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FUNCTIONAL LAW OF THE ITERATED LOGARITHM AND 

UNIFORM CENTRAL LIMIT THEOREM FOR PARTIAL-SUM 


PROCESSES INDEXED BY SETS. 


BY RICHARD F. BASS AND RONALDPYKE' 
University of Washington 

Let (Xj:j E J d ]be an array of independent random variables, where Jd 
denotes the d-dimensional positive integer lattice. The main purpose of this 
paper is to obtain a functional law of the iterated logarithm (LIL) for suitably 
normalized and smoothed versions of the partial-sum process S(B) = xj.~Xj. 
The method of proof involves the definition of a set-indexed Brownian process, 
and the embedding of the partial-sum process in this Brownian process. In 
addition, the LIL is derived for this Brownian process. The method is extended 
to yield a uniform central limit theorem for the partial-sum process. 

1. Introduction. This paper focuses upon the asymptotic properties of 
partial-sum processes indexed by sets in Euclidean spaces. These processes are 
determined by an array of random variables (r.v.'s) (Xj: j E Jd)where Jddenotes 
the d-dimensional positive integer lattice. We view Xj as a random mass attached 
to the grid point j. For any subset B C Rd, one may then define the partial-sum 

to represent the random measure of the region B. We assume throughout that 
EXj = 0 and var(Xj) = 1for every j E Jdand that the Xj are independent and 
identically distributed. 

The main purpose of the paper is to obtain a functional law of the iterated 
logarithm (LIL) for suitably normalized and smoothed versions of S. The tech- 
nique used involves the construction of an equivalent version of (Xj: j E Jd)that 
is embedded in a suitable Brownian process. The general approach is then 
analogous to that introduced by Strassen (1964) for his proof of the first 
functional LIL for sequences of independent and identically distributed (IID) 
r.v.'s. The methods are then extended to obtain a uniform central limit theorem. 

As motivation and potential application for our results, consider the situation 
where a sample is taken over an area (e.g., of insect larvae in a forest, of mineral 
deposits, of cells in tissue, etc.). What can one say about the properties of the 
sample if the area is large? That is, if (A, 1 is a (not necessarily nested) sequence 
of sets whose areas are increasing and S(A,) are the sample statistics, one would 
expect, under appropriate independence assumptions and normalizations, that 
the S(A,)'s should satisfy a strong law of large numbers (SLLN), a central limit 
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14 R. F. BASS AND R. PYKE 

theorem (CLT), and also a law of the iterated logarithm (LIL). If the sequence 
of sets (n-lA,) is contained in a family M satisfying certain assumptions, then 
the results of this paper will provide the desired LIL and CLT. The SLLN, which 
requires completely different assumptions and methods, is derived in Bass and 
Pyke (1984). 

By (1.1), S is defined for any subset of Rd. However, it will be necessary to 
restrict the domain of S in order to obtain the "uniform" results of this paper. It 
will also be necessary, due to the largeness of the index families (cf. Pyke (1983) 
and remark number 7 in Section 8 below), to work with a smoothed version of S, 
namely X, that is defined by 

where Cj denotes the unit cube (j - 1, j], and I . I and A ( .  ) are used interchange- 
ably as convenient to denote Lebesgue measure. Thus X is a signed measure 
which is absolutely continuous with respect to Lebesgue measure A, and for which 
the density dX/dA equals Xj on Cj. We view X(B) as the random measure of B 
that is obtained when the random mass Xj is uniformly spread over the cube Cj, 
rather than being attached to the point j as it is in the definition of S(B). 

Before discussing further the scope of the results and the related literature, 
the following notation is needed. Let LZ'denote a family of subsets of the unit d- 
dimensional cube Id= [0, l Id .  Define 

L2n = log log n, b, = (2L2n)ll2. 

All logarithms are to base e, and we assume n r 3 to insure proper definition. 
For any set A and real x, let xA = (xu: a E A!. Define (S,(A): A E LZ'!and 
(Xn(A): A E d)by 

Let Z be a Brownian process indexed by a family 43 of Lebesgue measurable 
subsets of Rd. That is, for each B E 43, Z(B) is a mean zero normal r.v. with 
variance I B 1 and 

(1.4) cov(Z(B), Z(C)) = I B n C 1, for B, C E 9. 

In order for the functional LIL to be formulated, it is necessary that 43 be a 
large family of subsets of [0, w ) ~ ,  determined by L$ on which it is possible for Z 
to have continuous sample paths with respect to the Lebesgue symmetric differ- 
ence pseudo-metric. This requires d to satisfy certain structural properties that 
are described in Section 2. For now, assume only that the following normalized 
form of Z is well-defined, namely (&(A): A E LZ')where 

In Section 3 we prove the a.s. relative compactness of (2,)and identify the 
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limit points to be 

9:= (G -1)g dh: Domain(G) = &' 

(1.6) 

g: Id-+ R1such that 

the set of all absolutely continuous signed measures with total variation bounded 
by 1. (The elements G E 9though restricted here to _Q%: are definable on the 
family of Lebesgue measurable subsets of Id.)It will be convenient to identify G 
and its density g whenever speaking of members of 52 

In Section 4, the embedding of the partial-sum process in the Brownian 
process Z is defined. Many embeddings can be suggested, but the one used here 
seems to be the simplest to describe and the most tractable. It was proposed by 
the second author in 1970 for the purpose of obtaining the functional LIL for 
partial-sum processes indexed by the orthants. However, the moment conditions 
required to use it were too strong for the orthants. The problem of this.functiona1 
LIL (cf. Pyke, 1973) was solved by Wichura (1973) using the methods of Hartman 
and Wintner (1941) and only second moments were required. This embedding of 
an array of partial sums into Z was also proposed independently by Kiefer (1972) 
where it is central to his embedding of empirical processes in tied-down Brownian 
sheets; Kiefer's overall construction for empirical processes is necessarily much 
more difficult than for partial sums. 

In order to use the embedding method for our set-indexed processes, it is 
necessary to have good tail estimates on the probability of deviations between 
the embedded process and the Brownian process in which it is embedded. These 
estimates are provided in Section 5 .  Some of these results may be of general 
interest as they make use of exponential bounds for martingales and stochastic 
integrals. These estimates are then applied in Section 6 to obtain the main 
functional LIL for the smoothed partial-sum processes. 

In Section 7, the embedding methods and estimates of the preceding sections 
are used to obtain a Uniform CLT for the partial-sum processes. The first such 
Uniform CLT was derived by Pyke (1983) in which the index families were 
metrized by the stronger Hausdorff metric. The result obtained in this paper 
provides an improvement in the moment condition, though the order of the finite 
moment still increases with the size of the index family at the same rate. 

In Section 8, some general remarks, including open problems and directions 
for future research suggested by our results, are discussed. 

2. The index families LZ'and Brownian process 2. As mentioned in 
Section 1, the Brownian process 2: = (Z(A): A E 581 is a mean-zero Gaussian 
process indexed by 58, whose covariances are given by (1.4). The index family 58 
is a collection of subsets of Rd, = [0, C O ) ~ .It is necessary for the results of this 
paper that Z exist as a process whose sample paths are continuous with respect 
to the Lebesgue symmetric difference pseudometric dL(A, B): = IA A B 1 .  



16 R. F. BASS AND R. PYKE 

Sufficient conditions on an index family are known that will insure continuous 
sample paths when the index family comprises subsets of a compact set such as 
Id.(Cf. Dudley, 1973.) In the case of Brownian Sheet, as in the case of standard 
Brownian Motion, the extension of a continuous process on Idto one on Rd, is 
straightforward. In the case studied here, the extension is not so obvious and in 
fact requires that additional structure be imposed. 

The main focus in this paper is upon the normalized partial-sum and Brownian 
processes, X ,  and Z,, defined respectively by (1.3) and (1.5). These processes are 
random set functions defined on & a family of subsets of Id.It is this family d 
that is central, and it is upon it that properties must be imposed. These properties 
will enable Z to be defined continuously on a family of subsets in Rd, that is 
sufficiently large for the existence in Z of suitable embedded partial-sum pro- 
cesses; cf. Section 4. 

The properties of d that will be used below are defined as follows: 
(i) Contraction closed: A E d implies sA E d for all 0 < s < 1. 

(ii) Interval closed: (s,t]  E d for all s, t E Id. 
(iii) Totally bounded: For every 6 > 0, there exists a finite 6-net L& C d such 

that for any A E d there exists Ag E L& such that 

(iv) Boundary smooth: There exists a constant c such that for all E > 0 and for 
all A E QZ, ( A (E) ( I ce  where A (e) = A C U ,  denotes the e-annulus about 
the boundary of A with respect to Euclidean distance. 

(v) Entropy integrable: If u(6): = card(@) and H(6): = log u(6), then 

For the statements of Theorems 6.1 and 7.1 we will place a slightly stronger 
condition than (2.1) upon H, namely, 

for some constants K > 0 and 0 < r < 1. We refer to the resulting stronger 
property as 

(v') H satisfies (2.2) for 0 < r < 1. 
Assumptions (i) and (ii) may be assumed without loss of generality in the 

sense that if d were any family of subsets of Idthat satisfies (iii) and (v), and 
if dfdenotes the union of dwith the set of all contractions sA for 0 < s < 1and 
A E d and with the set of all intervals, then d+also satisfies (iii) and (v). For 
the latter statement, note that the entropy of df,u+ say, satisfies 

since 6-I + 1bounds the number of points in a Euclidean &net of [0, 11 and 
dL(sA, [s/6]6Ag) s. dL(sA, sA,) + dL(sA6, [s/6]6A6) I sd6 + 6 I 26. Its logarithm, 
H +  say, therefore satisfies (2.1). 

The inclusion of the nonrestrictive assumptions (i) and (ii) ensures that our 
embedded processes (cf. Section 4) will always be well defined. However, as 
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already mentioned, it is necessary to have the Brownian process Z defined over 
the entire positive orthant Rd,. This involves additional difficulties that are not 
present when working with Brownian Sheets which are indexed by points (or 
equivalently, lower-left orthants) rather than sets. The context here is as follows. 
The functional LIL involves contracting and rescaling random measures of sets 
in Rd, to sets in Id.Specifically, we require the existence of a Brownian process, 
Z, that is defined on nA for each integer n r 1and each A EdFor this purpose 
we must even impose an additional property on ia%: namely, 
(vi) Origin sparse: For every j E Jd,  the family 

satisfies (iii) and (v). 
This property (vi) will be needed for the functional LIL for Z but not for X. Its 
purpose is to ensure that a continuous Brownian process can be defined on the 
family of all intersections of the cube j + Id= Cj with multiples of d.If Z' 
denotes this Brownian process, then the desired process Z that is defined over 
U;=lndcan be constructed by patching together the Zj's as follows: 

To see that (vi) is indeed a restriction, consider, for example, a sequence
(an: 1)of families of closed subsets of Idsuch that every element of every n 2 
gnis contained in Id\2-'Id and such that the log-entropy of 5%is Hn(6) = 
6-(l-l /n) . Now let 

For this choice of d ,  it is not true that (vi) is satisfied. In particular, take j = 
0. Then 

do3 u:=12"(2-"Bn) = U;=lBn 

so that neither (iii) nor (v) need be satisfied. To simplify the illustration, one 
may specialize to d = 1 and gnequal to the family of all finite unions of the 
intervals 2-l[1 + (i - l)/n, 1+ iln], 1I i I n. It is straightforward to check that 
the d of (2.4) satisfies (iii) and (v) but that do= UnBn does not. 

THEOREM2.1. If &is a family of subsets of Idthat possesses Property (vi), 
then there exits a continuous Brownian process (Z(B): B E 43') with respect to d~ 
where .@=(nA: A E @'n r 1). 

PROOF. By property (vi), the existence of a continuous Zj on d j follows 
from know results; Dudley (1973), Section 1. The required Z follows from 
(2.3). 0 

3. Functional LIL for 2. Recall the definition of 9given in (1.6) and the 
construction of the Brownian process Z given in Theorem 2.1. For f: d+R1, 
define the supremum norm I I  f to be SUPAE-/I f(A) I . 
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THEOREM3.1. If &satisfies properties (i)-(iii), (v), and (vi), then with 
probability one, (2,:n 2 3) is relatively compact with respect to 11 ll,, with limit 
points exactly equal to 52 

PROOF. Let 

Y e= ( f :  & +R1 for which 11 f - G [I,/ < c for some G E Y J 

denote the open c-sphere about 9with respect to the supremum norm 11 . [I,/. 
Note that for any A E & and G E 9Holder's inequality implies that 

(3.1) 	 1 G(A) 1 5 IA Ill2. 

For X > 1, set ni = [Xi], i r 1.Let Yi be defined by 

Yi(A) = Z ( r ~ ~ A ) l n $ / ~ .  

The Yi are g(&)-valued random variables that are Gaussian, mean 0, and 
equal in law to 2. If BSJis the Bore1 a-field with respect to the pseudo-metric 
dL, and if p is a signed measure on (& BP/)with total variation M, then 

By Theorem 4.1 of Carmona and K6no (1976), this condition implies that 
(yi/=, i r 31 is relatively compact in g(&)with limit points exactly 
the closed unit ball in the reproducing kernel Hilbert space for 2. Here 

M= (f:  f maps &+R1 and for some finite signed measures p 

on ( & % ~ l , f ( A )  = S IA n B l  r(dB)l 

is a Hilbert space when given the inner product 

M has the reproducing property 

(f ,  R( . ,  A) )  = f (A)  for f E % A  E & 
where R(B, A) = E(Z(B)Z(A))= I B f l  A I is the covariance function of the 
process 2. 
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If p is a finite signed measure on (@ and f (A) = $ I A n B I p(dB), set 

(3.3) g(t)  = Sla(t)e(dB), t E Id. 

Then, 

Using (3.2), 

From (3.4) and (3.5) we conclude A? C 9 
To show Y C it suffices to show, in view of (3.5), that f (A) = dX is in 

M if $ g2dX< m. By standard approximation techniques and linearity, it suffices 
to consider g of the form g = lc ,  where C is an interval (s, t] E d.If p is the 
measure assigning unit mass to (C], then by (3.4), JAg dX = J I A n B I p(dB) E 
N 

Since log i - log log ni, the above discussion shows that every point of Y is a 
limit point of (Zni], and hence of (2,). Moreover, for any c > 0, P[Zni f! Y ei.o.1 
= 0. Since by construction Z, = n-d/2b;1Z(n.),one obtains that for ni-l < n I ni 

Thus, to show that Z, does not vary significantly from the terms of the subse- 
quence, consider, 

For given cl > 0, one can choose X sufficiently close to 1, to make I a , i- 1I < cl 
and I (n/ni)A A A 1 < cl for ni-~ < n I ni. Hence, whenever Zni E Y efor e > 0, 
we have by (3.7) and (3.1) that 

This shows that for any c > 0 

P[Zn G" i.o.1 = 0. 

The above argument therefore completes the proof since it establishes that 
with probability 1, Y contains all of the limit points of {Z,; n r 3).0 

4. The  embedding: Definition and  properties. The embedding of pro- 
cesses into Brownian Motion has often been used to prove weak convergence and 
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iterated logarithm results. The idea of using embeddings based on stopping times 
originated with Skorokhod (1965) when he introduced a particular stopping time 
based on the two barrier problem. If W = ( Wt:t r 0) denotes a standard Brownian 
Motion and Y is any real-valued mean zero r.v., a stopping time embedding of Y 
in W is the existence of a stopping time, 7 say, for which Y =L W,. Many methods 
for generating such 7's have been suggested since Skorokhod (1965), including 
among others those of Root (1969), based on hitting times, Dubins (1968), based 
on a sequence of two-barrier problems determined by conditional means, Monroe 
(1971), based on local times, and Bass (1983), based on martingale representa- 
tions. The hitting time method of Root is known to minimize the variance of the 
stopping time 7 among all others. (Cf. Rost, 1976.) 

The embedding of processes, such as martingales, partial-sum and empirical 
processes, is possible by repeated usage of the above single r.v. embedding. In 
these applications, including the one to be described below, it does not matter 
very much which stopping time is used to generate the individual r.v.'s. The only 
restriction is that finite moments of 7 of appropriate order should be implied by 
finite moments of Y; see Lemma 4.1 below. 

The object of the embedding in this section is to use the Brownian process Z 
of Section 2 to generate each member of the given array (Xj: j EJdJSO that they 
will be independent with the proper distributions and so that the stopping times 
will be measurable relative to an appropriate "past" of Z. We proceed as follows. 

Let 9be the partition of R$-': = (0, m)d-l into disjoint unit cubes of the form 
(q  - 1,q] for q E Jd-'.For each Q E define ZQ by 

(4.1) ZQ(t)= Z(Q x (0, t]), t 2 0. 

Observe that each ZQ is a standard Brownian Motion and that ZQl and ZQz are 
independent for disjoint Q1 and Qz. Let q = (ql, qz, . . . ,qd-l) denote the upper 
integer vertex of Q, so that Q = (q  - 1 ,  q]. Now, use ZQ to generate, by any of 
the available embedding methods, independent r.v.'s XqS1, Xq,z, . . . with common 
distribution equal to that of Xj. We will not hereafter distinguish between these 
constructed X's and the given array. Let 0 ITqS15 Tq,z5 . . . be the successive 
stopping times of the embedding, so that in particular 

ZQ(Tq,j)= xq,l+ . . . + xq,j. 
For any j = (q, j) E J d ,  define the random set 

(4.2) Fj = Q X (Tq,j-1, Tq,jI 

so that then Z(Fj) = Xj. In view of the definitions of the smoothed and 
unsmoothed partial-sum processes given in (1.3), we may then write 

&(A) = n-d/2b;1Z(I'i(A)) 

and 

(4.3) = n-d/2b;'{Z(I'n(A)) + Cj:c,nn(a~)z0ICj n nA 1 Z(rj)) 

where Cj= (j - 1, j], 

I'i(A) = U (rj:j E nAJ and I',(A) = U (I',: Cj c nAJ. 
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Thus the Brownian measures of the random sets r;(A) and rn(A) are essentially 
equivalent to the partial-sum measures of A. Our task will be to show that for 
the smoothed case, the 2-measure of the random set r,(A) is sufficiently close 
to Z(A), uniformly over @ t o  relate the asymptotics of Xn to those of 2. Some 
additional notation will be needed. For A E @define 

and 

The sets C:(A), Cn(A) and r:(A), rn (A)  are respectively the outer and inner 
rectilinear fits of nA by the nonrandom cubes Cj and the random rectangles r j .  
In the next section, bounds on the Lebesgue measure of symmetric differences 
between these fits will be derived. 

As a necessary preliminary to these bounds we need the following result 
relating the moments of I rjlto those of Xj. (Recall that in our embedding, Z( r j )  
= Xj.) Under any of the usual embedding schemes including those referenced at  
the start of this section, it is easy to show that the stopping time 7 satisfies, for 
p > 0 and a > 1, 

and 

LEMMA4.1. a) If the embedding stopping times satisfy (4.4) for P > 0, then 

E I XjI '(log+ I Xj 1 )I+' < w implies E I rjI (logf I rj1 ) '+O < w. 

b) If the embedding stopping times satisfy (4.5) for a > 1, then 

E I Xj I " < implies E 1 rj1 "I2 < w. 

PROOF.a) Let + be convex, increasing, continuous, nonnegative, and, for x 
2 e, equal to x(l~g+x)"+@'/~. By applying Doob's inequality, with exponent p = 2, 
to the submartingale +( I Wt I ), we get E supt,,( I Wt1 '(log+ 1 Wt I I+@)< w. To 
complete the proof, apply the inequalities of Burkholder, Davis and Gundy 
(Meyer, 1976, page 351). 

b) The proof is similar, using +(x) = I x 1 and Doob's inequality with 
exponent p = 2a/(l  + a).U 

5. Tail estimates on the closeness of the embedding. The purpose of 
this section is to derive bounds on I Zn (A ) -Xn (A ) I and I X, (A ) I for a fixed set 
A. Throughout this section, the letter c without subscripts will denote a generic 
constant whose value may change from line to line. Summations over q E (1, 
. . .,nJd-' and over j E (1, . . . ,n j will be abbreviated by Cqand Cj, respectively. 

We begin with the following proposition which is an extension of some results 
of Heyde and Rohatgi (1967). Let Mq = maxlsisn I Tq,i- i 1 .  

mailto:x(l~g+x)"+@'/~
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PROPOSITION a) Given 7 > 0 and P > 0, there exist cl and nl depending 5.1. 
only on p, 7, and E I rj1 (log+I rj1 such that if n r nl, 

b) For K > 0, p > 0, s r 1, and (4' > 0, there exist c2 and n2 depending only on 
K, p,s,(4', El r j I S , a n d E I  r j I s+ ' " such tha t i fn r  n 2 a n d E I  T j I s < K ,  

PROOF.a) We suppose d r 2, the d = 1 case being somewhat simpler. In 
preparation for the central limit theorem in Section 7, we take n r 3 large enough 
so that 7 2 (log n)-P/3. 

Define Vj to be I rjI - 1if I I rjI - 1I 9 snd  and 0 otherwise and let M; = 

m a x i ~ i , ~Ck=1Vq,k. 

First of all, by Chebyshev's inequality and the monotoneity of x(log+x) 


Secondly, 

(5.2) E V f = 2 1 m n dxP(I I I',I - 1I > x)  dx 5 cVnd/(log rlnd)l+O. 

Suppose for the moment that we have shown that for n sufficiently large, 
n-lEM; 5 s/2. Then 

(5.3) P(CqMq> ndrl) 

5 P ( I  rjI - 1 # Vj for some j) + P(Cq(M,*- EM,*) r ndV/2). 

The first term on the right hand side of (5.3) is 

9 ndP(1 I rjI - 1I > snd)  5 c/s(log snd) l+O, 

as  desired. The second term on the right hand side of (5.3) is 

5 4nd-'Var Mz/n2dv2 5 cEMi2/nd+lV25 2 ~ 7 7 - ~ n - ~ - ~  

.(E[maxl,i=,I Ci=l (Vq,k- EVq,k) 1 l 2  + maxl,isnl E C6=1 Vq,kl2, 

5 B ~ s - ~ V a r  1 EVq,l1E L l  Vq,k/nd+' + 2cvp2 2/nd-1, 

the last line following by Doob's inequality. Using Var ELl Vq,k= n Var Vq,l 5 
n EVZs1, (5.1), and (5.2) gives the desired estimate. 

I t  remains to show that  n-lEM; 5 712. This is not an  immediate consequence 
of a law of large numbers since Vq,l depends on n. 

So suppose n r 3, X r (log n)-P'2, fix q, and let vi= Vq,i if I Vq,iI > nX and 0 
otherwise, and let &P = ma^^,,^, 1 C L 1  vkI . 
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As in (5.1) and (5.2), I Evil 5 c/(log n)" which is s X/2 for n sufficiently 
large, and EV? 5 cnX/(log nX) I+? Then 

P(M,* > nX) 5 P ( I  V,,il > nX for some i)  + P(M* > nX) 

By Kolmogorov's inequality, the last term on the right is 

We thus get P(M,*/n > A )  5 c/(A(log nA)'+", and so 

E(M,*/n) 5 (log n)-o/2 + Sm P(M:/n > A )  dh 
(10gn)-o/~ 

5 (log n)-P/2 + c J (X (log x)  l+P)-ldx 
n ( l ~ ~ n ) - @ / ~  

5 77/2 for n sufficiently large. 

b) is groved in a very similar fashion, except that  one works with I 
E 1 rj1 "instead of 1 rj1 - 1.17 

1"rj 


We now use Proposition 5.1 to get bounds on how much a given set is 
transformed by the embedding. 

PROPOSITION C i  (A )\C,(A) 5 cd1l2nd-l,5.2 a) S U P A ~ ~ ~  I 
b) P(supAE,J I',(A) A C,(A) I r ndX) 2 c3/(log+n) 
C) P(suPA~.&I I',+(A) A CL (A) I r ndX) 5 c4/(log+n) l+@, 
where c3 and c4 depend on c ,  A, and the constants cl and c2 of Proposition 5.1. 

PROOF. Fix A E d.First observe that  any point in CL(A)\C,(A) must be 
within a distance d1l2 from d(nA). Then, by Property (iv) of Section 2, 
I Ci(A)\C,(A) 1 5 1 (nA)(d1/2) = 1 5 ~ n ~ - l d l / ~ ,1 n d J  ~ ( d l / ~ / n )  which proves (a). 
Note in particular that  the number of j's for which Cj n d(nA) # 0 can be a t  
most c d  1/2nd-1. 

Given A, choose an  integer m r 1 so that 2cd1l2/m < A/2. For each 
q E (1, . . . ,njd-', let N,  be the number of i's for which C,,i n d(nA) # 0.Let 
Q1 = (q: N, r m),  Q2 = (q:N q <  m]. By the previous remark, xqNq 5 ~ d l / ~ n ~ - l ,  
and so the cardinality of Q1 is a t  most ~ d l / ~ n ~ - ' / m .  

Let D, = ( q  - 1, q]  X (0, n], the rectangular channel with base ( q  - 1, q]. If 
q E Q1, 

Now consider q E Q2. We want to count the number of components of D, n 
C, (A). If for some i, either a) C,,i G C, (A) but C,,i+, E C,(A) or b) Cqfi E C, (A) 
but C,,i+, G C,(A), then either Cq,i or Cq,i+l must intersect d(nA). So the number 
of i's for which either a )  or b) holds is a t  most 2Nq + 2 5 2m. Thus there are 2m 
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pairs of indices i(l) s i'l), . . . , icz,) i(2m)such that  C,(A) n Dq= U (Cq,i:i(k)5 i 
< i(k) for some k 5 2mJ.  

Since 

then 

We thus get by combining (5.4) and (5.5), 

a bound independent of A. Then 

P(suPAE.~/I rn (A)  A C,(A) I r ndA) s P(CqMqr ndA/4m) 

and b) now follows from an  application of Proposition 5.1 a). The proof of c) is 
virtually identical to that  of b). 0 

Next we prove a proposition of the stochastic calculus which will enable us to 
get estimates on I Z(r,(A)) - Z(Cn(A))I from estimates on I rn(A) A C, (A) I . 

In the following, $ H, dW, denotes the stochastic integral of H with respect to 
W. See Meyer (1976, Chapter 2) for further information about stochastic inte- 
grals. 

PROPOSITION Let W,: t r 0 be a one-parameter Brownian motion, H,:5.3. 
t 2 0 a nonanticipating functional and to, A, and L arbitrary positive constants. 
Then 

PROOF. Set U = inf(t > 0: $6 Hi ds > L J  and M, = $kAu  H, dW,. I t  can be 
shown that  M, is a continuous martingale with quadratic variation $kAu  Hz ds 5 
L. Then 

The last inequality is well-known; a proof may be found, for example, in 
Dellacherie, Dolkans-Dade, and Meyer (1970), page 247. 0 



SET-INDEXED PARTIAL-SUM PROCESSES 25 

Suppose E I F j  I "'< w for some s > 1,V > 0. Let p satisfy p-' + s-' = 1. Let e 

>O,k > (E I rj1" We define the event A by 

We then obtain the following estimates: 

PROPOSITION If ,  A, B E& then5.4. 
(a) P(I Xn(B)  -Xn(A)I > A, A) 5 2 exp(-A2L2n/2kI A A B Illp),and 
(b)for n r no, independent of A, 

PROOF. First of all, note that Cn(Id)= nIdand I I',(Id) 5 I II',(Id) A Cn(Id) 
+ I I I: (1 + c)ndon the event A. Secondly, on A, T j  5 I I',(Id) ICn(Id) 5 
(1+ e)nd5 nd+'for all j. 

Next we define the Brownian Motion Wt to which we will apply Proposition 
5.3. The idea is to place end to end the Brownian Motions ZQ(t ) ,0 6 t 5 nd+'of 
Section 4. Let $ be any one-to-one mapping of the integers (1,2, . . ., nd-'Jto 
(1, 2, . . .,nJd-l.Now let Wo= 0, and for m = 1, 2, . . . ,nd-', let 

Wt+(m-l)nd+l= W(m-l)nd+l+ Z ( ( $ ( m )- 1, $(m)]X (0, t ] ) ,  0 < t 5 nd+'. 

If j = Z (Cj)/nd/2bn. (q ,  i ) ,  we want to define Kj( t )so that SO"*Kj(t)  d Wt = We 
do this by setting Kj( t )equal to l/nd/2bnif ($-'(q) - l)nd+'+ (i - 1) < t 5 
($-'(9)- l)nd+l+ i and 0 otherwise. 

Analogously, set Sj(t)= l/nd/2bnif ($-'(q) - l)nd+l+ (T,,i-' A nd+')< t 5 
($-'(9) - l)nd+l+ (TqPiA nd+l)and 0 otherwise. &(t)chosen in this fashion 
satisfies 

1nZd 

&( t )  dWt = Z ( r jn f)/ndl2bn,where f = (0, n)d-l x (0, nd+l]. 

On A, Z ( r j  n f)= Z ( r j )since we argued that T j5 nd+lon A. 
We are now ready to prove (a). Let to= n2d.On the event A, 

and similarly for Xn(B).If we let Ht = C j (I nA n CjI - I nB f l  CjI ) t j ( t ) ,(a) will 
follow from Proposition 5.3 provided we show $$ H: dt 5 k I A A B I l/P/bion A. 

If we let dj= I nA nCjI - I nB n CjI , 
IdjI 5 I(nA A n B )  f l  Cjl 5 1, 

and 

ZjIdjI 5 InA A nBI = n d l A  A B I .  

Note that $3Sj(t) dt = I rjI on A and that the [j's have disjoint support. Then 
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as required. 
We now proceed to prove (b). Since A and Cn(A) are deterministic sets, the 

usual tail bounds for the normal distribution give 

P ( I  Z(nA) - Z(Cn(A))I > (X/2)nd/l"bn)5 2 exp(-X2ndb;/8 I nA A C,(A) I ). 
By Proposition 5.2, 1 nA A Cn(A)I 5 cdl/l"nd-l. I t  therefore suffices to get a 
bound on P (  I 2 (Cn(~)) /nd/ l"bn- Xn(A)I > X/2). 

T o  do this, let 

Again, we will get (b) from Proposition 5.3 provided we show that S$ H: dt  5 
3~/b;  on A. 

Note that 

5 3end for n Ino sufficiently large. 0 

6. The functional LIL for partial-sum processes. We are now ready to 
prove the functional LIL for the smoothed partial-sum processes. 

THEOREM Suppose that d satisfies Properties (i), (ii), (iii), (iv) and (v') 6.1. 
of Section 4 (but not necessarily assumption (vi)). Suppose also that E IXj1 l"" rn 

where s > (1 - r)-l. We then have that with probability 1, (X,; n 2 3) is relatively 
compact in g ( d )  with limit points exactly 9 

PROOF.Observe first of all that  we do not require property (vi), that d be 
origin sparse. In fact, this assumption is used only to give content to the statement 
of Theorem 3.1. Note, however, that Z n ( - )  may be defined for d satisfying only 
(i)-(v), as long as n is fixed. Looking a t  the proof of Theorem 3.1 we note that 
what it tells us is that, for all E > 0, limn,,lim,,,PIZk !Z Ye,n 5 k 5 m] = 0. 
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We show below that 

with no use of assumption (vi). It  will then follow that 

limn,,lim,,,PIXk Ye, n 5 k 5 m]  = 0, 

or PIXn @ Y e  i.o.1 = 0. Thus, the Xn's will be relatively compact with probability 
1with limit points in 52 

Since the set of limit points of Zn is exactly 9analogous reasoning will show 
that the set of limit points of Xn is exactly Y a s  desired, without the use of 

.&11)An(11assumption (vi). It  thus suffices to show that is o(1) almost surely, 
where A,: = Xn -2,. 

By definition 

From Proposition 5.4 (ii), for each A > 0, c > 0, there exist no such that for 
n > no, 

while by Propositions 5.1 and 5.2 

where A is defined in (5.6). Since 

it suffices to bound P(IIAnII,/ > A, A) 5 c(log+n)-'-? For a fixed 60 > 0, (6.1) 
implies 

= 2 exp {-A2(12c)-'L2n(l - l:E:!())] 

for some p > 1 and all sufficiently large n, provided only that c is chosen 
sufficiently small. 

To obtain the desired bound for 11 An[ I d  rather than 11 An write 

for Asi E dland I AaiA A I < Gi, i s. 0. Then use 

We continue to work on the event A. By Proposition 5.4 (i) 
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since 1 Ad,A As,-, 1 I ai + I 2aiP1. Recall that l/p + l /s  = 1. Choose 6i = aOyi 
and Xi = Xoybi for b > 0. Since H(6) 5 K6-', 0 < r < 1,the bound on the right 
hand side of (6.5) is bounded above by 

where 

C1 = Xg(y/260)1/P/2k, Cz = 4Kk(2/y)1/p6~/p-r/Xg. 

For 1 Ip < l/r,  choose b 5 (p-I - r)/2 to insure that the bound of (6.6) is 
summable over i. Choose Xo so that C?=l Xi I A, and then choose 60 sufficiently 
small to make the sum of the bounds of (6.6) less than (10g+n)-~ for some p > 1 
and all n sufficiently large. 

It remains to note that 

since 2, is Normal with zero mean and variance I AgiA As,-, I I With the 
same choices of constants ai and Xi, this last term equals 

where 

C3 = X;y/260 and C4 = 460K/Y~g. 

Again the bound in (6.7) is summable over i, and by possibly making 60 even 
smaller than heretofore required, the sum can be made less than (log+n)-O for 
some p > 1and all n sufficiently large. 

In view of (6.3), the preceding proves that for all X > 0, there exists p > 1and 
no such that 

(6.8) P [ I ( X , - Z , ( ~ . M > ~ X ]5 (10g+n)-~ for n >  no. 

This in turn shows that for the subsequence nk = [vk],v > 1, 

By (3.8), for any e > 0, there exists v sufficiently close to 1and $ = ko(w) 
such that 

maX,k-,<n~nkI I  - z n ,  II.M(w)< e for k > ko(0). 
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Also, as in (3.7) 

which also can be made less than c for k > kl ( w ) in view of (6.9). O 

7. CLT for partial-sum processes. Just as a Skorokhod-type embedding 
may be used to give a simple proof of Donsker's invariance theorem in the case 
of one-parameter Brownian motion (see, for example, Breiman, 1968), our 
methods can be used to prove a uniform (functional) central limit theorem (CLT) 
for partial-sum processes indexed by sets. The CLT for these partial sum 
processes was originally proved by Pyke (1983), using different techniques, and 
requiring slightly stronger moment conditions than we need here, 2(1 + r )  
(1 - r)-' instead of 2(1 - r)-l, where H(6) - 6-'. 

Write 

and &(A) = n-d/2Z(nA). We will show that 11 X, - 2, + 0 in probability. 
Note that we no longer have the (L2n)-1/2 to help us in the computations. 

PROPOSITION7.1 There exists a sequence 7, +0 such that 

PROOF. This follows from the proof of Proposition 5.1 provided we take the 
vn9s going to 0, yet slowly enough so that 7, r (log n)-P/3 and rn(log+ndrln) +l+@ 

03.0 

PROPOSITION7.2. There exists a sequence A, +0 such that 

P(SUPAE.O,I A cn(A) I r n d L )  + 0 

and 

P ( ~ u p ~ e . 4 1I';(A) A C;(A) I 2 ndAn)+ 0 as n +  03. 

PROOF. It is only necessary to modify slightly the proof of Proposition 5.2. 
The proof of Proposition 5.2 shows that, for n fixed, 

provided 2 ~ d ' / ~ / m  < A/2. In (7.1), replace A by A,, m by m,, where m, = 
[4~d'/~/A,]+ 1( [ I  means "integer part"). Now choose A, tending to 0 sufficiently 
slowly; then A,/m, will tend to 0 slowly enough that Proposition 7.1 may be 
used. 0 
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Define 

in:= (SUPA€.?/~ I 5 ennd,r n ( A )  A Cn(A) 

(7.2) 
SUPAE.~/~I/~I':(A) d 5 ksnd).A Cn(A)I Ie n n ,  CjlrjlS 

If en +0 slowly enough, p ( x c )  +0. With no changes in the proof of Proposition 
5.4, other than eliminating the bn's and Lzn's and replacing e by en, we get 

PROPOSITION If A, B E _Q%:7.3. 
(i) P (  I x ~ ( B )- x n ( A )I > A, i)5 and2e-X2/2klAu11'P, 

(ii) for n r no(independent of A),  

THEOREM With d and Xj satisfying the same conditions as in Theorem 7.1. 
6.1, we then have xn+L 2, where the convergence is in C ( d ) .  

PROOF.The proof is similar to that of Theorem 6.1. Letting &,(A) = &(A) 
- xn(A) ,  it will suffice to prove 11 An(.) 11 +0 in probability. 

Let en+0 slowly enough so that P(X;) +0. Then, with X fixed, by Proposition 
7.3, 

Choose 60(n) +0 slowly enough so that  eH(60(n))e-Xz/12'n still converges to 0. Then 

Let 0 < y < 1be fixed, 0 < b < l/z(l/p - r ) ,  6i(n) = do(n)yi, and Xi = XOybi, 
where Xo is chosen so that C?=oXi 5 A. 

Writing i n  (A = in(Aa0(n)+ cT=1 { Ln(Aai(n)) - i n  (Aai-,(n))j with Aaicn) E ,
I Aa,(n)A A I < ai, it sufficies to show 

and 

2n(Aai(n)) z n ( ~ a ~ - ~ ( n ) )  as  n + CQ.(7.4) CT=i p ( m a x ~ ~ . ~ l  - I > Xi, i n )  +0 

We will prove (7.3), (7.4) being similar but simpler. 
As in the proof of Theorem 6.1, the summands in (7.3) are bounded by (here 

we use Proposition 7.3) 
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for n sufficiently large, since 

2k(2ai-, (n))'lPH(&(n))/xT 5 k ~ 2  i/Xi1+1/pr-1~p(60(n))'1p(y'/p-2b-r) 


converges to 0 as n +m, uniformly in i. 
Using the fact that 

X?/4k(26i-l (n))'lp = (Xg/4k(260(n))l/py-'/p)(y2b-1/p)i, 

that 2b-11p > 1(since y < 1and 2b - l/p < O), and that 

we may sum (7.5) over i to get 

Cz l  P(max~,,I .&(~a, (n)- I > Xi,  in)) ~n(Aa,-~(n))  

5 ZL1 2 e ~ ~ { - i ~ i ( y " - ' ~ ~- 1)/4k(260(n))11py-11p), 

a geometric series whose sum tends to 0 as n 4 since aO(n) +0 as n +m. O 

8. Remarks. 1. Although the independence of the Xj's is crucial for the 
methods of this paper, the only place where we use the fact that the Xj's are 
identically distributed is in deriving some of the probability estimates of Section 
5 . For these results one really only requires that the tails of the Xj's be uniformly 
bounded by appropriate quantities, in which case the necessary modifications are 
quite straightforward. A much more challenging and useful modification would 
be to replace the independence assumption by a suitable mixing condition that 
would provide approximate independence to Xj and Xk when j and k are suffi- 
ciently far apart. The methods of Phillip and Stout (1975) should be applicable 
here. 

2. One might ask what functions of n could replace b, = (2 log log n)1/2 so 
that Theorems 3.1 and 6.1 remain true. One would expect that there is an integral 
test that distinguishes between upper and lower class functions for the LIL in 
our context. The abstract by Bulinskii (1978) might be relevant in this connec- 
tion, as might the paper by Carmona and K6no (1976). 

3. The embedding described in Section 4 allowed us to prove invariance 
principles that were strong enough to yield both the functional LIL and the 
uniform CLT. Moreover, as by-products of the proof of Theorem 6.1 we obtain 
probability estimates on the tail of the distribution of 1 1  Zn(.) - Xn( .) II,d. One 
might ask whether one could get faster rates of convergence if one used a method 
of embedding that did not use stopping times. For example, some of the methods 
of Komlos, Major and Tusnday (see Csorg6 and Revesz, 1981) might be applicable 
to this situation, at least for the LIL. Such application has been made by Dudley 
and Philipp (1983) for the case of linearly ordered sums of Banach space valued 
random elements. 

A further question concerning embeddings is whether or not any other stop- 
ping-time embedding might require weaker moment conditions than those of this 
paper. For example, our embedding associates with each unit cube Cj, a random 
rectangular interval rj,only one dimension of which differs from that of Cj. One 
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can easily visualize configurations of random sets, some of which may possibly 
yield closer fits. 

4. Our theorems were for the real-valued case; that is, where the ranges of Z 
and X are Q1. Theorem 3.1 could be extended to the case Z: d+Q m  with no 
essential change. This is not true for Theorem 6.1 by the nature of the embedding. 
To prove Theorem 6.1 for vector-valued random variables, one could attempt to 
use more classical techniques such as those of Hartman and Wintner (1941), as 
was done in Wichura (1973). 

5 .  According to property (v') in Section 2, we have focused attention on large 
index families d that satisfy (2.2) with 0 < r < 1. This leaves two cases of 
interest which we will loosely refer to as r = 0 and r = 1. The key entropy 
condition is the integrability condition (2.1). The r = 1 case involves those 
functions H for which (H(U)/UJ ' '~  is integrable but (2.2) does not hold for r < 1. 
Since our moment condition involves s = 2(1 - r)-l, it is clear that in the r = 1 
case, our results imply that all moments of Xj must be finite in order for the LIL 
and CLT to hold. It would be interesting to determine whether this is sufficient, 
or whether stronger assumptions on the moment generating function are needed. 

The r = 0 case includes the usual smaller families (e.g. orthants, spheres, 
polytopes with a bounded number of vertices). Although our results apply to this 
case to yield LIL and CLT, the interesting question is whether or not the moment 
condition can be weakened. Our methods require a 2 + 6 moment but the results 
probably require a condition much closer to the second moment only. In this 
regard, compare the LIL for orthants by Wichura (1973). 

6. It should be observed that for the Central Limit theorem obtained in Pyke 
(1983), the Hausdorff metric was used, rather than the symmetric difference 
metric of this paper, to determine the entropy of d Also, recall that in Pyke 
(1983), a stronger moment condition based on 2(1 + r ) ( l  - r)-I rather than 
2(1 - r)-l was imposed. It remains to find the optimal moment conditions that 
are possible for a fixed metric and entropy. 

7. As stated at  the outset, it is necessary to work with the smoothed partial- 
sum process X rather than the unsmoothed S. The reason for this can be seen 
by considering a family of smooth sets in I 2  which includes sets whose upper 
boundaries are slight perturbations of the line y = l/2. In this way, every subsum 
of the masses (Xj: j2= 4 2 )  can arise as S(A A B )  for A and B very close together. 
This prevents one from having the desired continuity for most asymptotic results. 
This is discussed further in Pyke (1983) and Erickson (1981). By adding further 
structure to the index families, possibly making Cff(A) = U (n-lCj: j E nA], 
rather than C,(A) and C: (A), the key fit to A, one might be able to obtain results 
for S. Alternatively, the use of a metric different from dL may suffice to relate 
adequately the smoothness of sets to the lattice locations of the Xj .  

8. We have focused in this paper upon set-indexed processes. It is of interest 
also to consider the case where the processes are indexed by functions. If F is 
a family of real-valued functions defined on Rd, one could define processes 
(T(f):  f EF]and (Y(f): f E Y;}by 

T ( f )  = $ f dS and Y(f)  = $ f dX 
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where both integrals are over [0, w ) ~ .One may also define the analogous integral 
processes on Idby appropriately scaling back the S and X processes. The 
processes of this paper would be special cases of these in which .F is a class of 
indicator functions. The general methods of this paper may be used to obtain 
corresponding results for the function-indexed case. For related results concern- 
ing empirical processes, see Strassen and Dudley (1969), Pollard (1981) and 
LeCam (1983). 

Acknowledgement. We wish to thank the referees for their suggestions, 
and in particular, for the reference to the result of Carmona and KBno (1976) 
which enabled us to shorten our original proof of Theorem 3.1. The latter proof 
involved an extension of the techniques of Strassen (1964) to this context, 
analogous to the extension to Brownian sheets by Pyke (1973); cf. Bass and Pyke 
(1982). A further benefit of the present approach is that assumption (iv) on 
boundary smoothness is no longer required for Theorem 3.1. 
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