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Let 2 = U,,_@.,l, and let the measure w(z)dz be also denoted by w(dz), so that

w(@) = f w(x) dx. (2:6)
Q
Let us next turn to the singular integral operators. Define the operator U by
Ufx) = Tf(x)—TF. (27)

Note that
Ufta) = f T(a—y) fiy) dy— f fT(x—y)f(y) wle) de dy

= f [T(x—y)— T *wy)1fly) dy,

where T'* is the adjoint of 7' with respect to Lebesgue measure. We observe that
clearly T'* also satisfies the estimates (1-1).

If we define T*(y—x)—T*
y—x)—T*w(y)
Ulz,y) = , 2:8
(@) o) (28)
then U(z,y) is the kernel for U with respect to w(x)dx in the sense that
Ufiz) = fU(x, y)f(y) wiy) dy.
Consequently, the adjoint of U with respect to the measure w(x)dz has kernel
T*x—y)— T *w(z)
* = .
U*(x,y) w(@) . (29)
One of the main results of [1] (see theorem 3-1 of that paper) is that
1Oflly < cllflle, NTU*fllz < cllfll. (2-10)
For fe LY (w(dx)) and Q€ 4, for some n, let
1
=— () w(x) dx. 2-11
fo w(Q)Lf )wi(e) @11)
Define BMO,, to be set of all f such that
1
[ fllx=su —J x)—~fol w(zx) dx < 0.
Sfl QEEW(Q) Qlf( ) fQ| ()

As usual, BMO,, is a Banach space provided that we identify functions that differ by
a constant.
Our goal in this section is to prove

THEOREM 2-1. There exists a constant ¢ >0 such that (a) |Uf|l, <clfll, and
@) 1U*f e < el f -

Before proceeding to the proof of Theorem 2-1, we need
PROPOSITION 2:2. (a) Ul =0 and (b) U*1 = 0.

Proof. (a) follows by the definition of U and the fact that (1-1)(c) implies T'1 = 0.
For (b), we write

1
U*l(z) = (@) f(T*(z—y)—T*W(x)) w(y)dy = &)%(T*W(I)—T*W(x)) =0,

using the fact that w(dz) has unit mass. |
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The statements of the key estimates we need are given in the following two
propositions.

ProrosiTiON 2:3. There exists ¢ > 0 such that if Q€2 is bounded and x€@Q, then

UGz, )~ Ulzg, y) | wly) dy < c.
QC

ProrosiTiON 2:4. There exists ¢ > 0 such that
(@) if Q€2 is bounded with |xy| < A, and w(Q) < 1074, then

f U*(x,y)—U*(xg, y)lw(y)dy <c forxe@;
(b) if Q€2 is bounded and |xy| = A, then

[ en-vreanivmay < porace;

) if @€ 2 is unbounded, then

f |U*(x,y) lwy)dy <c forxeq.
Q’C

The proofs of Propositions 2:3 and 2-4 are a bit lengthy and we defer them until
Section 4.

Proof of Theorem 2:1(a). Let fe CR and let Qe 2. Define f, = fl14, f, = f—f,-
By the Cauchy—Schwarz inequality, (2-10), and (2-5),

1 1 . }
=G LIUfl(y)lw(y) ity <l L,Ufl(y), ot @)

c_ S0 (a) d )%
<o 1wy
<ol (@@} < o fl @212)

To look at Uf,, we consider two cases.

colt

Case 1. Suppose that @ is bounded.
By Proposition 2-3

\Uf () Uf(erg) | < f Utz )~ Ulargy )1 | fo(9) | 0(y) dy
< Wl 1060~ Uteq i) dy

<cllflo
if ze@. So

1
w(@) JQ |Ufo(x) — Ufy(x ) |w(z) dz < ¢ f || - (213)
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Case 2. Suppose that @ is unbounded.

If Q=R,f, =0; so suppose that @ + R. Then ¢ will be of the form [V, o) or
(—oo, —N]for some N > A,. Choose k, to be the smallest integer k larger than 4 such
that 2% > 4k%-,

For k = k,, define

gr (@) = fo(@) Lgry, 20 3 (|2])

and let go(x =f2 x 1[0 2"0N)(|xl .

So f, = go+2k_k g.- Since f, has compact support, this is actually a finite sum.
We examine g, first. Let a, = —Tg,. So Ug,—a, = Tg,. If xe @,y @°, then by (2:3),
|lz—yl = nlzgl = 7N. Then by (1-1)(a),

T =| [Te-vawa] <iftn| ey
Q°n B(0,2%N)
<ol fllo(pN)™? . dy <c|l fll-
B(0,2%0N)
So o LlUgo(x)—aol w@)dz < ol f 1o, @14)

Now suppose that k > k,. Let a;, = Ug,(x,). Of course,

Ug,(x)— Ugy(xg) = Tgy(x)— Tgk(xQ)'
If N < |x| < k**N and |y| > 2¥N > 4k*=N, then |z| +|xy| < 2|z| < 2k**N < iyl

and

Tg4(@) ~ Tga(wo)] = ‘ f [Tz~ )~ T(@q—)10:(®) dy}

<l |, (T@~9)~Two—)|dy
2¥ N <lyl<2® N

<l f ol + lqu")f lylI=* 0 dy < cll fll o £27= 275,
2

kN$Iy|€2kHN
using (1-1)(b).
Therefore
1

w(Q) j@ N B(0, k**N)

On the other hand, suppose that ze @,y € @°, |x| = k¥=N, and |y| > 2*N. Of course,
lzg—yl = (25 —1) N > 2¥N/2. If || < 2¥N/2, then |x—y| = 2*N/2, and if |z > 25N/2,
then |z —y| = »2¥N/2 by (2:6). Hence, using (1-1)(a),

|Ug, () — a,| w(x) de < ck?=27F| £ . (2:15)

1Tg, (@) — Tge(z)l < I f o T (=9 +|T(zq—y)1dy

G neE N <lyl<2® Ny

< ol fllo(25N) dy < cfl fllo.

2¥N <P N
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Therefore

1 cllflle

L Uae)—ad wia)do < DLk | w(dz) < ol fll k.
w(Q) Jongaizireny * W) Jongasr¥eny sl

(2:16)
Summing (2:15) and (2:16) gives

1
w@) J |Ug,(x) — 2, w(z) da < c(k¥2 27K+ k|| fll. for k > k. (2:17)
Q
Letting a = a0+Z,°f_,co a, (recalling that the sum is actually finite), and summing

(2-14) and (2-17) gives

w_(le fQ |Ufy(x) —alw(z)dz < X _w(l_Q) fQ |Ugy () —axl wizx) dz < ol fllo.  (2:18)

k=0, k>k,
Finally, combining (2:12) with either (2:13) or (2-18), depending whether we are in

Case 1 or Case 2, shows there exists by € R such that

@ L |Uft) — bl w(a) dz < clf ..

Just as in the classical BMO case, this suffices to prove Theorem 2-1 (a). |

Proof of Theorem 2-1(b). Let fe CQ, let Q€ 2, and let f,, f, be defined as in the proof
of Theorem 2-1(a). Exactly as in (2:12), we get

I T :
3 ) [l ay <., 219)

Turning to U*f,, we look at four cases. (Again, the case when @ = R is trivial.)
Case 1. |xg| < Ay, w(Q) > 1074

As in the derivation of (2-12), we use the Cauchy—Schwarz inequality and (2-10) to
get

1 ¥ -+ *f ()2 :
quw o) | w(x) de < w(Q) (fqu f, () [Pw(x) dx)

< cu(@)( j i@ ol dy) < A0Sl (@20
Case 2. |xy| < Ay, w(@) < 1074
We get

- LIU*fz(x)—U*f2<xQ>|w(x> dz <ol fl., @21)

by arguing exactly as in the derivation of (2:13) in the proof of Theorem 2-1 (a), using
Proposition 2-4 (a) instead of Proposition 2-3.

Case 3. |xy| = A, @ bounded.
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This is done exactly the same as Case 2 (using Proposition 2-4(b) instead of
Proposition 2-4(a)), and we get (2:21) in this case also.

Case 4. |zy| = Ay, @ unbounded.

Using Proposition 2-4(c),

1 1
| w* do = ——
-7 LI @) wle) i = o L

<ellflagigs | ([ 104wt ay e

<l fll. (2:22)

Combining (2-19) with either (2-20), (2:21), or (2:22), we get the existence of by € R
such that

w(x)dx

f U@, y) foly) wiy) dy

@ LlU*f(x)—bQI wiz)dz < el o
|

which proves Theorem 2-1 (b).

Given Theorem 2-1, we can now extend the definition of Uf and U*f from Cg to L™.

3. Interpolation

In this section, we give the interpolation argument that gives the L?-boundedness
of U. We follow [2], section 4 closely. But because the measure w(z) dx is a finite
measure and because this measure does not satisfy the doubling condition (see
Remark 5:1), some care must be taken with the details.

Define M, f, our substitute for the maximal function, by

1
M = —_ . ‘1
w f(%) xigr:z @) JQlf(y)lw(y) dy (31)
ProrositioN 3:1. (a) w({z: M, flx) > a}) < || fll, /-

(b) There exists c,, such that | M, f|, <c,|fll, for 1 <p < 0.

Proof. Suppose that E is a measurable set contained in Uﬂ Qg where {Q4} is a subset
of 2. Let 6, = {Qy}. If @, ..., @} have been chosen, let

% = {Q4: the interior of @, is disjoint from the interiors of @, ..., @}

Starting with £ = 0, we choose @, so that w(@},,) = supQﬂEgkw(Qﬂ). Since each
w(Q,) equals 27" for some n, the supremum is actually attained. Since each 2, is
finite, w(Qy) >0 as k- c0.

Suppose that @ is any of the @, We will show that @ = U, Q;, hence E < Uﬂ Qs <
U, @} If @ is one of the @, we are done. So suppose not. Since w(Q})—~ O and @ is not
one of the @, then the interior of @ must intersect the interior of one of the @} ; let
@, be the first such. By our construction, w(@;,) = w(Q). But this together with the
fact that the interiors of ¢ and @ intersect implies that @ < @ .

At this point, we follow [3], section I'1:5 closely, using the above covering idea in
place of his I1-1-6.
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As in [3], we get that if fe L'(w(dx)) and @, , is an element of 9, containing z, then

lim fy)ywly)dy = flx) a.e. (32)

n—->co w(Qn z @n,z

1
Define e = sup oo f ) —folw)dy (33)
Since f ) 7ol dy < f ) wte)dy-+0(@) ol
we have [H=x) < 2M, flx). (3-4)

ProrosITION 3-2. If fe L w(dx)) and f= 0, then || fll, <c, I f*p, for 1 <p < 0.

Proof. We begin by imitating the Calderén—Zygmund procedure. Let « > 0. If it
happens that [|f(y)|w(y)dy > «, we let @, = R and stop. Otherwise we split R into
the 2 ‘cubes’ of 9 and proceed We let {@),} consist of those cubes @ in Uy, 9, such
that | f|l, > « and @ is not contained in any larger @'€ 2 with |f|y > a.

We then have a countable collection of cubes {@;} with |f IQ: >a. If @+ R, and
Q;€92,, then @, is a subset of a cube @ in 2,_, that is not in {¢;}. So

o) <1l < 2L} f ) wly) dy < 2a.

If @, = R, then |fo| = 0. In either case, lfo,} <

As usual, for almost every point in (U Q, we have f<a

We do this for each a and denote the cubes @f. Let 4 = 4:2°? and let @, be one of
the @3/*. We look at the @ < @,.

If Q, < {x: f*(x) > a/A}, then

2 w(@) <w({z: fH(z) > a/A}N Q). (3:5)
Q7S Q,

If Qo & {=: f*(x) > a/4]}, then |fy | < 2a/4 = /2, Ile? > a, and so

w(QF)-

R

f fo wly) d
Qj

Summing over the ¢f contained in @,

(@) a/A > f f~to) = Z T 0@

2
or 2 w( Qj Z (Qo)- (36)
Letting p(a) = Zw(Q;‘) and summing over all such ¢,, we have

w({f* > a/A})+— pu(a/4).
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Let I, = pJ'Na”“,u,(oc) da. Since p is bounded by w(R) = 1, we have Iy < o0. Then

2

Lo<p [ @it > o/ andat 2 [ v ptaaydo < 15 1345 271,

0

Recalling our choice of 4, we conclude that Iy <c| f*||2.
Finally, note that w({|f| > a}) < u(a) since f < a a.e. on (U,- @3)°. So

Iz < sup Iy <clftiz. |

N

Proof of Theorem 1-1. Let V denote either U or U*. Define W by Wf(z) = (Vf)*(z).
By (2:10), V is bounded on L*(w(dz)). So by (3:4) and Proposition 31,

IWFl, < 20M,(VA) e < el VFlle < cll fll.-
On the other hand, (Vf)*eL® if and only if Vfe BMO,,. By Theorem 2-1,
IWfllo = VA llx < €l fllo-

V is a sublinear operator, and the f —~ f* operator clearly is. So by the Marcinkiewicz
interpolation theorem,

IV, = IWfll, < cpllfll, for2<p<oo.
Of course, Uf = 0. By Proposition 2-2(a),

U*f = f *flo) w(x)dx = fUl(x)f(x) w(x)dx = 0.
So by Proposition 3-2,

WVFl, < el (VAMI, < cpll fllp, for 2 <p <o,

Taking V = U gives the boundedness of U on LP(w(x)dx),2 < p < . The case
p =2 is (210). Finally, taking V = U* gives the boundedness of U* on L? for
2 < p < 0. This gives the boundedness of U on L? for 1 < p < 2, by duality. I

4. Estimates

In this section we prove Proposition 2:3 and 2:4. Let us start by observing some
easy estimates. First, we have

f lylPw(y) dy < cb®= (41)
lyi<b
and second, f w(y)dy < cb™. (4-2)
ly1=b
Third, using (1-1)(a),
f T(x)| dx < lns—lnr)—cln() (4:3)
r<lyl<s T
and fourth, sup |w'(x)] < ca”®*, (44)

a<lyl<da
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ProrosiTioN 4:1. (a) If |z] = A, and |yl < 3z, then

IT(x—?/) —Tw(x)| < clyl’/lal*** +c/|al**=.
b) If |x| < 2A,, then |Tw(z)| < c.
Proof. (a) We write

T(x—y)— f[T (z~y)—T(x—2)] w(z)dz
f [T(x—y)— T(x—2)] w(z)dz+T(x—y)f w(z)dz
fef < gl f21> 3|
—f T(x—z)w(z)dz
CESE]
=1,+1,—1,.

If |yl, 2| < 3|, then (1-1)(b) gives us
IT(x—y)—T(x—2)| < |T(x—y)—T(x)| +|T(x—2) = T(x)| < clyl’/|="**+cl2l’/|2|**.

Substituting, we get by (4'1) that

L) < clyl®/ IQCI”"+| |l+¢, f |2lPw(z) dz < clyl?/|a|"*® + c/|a|**=
2l < =)

as required.
We use (1:1) (a) to bound /,:

| < clz—yl"! f w(z)dz < oflaft*e,
21> Y=

since |y| < &[]

Finally, for I,, define {: R—> R so that 0 <¢ < w, ¢ = w on B(x, }|z|), the support of
¢t is contained in B(x, }z]),te C®, and |t'|| , < ¢/]z|*"*. One can see that the derivative
estimate is possible by using a scaling argument.

Set s = w—t. Since s = 0 on B(x, }|z]),

f T(x—2z)s(z)dz| = f T(x—=z) s(z)dz
Izl = 31| (21> 3zl

le—z1>3iz!

< ofdfel) J w(z) dz < o/l
21> fizl

by (1-1)(a) and (4-2).
Let 4 = {z: Y] < |2| < g«{}. By the fact that ¢t = 0 on B(0,3|z|), (1-1) (¢), and the fact

that t(x—z) =0 if 2¢ A, we have
= JT(z—z Yi(2)d ‘f (2)t(x—2)d

= f 2) [Hx—2z)—t(x) 1 ,(2)]dz
= J T(z)[t(x—z)—t{x)]dz].

f T(x—2)t(z)dz
] 2 3z
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We bound this by

o e de < o [ dx <o
A A
Adding to (4'5) gives |I,] < ¢/|z]***, and combining with the bounds for I, and I,, (a)
is proved.

The proof of (b) is similar. Let v€ C® be such that 0 < v < w,v = w on B(0, 10A,),
the support of v is contained in B(0, 15A,), and ||v'|| < c. Set uw=w—v. By (1-1)(a),

'JT(x—z) u(z)dz| = J T(x—2) u(z)dz
2l > 10A,

We also have

fT(x—z) v(z) dz

scf 2| tw(z)dz < c. (4:6)
[2>10A,

f’l’(z) v(x—2)dz

= l fT(z) [v{x—2z)—v(x) 1 5, 20Ao)(z)] dz

R CIE e T ] I E MY
B(0, 20A,) 21 <204,

(47)
Adding (46) and (4'7) proves (b). |
Taking ¥ = 0 in Proposition 4-1 (a) and using (1-1)(a) we see that
{Tw(x)] < cf|xl if |z} = A,. (4-8)

We note also that the conclusions of Proposition 4-1 and (4-8) hold when 7 is
replaced by 7'*.

Proof of Proposition 2-3. Substituting for U, we see that we must bound

fé |T*(@—y) — T*(ag —y)|dy = f Ty — )~ Tly—2g)| dy
(4 QC

<| +f (@9)
ly—zgl>4 diam (Q) 4diam (@) >ly—zgl

veg®
for xe Q.

The first integral on the right of (4-9) is less than or equal to

f 1T(y — (x—x0)) — T(y) | dy <
lyl>4 diam (Q)

by a change of variables and (1-1)(b).
Since @ is bounded, then z€@,ye§¢, and ly —xol < 4diam (€) implies

4diam (@) = ly—z,| = ndiam (@) and 5diam (@) > |y —=z| > ndiam (Q).
The second integral on the right of (4-9) is bounded by

| (Ty—2)| 1T~z dy <,
4diam(Q)>|y Zgl
using (4-3). ved
So altogether, the left-hand side of (4-9) is bounded by a constant, and this proves

the proposition.
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We write
THa—y)—T*w@) THzg—y)=T*w(ze) _ , . , (4'10)
w(x) w(zq) L
where 4, = THa=y) = T*w(@)~ (T *@g=y) = T*u(zo) (4-11)
w(xq)
and 4,= M(T*(x y)— T *w(z)).

w{x) w(zg)

-1

Proof of Proposition 2-4(a). Since |ry| < Ay, we have w(z,)™' = ¢. Then since w is

bounded above,

1 .
} f (T*(x—y)—T*(xQ—y))w(y)dy’ < "f I T*@—y)—T*=ze—y)ldy <c
w(xQ) 5¢ g
(4-12)
The last inequality follows by the proof of Proposition 2-3.
Since by Proposition 4-1 (b) and (4'8), T*w is bounded above,
| i@ sirreghemay <. (@13)
QC
The triangle inequality, (4-12), and (4:13) show that
j 14y wiy)dy <. (414)
QC

Since w is bounded above and below on @, and 7'*w is bounded above, then
(= )—w(x)lf T*w(x)|w(y)dy < c. 4-15
wlzg) (@) ch ()| w(y) dy (415)
But by (1-1)(a) and (43},
[(zg) — x) . , .
I -y lw(y)dy < cl|w'lle lr—zql |z —y|™ w(y) dy

w(xg)w ly—z| >y diam (Q)

Sclz—xy lz—yl™" dy

i<
y— z| >qd1am Q@

+6J |l —yl ™ w(y) dy
ly]>10A,
< cdiam (@) (c+ |In (diam (@))[) +c¢. (4-16)

However, diam () < ¢,, independent of which 2, that @ is an element of, and for
each ¢, the function z|In 2| is bounded on (0,¢,). Hence the left-hand side of (4-16) is
bounded by a constant.

Combining (4-15) and (4:16) together,

f_ 14, w(y)dy < c. (4-17)
QC
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Then, by the definition of U*, (4'10), the triangle inequality, (4-14), and (4:17),
Proposition 2+4 (a) is proved.

Proof of Proposition 2-4 (b). As in the above proof, it suffices to bound

[elddw(y)dy, i=1,2.
We write

J~ |4, wly)dy = J_ +j_ =1+, 1=12.
Q° Q°n{lyl=Hzol @ niyi<iizol

First consider I,,. If |y| = }lz,|, then w(y)/w(xy) is bounded. We bound
f_ IT*(z—y)—T*=zq—y)ldy

Q° nMli> Hzql)

just as in the proof of Proposition 2-3. On the other hand, since || > |z,

[T * (@) — T*w(arg)| < |T*w(z)—T*(@)| +|T*u(zg) — TH(zg) | +IT*@) | +T*(z,)]

< 2]z~ 4 2¢|zy| Tt < gl

by (1-1)(¢) and Proposition 4:1. Hence by (4-2)

|T *w(x)— T *w(zy)|

w(zg) Wizl

w(y)dy < c.
We have thus bounded |I,,| by a constant.
Next consider I,,. Using Proposition 4-1(a),

1
w(xQ)

J |T*(xq —y) — T *w(zg) | wly) dy
l<gzgl

c c
S e f lylPw(y) dy + ———= < ¢,
w(@)| %o 1" Jiichg w(@g) | @gl™™

by (4:1). Since w(x) and w(x,) are comparable and |x| > |zg|, we have similarly

1
w(xQ)

j |T*(x—y)— T *w(z)| w(y)dy < c.
lyi<izgl
Combining, we have |I,,| < ¢, hence féc 14, wly)dy < c.

Next we look at [,,. The expression

1
w(xQ)

f 1% — ) — T *u(z) | w(y) dy

is bounded exactly as in the argument for I,,. Since

[w(zg) —w(@)|/w(x) < 1+w(zy)/w(x) < c,
|15, is bounded.
Finally, consider I,,. First, note that since

1T *w(x)| < 1T *w(x)—T*@)|+|T*@)| < clal™
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by Proposition 4:1(a) and (1-1)(a),

lw(zg) —wix)| w(zg) +w(x), f
T* dy < c——/ T 20 -1 dy <ec,
w(x) w(Te) |y|>%|zell wim)lwy)dy < ¢ w(z) w(zg) & |y|>;+zq|w(y) yse
(4-18)

recalling that w(z) and w(zy) are comparable.
Secondly, if |y| = 4|z|, then |y —x| = 3|z|. So by (1:1)(a),

4__Iw(x ) —w(z)| |T*(x—v)|wy)d Sc——g——-w(x )+w(x)|x|“J wy)dy <¢
w(xy) w(x) [ EL y W)ay w(xQ)w(x) ll>4lz| @) 2y
(4:19)
Thirdly, if |y| = 3lxl, then w(y)/w(zy) is bounded above, and

|w(zq) — w(z)|
fw(zg) —w(z)| e .
w(ze) wlw) é‘n(%izq|s4y|s4xz|>| (==y)luly)dy

Clly—X
L T Y oyl dy
W) g3z kel 2 ly—z| > 7 diam (Q)

diam (Q) o ,
<S5+ () 0

by (4-4) and (4-3). But diam (Q)/|| is bounded above by some ¢,, and z|In 2| is bounded
on (0, ¢c,); so the left-hand side of (4:20) is bounded by a constant.

Adding (4-18), (4:19), and (4-20) together, we get that |I,,| is bounded. Combining
this with the bound for |I,,|, we get [ o 4alw(y) dy < ¢, which completes the proof of
part (b).

Proof of Proposition 2-4(c). Now we are looking at unbounded @, and substituting
for U*, we need to bound

f T*(x—y)— T *w(x)
Q.C

w(x)

w(y)dy = f_ =I;+1,

‘)

niwishzl  J @ n >z

We get |I;| < c in the same way that we bounded |/,,| in the proof of part (b).
So it remains to bound I,. By (4:8),

T *w(x)|

(@) w(y)dy < c. (4:21)

(> Bzl
If lyl > 3lzl, then w(y) < cw(x), and if y€Q° and z€Q, then |ly—z| > 7)z| by (24). So
by (1-1) (@), (4'3), and (4-2) we have

)
L (T e—y)lwl)dy <e | T+ —y)ldy
w(@) J g° n gyl >l Nzl <ly—zi<alz|
o)
— IT*(x—y) | wly) dy
W(Z) Jiy—z> ala, 1> Yz
[
< c+—|xl“j wly)dy < c. (4-22)
w(x) []> 1l Y

Adding (4-21) and (4-22) bounds |7,]. |
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5. Remarks

Remark 5'1. To see that w(z)dx does not satisfy the doubling condition, consider
the intervals [N, 5N] for N large. Note that w([N,5N]) < ¢, N™* while w([—N,7N]) =
w(—1,1]) = c, f N> 1.

Remark 52. The function w is not in 4,,. To see this, recall the definition of 4, (see
[4]) and consider the intervals [1,N] for N large. On [1,N], w(z) is comparable to
x—(l-l—a)'

On p. 21 in [13, it was incorrectly remarked that w was an 4, weight. However,
that comment was not used in the remainder of the paper and does not invalidate any
of the results there.

Remark 53. Let u, ,(dx) = rw(rx+y)dx for r > 0,y € R. By scaling and translation,
T satisfies a centred norm inequality with respect to the measures y, , with constant
independent of » and y. It is not too hard to show that || gy is comparable to
sup, I f—£I LGy, ) Consequently our centred norm inequality implies that T maps
BMO(dx) to BMO(dx).

One of the main results of [1] was a new proof of the L?(dx) boundedness of 7.
There were two steps. First, it was shown that 7T satisfies a centred L? inequality with
respect to u, , by using Cotlar’s lemma. The second step, which was probabilistic,
showed that any operator satisfying centred L® inequalities with respect to u, , with
constants independent of 7,y must be bounded on L?(dx), for 1 < p < oo.

Remark 54. In view of Remark 5-3, one might wonder for which measures w(dx)
do centred norm inequalities hold. For example, could w be replaced by some other
measure that characterizes BMO by its dilates and translates? Some positivity
condition is clearly necessary. To see this, consider v(dz) = 1y ,;(x)dx for T' the
Hilbert transform. If f(z) = 1, 5 (x), the L?(v(dx)) norm of F is 0, but 7Tf is not
constant on [0, 1]; hence the centred norm inequality for 7'f with w replaced by v fails.

Remark 55. If we replace the condition that K be odd by the condition

[ e, K(x)dx = 0 whenever 0 < R, <R, < 0, then Theorem 11 holds for p =2

for kernels K mapping R? to R, for d > 1: see remark 3 of §3 of [1]. However, we
do not know what happens if p 2 when d > 1. The difficulty in extending our
proof lies in defining ‘cubes’ @ and ¢ with respect to which 7' scales properly yet

w(@) < cw(@).
The author is partially supported by a grant from the NSF.

REFERENCES

[1] R. F. Bass. A probabilistic approach to the boundedness of singular integral operators. In
Séminaire de Probabilités XXIV, Lecture Notes in Math. vol. 1426 (Springer-Verlag, 1990),
PP- 1540.

[2] C. FerrermaN and E. M. STEIN. H? spaces of several variables. Acta Math. 129 (1972), 137-193.

[3] E. M. StEIN. Singular Integrals and Differentiability Properties of Functions (Princeton
University Press, 1970).

[4] A. TorcHINSKY. Real-variable Methods in Harmonic Analysis (Academic Press, 1986).





