half plane is an example of  a domain where Theorem 1.3(a) and 
(b) hold but (1.2) does not. To see this, set z = i, Xx = Ni, YN = 1/2 + Ni, 
and let N ~ ~x~. 

3. One might ask whether in Theorem 1.2 one can weaken the conditions 
on q. For example, suppose D is bounded and suppose that we only require 
that 

lira sup supflq(y)l 1B(x,c)(Y)gD(X, Y )  dy = O. 
c---+0 x D 

Does the conclusion of  Theorem 1.2 still hold? (This is suggested by some 
results in [CFZ] and [McC].) It turns out the answer is no. The counterexample 
is rather lengthy and we do not present it here. 

4 Weak convergence 

Proof of Theorem 1.4. We drop the subscript n throughout the proof. Suppose 
b < 1 and r C (0,p/6). Let K :DCNB(O,~R)  and 

N = {y E B(x,3r):Ipx(rB(o,R) < Tx) > b}. 

Let Y0 ---- (0,(1 + ~)R/2). It follows from (1.6) that #B(0,R)(Y0, Y) < C~ < Cx~ 
for all y ~ B(0,~R). Let # be the capacitary measure for K in B(O,R). Note 
that the mass o f  # is equal to a. Hence 

IPY~ < Z~(O,R)) = GB(0,R~#(y0) < acl. (4.1) 
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There exists C 2 such that i f  A C_ B(0, 0tR), then 

IPY~ < ZB(0,R)) > IPY~ C A) > c2[A[, 

where [A[ stands for the area of  A. This, (4.1), the strong Markov property 
applied at TNc and the definition of  N imply that 

[NC[c2 < ]PY~ < "CB(O,R)) <= IPY~ K < "CB(O,R))/(1 - - b )  <= acl/(1 - b ) .  

Thus [NC[ < acl/c2(1 - b). Fix b and r for the moment. I f  6 > 0, we may 
choose a so small that 

IN nB(x,3r)l > (1 - ~)lB(x, 3r)l ( 4 . 2 )  

and N N (B(x,2r) - B(x,r)) ~: ~. 
Suppose that bl < 1 and let 

V { y E B ( x , 2 r )  B(x, . x = -- r).IPh(TN < "CB(x,3r)) > bl}. 

We will argue that for a fixed bl and suitable choice of  a,b and 6, every 
continuous path F starting at x and ending at a point of  OB(x, 2r)  must intersect 
V. Suppose to the contrary that there is a path F C V c. Choose any yl E 
N A ( B ( x , 2 r ) -  B(x,r)) (recall that this set is non-empty). In view of  (4.2), 

]PYl(TN < ZB(x, 3r)) 2> C3 

where c3 < 1 may be chosen as close to 1 as we like provided c5 is taken 
sufficiently small. The last inequality and the fact that yl C N imply in view 
of  the definition of  N that 

]P~I(TN < "gB(x,3r)) > C3 -- (1  - - b ) =  c4. (4.3) 

Here c4 < 1 can be taken as close to 1 as we like if  b is chosen close to 1 and 6 
small. The probability that a Brownian path starting from Yl will make a closed 
loop around B(x, r) before leaving B(x, 2r)  - B(x, r) is greater than c5 > 0. The 
Ip~X-probability of  the same event is greater than or equal to c5 - (1 - b) = c6 
and we may assume that c6 > 0 by choosing a sufficiently large b. A path 
containing a closed loop around B(x, r) within B(x, 2r)  - B(x, r) must intersect 
1", and therefore it must intersect V c. By the strong Markov property applied 
at the hitting time of  V c, 

]PYl(TgB(x, 3r) < TN) >-- C6(1 --bl) .  (4.4) 

I f  c4 is sufficiently close to 1 then c6(1 - bl ) > 1 - c4, and therefore (4.3) and 
(4.4) contradict each other. This proves that every continuous path 1" starting 
at x and ending at a point of  c3B(x,2r) must intersect V. 

The last remark implies that every trajectory of  the lP~-process must hit V 
and so by the strong Markov property it hits N before hitting OB(x, 3r)  with 
probability greater than bl. The process {Xs,s < TN} under IP~ conditioned by 
{TN < ZB(x,3r)} is a conditioned Brownian motion in a subset of B(x,r), so by 
the results of  [CM] its expected lifetime is bounded by c7 r2. I f  we choose r 
sufficiently small, we can make this expected lifetime arbitrarily small. Note 
that the diameter of  the trace of  {Xt, t <= TN} is bounded by 6r provided 
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the event {T~v < VB(x,3r)} holds. The estimates of  the diameter and TN do 
not depend on the shape of  D or x - they only depend on r. The process 
{X~ - x ,  s > TN} under 1P~ is an h-process in D -  x starting from a point of  
N - x .  It is easy to see that for any open set A C_ C[0, oc) and 7 > 0, this 

process will take values in ii with probability greater than I0X(~i) - 7 if  we 
choose a suitably small r and large b in the definition of  N. 

One can easily prove the following remark about weak convergence. Sup- 
pose A C_ C[0, ec)  is an open set and /3 > 0. Then one can find 7 > 0 with 
the following properties. Let A~ be the family of  all functions in A whose 
Skorohod distance from A C is greater than 7. Assume that for some process 
Y and a random time S, the trajectory of  the process {Y(s), s > S} is in 

A v with probability greater than Ipx(A~) - 7. Moreover, assume that S < 7 and 
maxs__<s [Y(s) - Y(0)[ < 7 with probability greater than I - 7. Then the proba- 

bility that {Y(s), s > 0} is in A is greater than IIS~(A) - 3. This lemma applies 
to Xt - x under IP~ when a --+ 0 according to the facts listed in the previous 
paragraph (TN plays the role of  S and A7 plays the role of  A). This completes 
the proof. [] 

Theorem 1.4 may be used to give an alternative proof  of  Proposition 2.4. 

Proof  o f  Proposition 2.4. The event B = {T(0B(0, 4))  < "cB(x0,30)} is a closed 
set in C[0,ec) .  

In this proof, "Xt makes a loop around B(O,R)" will refer to the event 
"the graph {X~:0 < s < TOB(O,5R/4)A TOB(O,5R/2) } contains a closed curve C 
with B(O,R) contained in one of  the bounded components of  C c'' (we do 
not require that the loop is made before hitting DC). It is easy to see that this 
event contains an open event A C_ C[0, oc) with IPX~ > O. 

Let IP~ ~ denote the distribution 1P ~~ conditioned by {T~B(xo,30 ) < "CD}. Since 
A is open and B is closed, Theorem 1.4 shows that for a fixed/~ > 0, we may 
find c > 0 sufficiently small so that Cap~(D~ C3 B(0, 100)) < e implies that 

x0 x 0 IP h (A) > IPX~ - fi and IW0(B) > IP h (B) - ft. 
Note that B1 = {T(B(0,3))  < zB(~0,30)} is an open set in C[0, oc) and B1 C_ B. 
For fi sufficiently small we have 

X0 ~3 h (B) > ~'h~ __> ~ o ( B ~ ) -  3 > o. 

Hence, it is possible to choose cl > 0 such that IP~~  cflPX~ and 
= X0 c2,/3 > 0 so that Cl(IP~~ - fl) - fi > c2IP h (B) (we may have to adjust r 

Then 

IPX~ makes a loop around B(0,4)  before zD) 

> IPX~ makes a loop around B(0,4)  and Ta~(x0,30) < rD) 

x0 x 0 IP h (Xt makes a loop around = B(0,4))IP (T~B(xo,3O) < "CD) 

>= IpXh~ )Ipx~ roe(xo,3O) < ZD ) 

> (~XO(A) xo = - - f l ) P  (TOB(xo,30) < TD)  

> (clpX0(B) xo = --  3)]P (TOB(xo,30) < "CD) 
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-->_ (c1(]P~~ -- fl) - -  fi)]Px~ ("gD)  

>>- r ]e h~ ( B )]ex~ ( TOB(xo,30 ) < "~ D ) 

= e21pXh~ < "rB(xo,30))]PX~ < "CD) 

= c2]px~ < ~B(~o,30), T~B(~o,30) < ~D) 

>--_ e2Ipx~ < ZD). [] 

Example  4.1. Let D = D(c)  = K c where 

g =  { x = ( x l , x 2 , x 3 ) E R  3" Ixtl <= 1, x 2 + x  2 = c } .  

The capacity of K in B(0,20) can be made arbitrarily close to 0 by taking 
c small enough. However, Brownian motion starting from 0 and conditioned 
to hit ~?B(0,2) before hitting D c does not converge in distribution to standard 
Brownian motion as e goes to 0 because it has to travel a distance 1 within a 
very thin tube. This shows that Theorem 4.1 cannot be generalized to higher 
dimensions. 
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