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LAWS OF THE ITERATED LOGARITHM FOR LOCAL 

TIMES O F  THE EMPIRICAL PROCESS1 


BYRICHARDF.BASSAND DAVARKHOSHNEVISAN 

University of Washington 

We give exact expansions for the upper and lower tails of the distribu- 
tion of the maximum of local time of standard Brownian bridge on interval 
[O, 11. We use the above expansions to prove upper and lower laws of the 
iterated logarithm for the maximum of the local time of the uniform em- 
pirical process. This solves two open problems cited in the book of Shorack 
and Wellner. 

1. Introduction. Let XI, X2, .  . . be independent random variables, each 
distributed uniformly on the interval [0, 11. Define the corresponding empiri- 
cal process, 

where F, is the usual empirical distribution function given by 

It  is well known (see, e.g., [51) that Y, converges weakly to a Brownian bridge, 
{u(t);  0 _< t 5 1). Convergence here takes place in the space D([O, 11). 

Suppose next that for some r E [0, oo), f :  [O, r ]  H IR1 is a Borel measurable 
function. When it makes sense, by local times for f we mean a family of 
functions L f ( f )  such that for all t E [O,r ]  and all bounded Borel measurable 
h:IR1 H IR1, 

The question of whether { ~ f i v , ) ;  t E [O, 11,x E w'} converges to {Lf(u);  t E 
[O,11,x E IE1} was a problem of Smirnov cited in [241 which was recently solved 
in Khoshnevisan [171. This problem arises from statistical applications, since 
(see [241, page 398): 
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The above is, of course, a finite sum due to the sample path properties of 
t Hvn(t). In particular, f i Ly(vn) is the total number of times the empirical 
distribution function, F,, crosses the theoretical one. For history and refer- 
ences, see Shorack and Wellner [241 and Khoshnevisan [171. 

This paper is concerned with the remaining open problems in [241 (see 
page 400) on this matter. Let LT(f) = sup, Lf ( f  ). We shall prove upper and 
lower laws of the iterated logarithm for the quantity LT(vn). More precisely, 
we prove the following theorem. 

THEOREM1.1. With probability 1, 

lim sup Ly(vn) = lim sup LT(vn> 
n n-m 

THEOREM1.2. With probability 1, 

liminf z/lninnLT(vn)= z/Ti T. 
n+cc 

I t  is interesting to note that the constant in Theorem 1.2 is quite different 
from the one in the analogous result for Brownian motion, which involves the 
first zero of a certain Bessel function (see [I61 and Foldes [91). 

In the next section, we review some known facts concerning the exact distri- 
bution of LT(w), where w is a Brownian bridge on [0, 11. Section 3 applies the 
results of Section 2 and Khoshnevisan [I71 to prove Theorems 1.1 and 1.2. In 
Section 4 we discuss how our methods can be used to study Kiefer processes. 

2. Local times for the Brownian bridge. As in the Introduction, let w 
denote the standard Brownian bridge on [0, 11, that is, a mean zero Gaussian 
process with IE(w(s)w(t)) = ( s  A t)  - st  for all s, t E [O, 11. It  is known that 
Lf(w) exists and is jointly continuous in x and t; see [221. The main theorem 
of this section is the following: 

THEOREM2.1. For any p > 0: 
(a) P(LT(w) < P ) = Czl j2exp(-2 j2T2/p2). 2 ( 2 ~ ) ~ / ~ p - ~  
(b) P(LT(w) 1p) = 2 C Z l (  j2p2- 1)exp(- j2p2/2). 

(4P(L;(w) 1P) = exp(-(2lxl+ ~ 1 ~ 1 2 ) .  


While both (a) and (b) are valid for all p > 0, the former is useful for small 
p, whereas the latter is accurate for large values of P. Indeed the following 
corollary is an immediate consequence of Theorem 2.1: 

COROLLARY2.2. (a) As p -+ 0, P(LT(w) < p) - 2 ( 2 ~ ) ~ / ~ p - ~  
(b)As p -+ co,P(LT(w) 3 p)  - 2p2 exp(-p2/2). 

e x p ( - 2 ~ ~ / ~ ~ ) .  
I 
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Corollary 2.2 and [I61 together show that for large values of P, P(LT(w) 3 P) 
is (at least up to the exponential terms) of the same order as the corresponding 
quantity for Brownian motion. However, it is surprising that for small P, 
P(LT(w) < P) is substantially different from the Brownian motion analogue. 
The latter involves the smallest positive zero of the modified Bessel function 
of the first kind. For this see [91. 

An application of Khoshnevisan ([171, Theorem 2) shows that LT(v,) con-
verges in distribution to LT(o). Corollary 2.2(b) might then be of particular 
use for asymptotic confidence evaluations based on LT(v,). 

Theorem 2.1 is contained in some prior work in the literature which we 
would like to mention here: as a consequence of Biane ([31, Theorem 4), Ver- 
vaat [25] and Jeulin ([141, page 264), LT has the same distribution as 2M and 
2R, where M is the maximum of a Brownian excursion and R is the range of a 
Brownian bridge. The distribution of M and R can then be read off by putting 
together the work of Gnedenko [131, Kiefer [I81 and Gikhman [121. (The rele- 
vance of Kiefer's results is due to Williams' identification ([231, pages 88-89), 
of the law of Brownian excursion with that of a Bessel(3) bridge.) See also 
[8], [15] and [211. This is a nice argument, and we encourage the reader to 
read Zhan and Yor [27] for details. Theorem 2.l(c) is due to Borodin [61, [71. 
The equivalence of Theorem 2.l(a) and (b) is due to Kiefer [181. Using the 
equivalence in law of LT and 2R, the distribution of LT/2 can be found and 
tabulated in [241, pages 39 and 144. 

We present below a proof of Theorem 2.1 which does not use Brownian ex- 
cursion. The proof is an adaptation of the method used by Borodin [71 to obtain 
the analogous results for Brownian motion. See also [9] and [lo], Section 4, 
for a number of interesting extensions to Borodin's work. 

Let B(.) be a standard Brownian motion and Sobe an exponential time 
independent of B with mean 2OP2. We have the following proposition. 

PROPOSITION2.3. For all 0, P and s > 0, 

PROOF. This proposition is a consequence of the Ray-Knight theorems. We 
use the version given in Biane and Yor [4], Theorem 1. By letting a -+ 0 in 
that theorem, we see that conditional on {Li,(B) = s, B(So)= 01, 

where 2 means equality in distribution and W and W' are independent copies 
of a one-dimensional diffision starting at s, absorbing at zero, with infinites- 
imal generator: kf (x)  = 2 x f  (x) - 2Oxf'(x). 
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Note S(x)  = exp(8x) satisfies k S  = 0, hence S is the scale function for W 
and W'. Let r x  = inf{s > 0: W(S)= x}. Since W gets absorbed upon hitting 0, 

by the definition of scale function. 
The proposition follows from the above, the fact that Lis has an exponen-

tial distribution with parameter 8 and is independent of B(Se),which has a 
bilateral exponential distribution with parameter 8 ([41, Theorem l(i)), and 
integration. 

By expanding the right-hand side of Proposition 2.3 in powers of e-OP and 
inverting the Laplace transform term by term (cf. [261, Example 11,(67.4),and 
[211, Section 41), we get the next lemma. 

LEMMA2.4. For all positive t and P, 

where aj( t )  = (2z-t)-'I2 - j2. 

PROOFOF THEOREM2.1. By Khoshnevisan ([171, Proposition A.2) and 
Lemma 2.4, 

Statement (b) is immediate from this; (a)follows by applying the Poisson sum-
mation formula (see [Il l ,  XIX, (5.31, or [21, Section.9). We omit the proof of 
Theorem 2.l(c); it may be found in [61, page 35, or [71, page 67. 

'3. Empirical processes. We now begin the proofs of Theorems 1.1 
and 1.2. The proofs rest on some preliminary lemmas which are presented 
below. Suppose f :[O,1] H R possesses local times. Then we shall define for 
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all E > 0, 

A key ingredient to the proofs of Theorems 1.1and 1.2 is our next lemma. The 
ideas behind this lemma appeared earlier in [I]. 

LEMMA3.1. Suppose f l  and f z  are Bore1 measurable functions on 
[O, 11 which possess local times. Suppose further that for some 6,7),E > 0, 
llfl - fzllm5 + ~ ( f z ; ~ )  -L;(fz)l i 
E - ~ S+ 7). 

and ~ ( f l ; ~ )  i 7). Then supxER ILT(f1) 

Lemma 3.1 shows that if two processes are uniformly close and if their 
respective local times are sufficiently smooth, then their local times are also 
uniformly close. We shall have need for this basic estimate on several occasions 
in the course of the proofs. Indeed, the major obstacle in proving Theorems 1.1 
and 1.2 is a lack of maximal inequalities in the variable n [see the proof of 
(3.8)below]. Lemma 3.1 is used to overcome this difficulty. 

PROOF. Define q ( x )  = [ l -  xsgn(x)]l[-l,ll(x). Note that q 2 0, Iq(x) -
W(y)l i Ix - yl for all x, y E R and I:", q ( x )  dx = 1.Define an approximation 
to the identity (q,),,o by letting q,(x)  = E-'w(x/E) for all x E R.It  follows 
that for all x, y E R and all E > 0, 

00 

(3.2a) 'Y,(x) 2 0, [_'Y,(x) dx = 1 and P,(x) = 0 for all 1x1 2 E, 

(3.2b) WE(X)- *~(Y)I5 E - ~ I X- Y I .  
For j = 1,2,3 and E > 0 define Rj(&) = sup, I Rj(x; &)I, where for j = 1,2, 

and 

By (3.2a) for j = 1,2, 

By the definition of local times together with (3.2b), 
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Since by the triangle inequality, sup, 1 L f (f I )  - Lf (f2) 1 I c:=~Rj(&),the 
lemma follows from (3.4) and (3.3). 

LEMMA3.2. Let onbe any sequence of Brownian bridges on [0, 11. Suppose 
~k > 0 is a nonrandom sequence which satisfies liminfk,,ln(l/~k)/ln k > 
0. Then for all y E (0,112) and any subsequence (nk), with probability 1, 
p(@nk;& k )  = O(E:). 

PROOF. Arguing as in the case of ordinary Brownian motion (see [221), 
there exists a constant co > 0 so that for all E, A > 0 and all n 2 1, 

Then by a metric entropy argument (this follows, e.g., by a minor modification 
of Lacey [20], Theorem 2.2), there exists cl so that for all E,A > 0 and all 
n e 1, 

Substitute n = nk, E = ~k and A = (2cl In k)1/2in (3.5)to obtain the following: 

which sums. By the Borel-Cantelli lemma, with probability 1, as k -+ co, 

The lemma follows from the assumption on the decay rate of E,. 

LEMMA3.3. Suppose 5, + co is a sequence of positive numbers satisfying 
In 5, = O(ln n)  as n -+ co. Then as n -+ co, 

PROOF. Fix y E (0,1/2). By Khoshnevisan ([17], Remark (I), page 338), 
on a suitable probability space there are versions v; of v, and a sequence of 
Brownian bridges u, such that for all c > 0, 

(3.6) limsupnCP(supILf(u,) -Lf(v/,)I2 n - ~ / ~ )< co. 
n-cc X 

Therefore, for all c > 0, the following must be eventually true: 

P(LT(v,) E 5,) iP(LT(u,) e 5, - n - ~ / ~ )+ nPC 
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by Corollary 2.2(b). A similar lower bound holds, using Theorem 2.l(c), with 
LT(v,), LT(u,) and n-C replaced by Ly(v,), Ly(u,) and -nPC, respectively. 
The growth condition on 6, finishes the result. 

LEMMA3.4. Suppose EK > 0 satisfies liminfk,,ln(l/~k)/lnk > 0. Then 
for all y E (0,1/2) and all subsequences (nk),with probability 1, as k + m, 

PROOF.Fix an arbitrary y E (0,1/2). By (3.6) and the Borel-Cantelli 
lemma, on a suitable probability space one can construct versions vh of v, 
and a sequence of Brownian bridges u, such that 

sup lL;(u,) -Lt(vi)l = o(n-~/') a.s. 
xER 

An application of Lemma 3.2 completes the proof. 

We can now begin the proof of Theorem 1.1.As in the classical law of the 
iterated logarithm, the proof is divided into two halves: an upper bound and 
a lower bound. It  suffices to prove that for all E > 0, the following hold with 
probability 1: 

(3.7a) LT(v,) F (1+ 8)- eventually, 

PROOFOF (3.7a). Fix E > 0, y E (0,112). Define 6, = ( 1  + & ) d m .  
Clearly, In 6, = O(ln n)  and hence Lemma 3.3 applies. Thus with probability 1 
there exists N, such that for all n >_ N,, 

Fix p E ( (1+ &)-I,1) and define nk = n(k) = [exp(kP)]. Then the above 
' probability estimate implies €he following: 

By the easy half of the Borel-Cantelli lemma, with probability 1, 

Although the sequence, {nk;k 2 1) depends on E, since 8 > 0 is arbitrary, it 
suffices to prove that with probability 1, 

ma* sup IL;(~,)  -L ; ( ~ , ( ~ ) ) I= o ( J K ) .
nksmsnk+lx E ~  



EMPIRICAL PROCESS LOCAL TIMES 395 

This amounts to "filling in" the gaps between nk and nk+l. To do this, we 
start with the following elementary observation: for all nk 5 m 5 nk+l and all 
t E LO, 11, 

where for all integers a < b, v: is the empirical process based on X,+l,. :. ,Xb, 
that is, 

Furthermore, v, and v: are independent processes. 
It  is easy to check that for all k large, nk+l- nk p pnkkp-l. Therefore for k 

large, 

It  follows from the functional law of the iterated logarithm for vn (see [241, 
page 504) that with probability 1,as k -+ co, 

Since p < 1,by Kolmogorov's 0-1 law with probability 1there exists cs,  K, E 
(0,co) such that for all k 2 K,, 

max llv, - vn(k)l lW 5
nkzmsnk+l 

Define 8k = k(~-l)J2(lnk)i/2, ~k = (28k/y)1/(2+~)and qk = E: +niyJ2.Since as 
k + co, l n ( l / ~ ~ ) / l nk - (1- p)/2 > 0, Lemma 3.4 can be used to argue that 
with probability 1,as k + co, 

Therefore, we can apply (3.111, (3.12) and Lemma 3.3 with E = s k y  q = qk, 
6 = Sk, f 1 = v,(k) and f 2  = v,, (uniformly over nk 1m 5 nk+1)to see that 

max sup J L P ( U ~ ( ~ ) )-LP(-V,)I= O ( ~ i ~ 6 ~+ qk)= o ( k - ~ / ~ ( ~ + ~ ) )= o(1).
nksmsnk+l  x~~ 

This easily implies (3.Q thus completing the proof of (3.7a). 
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PROOFOF (3.7b). For all k 2 1define n(k) = nk = kk and d(k)  = dk  = 
nk+l- nk. Notice that as k -+ myd k  - nk+l. It  is sufficient to prove that with 
probability 1, 

(3.13) lim sup 

Recall the definition of v: from (3.10). Since v::::~) has the same distribution 
as vd(k), by Lemma 3.3 for all E > 0, there exists N, such that for all k 3 N,, 

P(L;(V:[::~,) 2 ( 1- & ) d m )2 (lndk)-(l-') - (kln k)-(l-'). 

In other words, 

Since {v::::,,; k 2 1) are independent processes and E > 0 is arbitrary, the 
independence half of the Borel-Cantelli lemma shows that almost surely 

1
(3.14) lim sup = lim sup 

k-m k+m Jm2" 
By (3.9), for all t E [0,1] and all k p 1, 

Hence, 

However, by the law of the iterated logarithm for empirical processes, 

Therefore, 

Let us fix some y E (0,1/2). Define, ak = (In k/k)lJ2, &k = (26k/y)1/(2+y)and 
v k  = E: +nil/12. Then the same argument as that leading to (3.12) shows that 
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with probability 1, 

This together with (3.15) and Lemma 3.1 with 6 = ~ k ,r] = r]k, 6 = Sk,f 1 = 
u,(k+l) and f 2 = v,[::l) gives the following almost sure estimate: 

The above coupled with (3.14)together imply (3.13) and hence 3.7(b). 
Starting from Theorem 2.l(c), the proof of the lim sup behavior of L?(v,) 

is similar. 

This completes the proof of Theorem 1.1.The proof of Theorem 1.2 is vir-
tually identical. 

4. Kiefer processes. A Kiefer process {K(s,t);s 2 0, t E [O, 11) is a cen-
tered Gaussian process with covariance given by 

IE K(s,u)K(t,v )  = ( sA t)(u A v - uv). 

See [241 for further information. Let K,(.) = K(n, .). We recall the following 
result of Komlbs, Major and Tusnady [191:on an appropriate probability space: 
there are versions vk of v,, such that, almost surely as n -+ oo, 

sup IKn(t )- v',(t)l = ~ ( n - ~ / ' ( l nn)'). 
O ~ t 5 l  

The arguments of the previous section can be used to show that on the afore-
mentioned probability space, for any & > 0, almost surely, 

(4.1) sup sup (Lf(K,)-Lf(v',)l = o(n-l/lO+' 
05t51 XER 

). 

In particular, applying Theorems 1.1and 1.2 to v;, we obtain the following 
results: 

lim sup L?(Kn) 
= lim sup L*,(Kn) 

n-+bO Jm ,+_ ~ ~ = 1a.s.9
nlnn 

Furthermore, the argument leading to (3.8) can be modified to show that 
the variable n in (4.2) and (4.3) need not be integer-valued. 
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