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Abstract

We study functions which are harmonic in the upper half space
with respect to (—A)a/Q, 0 < a < 2. We prove a Fatou theorem when
the boundary function is LP-Hélder continuous of order 3 and Bp > 1.
We give examples to show this condition is sharp.

1 Introduction

A function is a-harmonic if it is harmonic with respect to a symmetric stable
process of order o, a € (0, 2), or equivalently, if it is harmonic with respect to
the operator (—A)®/2. It is now known that many potential-theoretic proper-
ties related to the Laplacian also hold for a-harmonic functions. As examples,
consider the boundary Harnack principle, the characterization of the Martin
boundary in a Lipschitz domain, intrinsic ultracontractivity, etc. See [2], [3],
4], 5], 6], [7], [8], [9], [10], [11], [12], [16], and [18]. What is frequently
the case is that while the proofs are quite different, the analogues for the
a-harmonic case hold under less restrictive conditions than the correspond-
ing theorems for harmonic functions. For example, the boundary Harnack
principle for a-harmonic functions holds in bounded domains, whereas for
the Laplacian more regularity is needed for the domain.

In this paper we consider the Fatou theorem. The classical Fatou theorem
says that nonnegative harmonic functions in a ball converge nontangentiallly
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almost everywhere. The precise analogue of this for a-harmonic functions is
not true. There are bounded functions which are a-harmonic in the upper
half space where almost everywhere convergence fails. In contrast to the
properties mentioned above, the correct theorem for the a-harmonic case re-
quires more restrictive hypotheses. Some regularity of the boundary function
is needed. Loosely speaking, the boundary function (which must be defined
on the entire lower half space, because ( —A)a/ 2 is a non-local operator) must
be LP-Hoélder continuous of order 3 for some f,p with 8p > 1. (Recall
that LP-Hoélder continuous functions need not be continuous.) Moreover the
Bp > 1 condition is sharp.

Let us now turn to a precise description of our results. Let (X, P¥) be
a symmetric stable process of index « for some « € (0,2). Its characteristic
function has the form

Bl = " ¢ eRY 120

For a Borel set A C RY, we define 74 = inf{t > 0 : X; € A°}, the first exit
time of A. Let u be a Borel measurable function on R% which is bounded
from below. We say that u is a-harmonic in an open set D C R? if

u(z) = E*u(X,,), = € B,

for every bounded open set B whose closure B is a subset of D. We say that
u is a regular a-harmonic function in D if

u(z) = E*u(X,,), v € D,

Note that regular a-harmonic functions are a-harmonic by the strong Markov
property of X;. One can also give an analytic definition (i.e., without using
probability) for a-harmonic and regular a-harmonic; for the latter see the
end of Section 2.

For points in R? we write x = (I, z4), where & € R*"!. Let

H={zcR: z= (% 14), xg>0}

be the upper half space. We write 9H for {(7,0) : ¥ € R} If f is a
measurable function on H¢, define

up(z) = E*f(X,,), «¢€H. (1.1)



Then uy will be regular a-harmonic in H. For stable symmetric processes,
the support of the distribution of X, is all of H¢ and not just 0H; see
Proposition 2.1.

Let AL (R?) be the space of all functions f in LP(R?), where 3 > 0 and
p > 1, for which the norm

1] + sup W@ +D = F@ly

1.2
Sup e (1:2)

is finite. This is the space of LP-Holder continuous functions of order 3. See

Stein [17] for further information about this space. We will say that a function

f defined on H* is in A (H) if there exists a function fe AL (R?) such

that f is the restriction of f to H¢. We define Hf”A’é"’o(Hc) = HTHA?O@(Rd).
Let © > 0 be fixed and let

Iz ={y:ya>0,]y| < Ouaq}

be the cone with vertex at . We say that a function g converges nontangen-
tially at = € OH if
lim g¢(z)

2€lz,2—T

exists.
Our main result is the following,

Theorem 1.1. Suppose f € AF>(H®) N L¥ for some 3 € (0,1),p € (1,00],
and py € (1,00]. Let w = uy be the reqular a-harmonic function in H
associated with f defined by (1.1). If

(a) f is locally bounded,

(b) po > 1+a/2’ and
(¢c) Bp>1,

then the nontangential limit of u exists for almost every T € OH.

The conditions in this theorem are sharp. It is easy to check that (a) and
(b) are needed, but we also have

Theorem 1.2. For each 3 € (0,1) and p € (1, %], there exist f € N~ (H®)
and A C OH such that f is bounded and has compact support, A has positive
(d — 1)-Lebesgue measure, and uy does not converge nontangentially at any
point of A.



The paper is organized as follows. In Section 2 we compute the Poisson
kernel for the upper half space. In Section 3 we introduce a type of maximal
function and establish an estimate for it. In Section 4 we prove Theorem 1.1
and we give our examples in Section 5.

We use the letter ¢, with or without subscripts, to denote positive finite
constants whose exact value is unimportant. Let B(xg,r) = {z € R? :
|z — x9| < r} be the open ball centered at z, with radius r. Given a Borel
subset D of R%, let |D| denote the Lebesgue measure of D.

2 Poisson kernel

It is known (see [15], pp. 121-122) that the distribution of X

TB(0,r)
P* has a density with respect to Lebesgue measure on RY and the density
function P,(z,-), also known as the Poisson kernel, is explicitly given by the
formula

under

Py (z,y) = c(a,d) {‘y’z—_rz

when x € B(0,7) and y ¢ B(0,7). Here c(a,d) = I'(d/2)7~4* sin(ra/2).
Just as in the case of the Laplacian, this Poisson kernel representation al-
lows one to easily obtain a Harnack inequality for nonnegative a-harmonic
functions.

Proposition 2.1. If x € H, the distribution of X., under P* has a density
with respect to d-dimensional Lebesque measure given by

a/2
x _
Pute) =l d)(24) ool <o
‘yd‘
Proof. Let B, = B(neg,n), where ¢ = (0,1). Note 75, T 7g. Since the
process (X;) is quasi-left continuous, we have
lim X,, =X

TH
n—o0

see [1], pp. 17-18, 45, and 51.
So E*f(X,, ) — E*f(X,,) as n — oo for any bounded and continuous

TBn

function f with compact support. For such an f

_ 2\ 2
<%—%> 2~y f(y) dy. (2.1)

a.s.;

Bf(Xop,) = clard) |

e (B
n

2n



If f is continuous with compact support and = € H is fixed, then for y in
B¢, |z — y|=¢ is bounded by a finite number independent of n. It is easy to
see that if S is the support of f and ¢ is sufficiently small, then

|I|2 (1+5)O¢/2
Tq — on
(—2> XsnBg (¥)

has an integral over y that is bounded by a finite number that does not
depend on n. Therefore the integrand in (2.1) is uniformly integrable with
respect to the finite measure xs(y)dy and the limit of the right-hand side of
(2.1) asn — oo is

o) [ (2 i)

Our result now follows. O]

One can now say what it means for a function uy defined in H to be
regular a-harmonic in A without using probability. u; will be regular a-
harmonic in H if there exists f defined on H¢ such that

w@) = [ Pule.)f) dy

for all z € H.

3 Maximal functions

Suppose [ € Ag’oo(H ¢) and suppose also for now that the support of f is
a bounded set. For i an integer let A4;(Z) be the cube in R? with center
(#,—27%) and side length 27¢. We will write A; for A;(0). We will use A;(#)
to denote the (d— 1)-dimensional cube with center Z and side length 27%. Set

Bi = {# € R*™ : each coordinate is a multiple of 27"}.

Let us define for 7 > 0

o (T) = su (T +y
B@ = iy [, 0l 6@ b R+

FEB; |g|<(i+1)2~7
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Note that the integral defining F; is a d-dimensional one. Finally, define the
maximal function M f : 0H — [0, o0] by the following.

Mf(&) = sup Gi(3).

>0

We use || - ||; to denote the L' norm of a function on OH with respect to
(d — 1)-dimensional Lebesgue measure.

Proposition 3.1. Suppose f € AZ™(H®), Bp > 1, p > 1, and the support
of [ is a bounded set. Let S = B(0,J) be a ball with J > 1 containing the
support of f. Then

IMF@)[h < er DO Flapee ey,

The constant ¢y depends on p and 3. In particular, M f(Z) is finite a.e.
Proof. Since

|Gi(7) — Gia (7)] < sup NF(Z +9) = Fia (@ + 7)),
§,2€Bi41,|9|V|2|<2(i+2)2~
we have
[Gi(7) — Gia(@)[1 < sup NFi(F) = Fia (T + @) 1.

WEB; 41, W[ <4(i+2)2~
Let ¢;, j = 1,...,2% be points such that 4; = U2d (t;+ Ai1); we can find a
constant ¢, not depending on ¢ such that || § 27 for j =1,...,2¢ Fix
aw € By, with |w] < 4(i +2)27". Note that

A®) = Finls 1) (3.1)

y)ldy — / )ldy
|A | / H—l | 1+1(a:+w)

=Z ,/ |fxo>+y+t>|—|f<<a:+w0>+y>|]dy

(@ + 5,9a) + 15)] = 1S (@ + G+, ya)l| 4 dya



Then integrating (3.1) gives

/RdlyFi@) — Fip1 (T +w)|dz
2d
5;2“/&“ (/A [F((Z+ G, ya) + 1)) —f(i:+g+w,yd)|dy) di

2d
— 2id /
; R

_271'72
[ G+ o) + 1))
d—1 _3.2—1'72 Ai+1

— f(@ 49+ W, yaq)|dy dyy dz.

With the change of variable z =  + y and the Fubini theorem, the last
expression can be written as

2d
D /
= 7=
2d
<3 i /

_277272

[ [ 1 +) = £+ b dz di g
Az‘+1 Rd-1

3.2-i-2

_277272

Al [ 1) 1) = F(Ga) + (.0

2d _9—i—2
~Y o / | / (2 wa) + 1) — F((29a) + (,0))|d= dy.
j:l _2—1 Rd—l
Let w = (w,0). Then we have

/ |F3(%) — Fia (T +w)|d7
Ra-1
—i—2

= Z_; > /_22‘ /Rdl |f((z,9a) +t5) — f((2,ya) + w)|dz dya
- 2 1/p
< ;Qi (/_21 /Rdl |f((z,ya) +1t5) — f((2,94) + w)|Pdz dyd>

1/q
) (//X(Sﬂ(Rd1x[_217_2i2]))d2 dyd)
2d

<cgJlV/a Z 2'lt; — w|ﬂ||f||Ag’°°(le)2_i/q (3.2)

Jj=1



by Holder’s inequality, where p~! + ¢~! = 1. Since |t; — w| < ¢,27%(i + 2),
for j=1,...,2% @ € By, and 0| < 4(i +2)27¢, using (3.2) we have

5 5 - i(1— —igs B
1Gi(F) — G ()1 < e5J V9210710 (270 + 2)) HfHAg“(Rd)
< o J V(G + 2)’62(_5+(1/p))i||f||Ag’°°(Rd)- (3.3)

To prove | M f(Z)]|1 < clJ(d_l)(l_(l/p))||f||Ago<>(Hc), note that

sup |Gy(3)] < [Go(@)] + D |Gi(&) — Gia (3)].
! i=1
Clearly ||Gol|1 < ¢zl f]|, because f is in LP and has compact support. Hence
by (3.3)
IM (@)l = || sup Gi(2)]|x

< NGo(@)h + D 11Gi(#) = Gia (@)l
=1
< CSJ(d_l)/q”fHAZ"’o(Rd)
+ CSJ(d_l)/q||f||Ag°°(Rd) Z(Z + 2)P2((/P)=A)i
i=1

< C9J(d71)/q||f‘|Ag’°°(Rd)7 (3.4)
if Bp > 1. O

4 The Fatou theorem

In this section we prove Theorem 1.1. We start with the following lemma.

Lemma 4.1. Suppose f is bounded, has support contained in B(0,J) for
some J > 1, and [ € A’ﬂ”oo(]Rd) for some p < oo. Let 3 < 3 and § > 0.
We can write f = g + h, where g is continuous with support in B(0,J + 1),
1Plloe < 2[[flloo, and [|Aflar < 6.

Proof. Let 1(x) be a nonnegative continuous function with support in B(0, 1)
such that [¢(z)dx = 1. Set ¢.(z) = e~%p(x/e), g = f*¢., and h. = [ —g..

No matter what ¢ is, we have

1elloo < N flloo = [1f * thelloo < 21 floc

8



and as long as € < 1, then g. will be continuous with support in B(0, J + 1).
Choose 7 such that 2HfHAga°°(Rd)’l’ﬂ_B/ < §/2. Since f € LP, then ||h.||, —
0 as € — 0. Choose € < 1 small enough so that

) ’
Il < 20 A+,
If [t| <r,

[he(@ + 1) = he()llp < [[f(x +1) = F(@)llp + 1f # (@ +1) = [+ e (@),
<2 f(@ +1) = f@)llp < 20l fllanee et

_ / 5 7
< 2HfHA§’°°(Rd)Tﬂ e < §|t‘ﬁ-

If |t] >,
lhe (@ +1) = he (@)l < [lhe(z + )] + [he ]l
N 5 0, .4
<2 (4_1) r? < §|t|ﬁ :
Take g = g., h = h.. Hence ||h||A§,/oo < 4. O

The main step in the proof of Theorem 1.1 is the following proposition.

Proposition 4.2. Suppose f is the restriction to H of a function f €
AL (RY) which is bounded and which has support in B(0, J) for some J > 1.
Suppose Bp > 1. Then uy will converge nontangentially for almost every
T € 0H.

Proof. If p = oo, then f is continuous and the result is easy, so we assume
p < oo. Let ¢ > 0, where we will specify the exact value later on. Let

a

T(a,b) = | U Ai(Z +t))

i=—a  {t;€B,,[t;|<b2~}

for a,b positive integers. Then T'(a,b) T H as a,b — . So by dominated
convergence

/ Py((2,1),2) dz — 0
T(a,b)c



as a,b — oo and thus there exist a, b such that

/ Py((2,1),2) dz < e. (4.1)
T(a,b)c
Let
i0+a+2
T= |J A7 +ty), (4.2)

i=ig—a—2 {tjEBi,|tj|§(b+2)2_i}

if z4 € [27%1 27%) for some ig. Then

/CPH((:E,xd),w) dw = c(a, d) /T ( Ld )a/2|( L e @)

|wd| ?I),'U]d) _$|d

1\ 1
< c(a,d)/ (—) ~—ddz
T(ap)e \ |2 (2, zq) — |

_ / Py((#1), 2) dz.
T(a,b)c

by a change of variables. By (4.1) and (4.3), we have [ .. Py((Z,xq), 2)dz < ¢.
Now let i be a bounded function. Then we have

/C h(z)Py((Z,xq), 2)dz

< e||h|oe. (4.4)

Let -
B(z) = Ai(F + ).
=1 {t;€B;,|t;|<(i+1)2—}

By a change of variables, we have
/ Py((Z,z4), w)dw = / Py((2,1),2)dz,
B(z)° C(za)e

where C(z4) is the image of B(Z) under the change of variables. Notice
that C(z4) T H as x4 — 0, and so Jo@yy Pu((2,1),2) — 0 as z — 0 by
dominated convergence. Hence there exists v such that for z; < v we have
fB(j)c Py ((Z,74), w)dw < g, 50

/B<~>c h(2) Py ((Z,24), 2)dz| < ||| co- (4.5)

10



Suppose z4 € [27071270) o —a—2<i<ig+a+2 t; €B;, and
;] < (b+2)27" If v is small enough and x; < 7, then iy will be large
and then also |t;] < (i + 1)27". For z = (Z,24) € A;i(T + t;) we see that
1q/)za) < 2% and |z — 2|7 < ¢y(a, b)2%. Hence

/2
/ ()| Pa(, 2)d= < (o, d) / Ih(2)] (—) & — y|d
Ay (F4t5) A (F+t5) |24
< cafa, )2 / Ih(2)]dz

A (Z+t5)
S 63((1, b)G’Z (11?)

Summing over ¢; and ¢,
/ I0(2)| Pz, 2)d= < ca(a, b)Mh(3). (4.6)
TNB(&)
Observe that
He=(TNB(z)u((T'nB(z))UuTe.

So if zg < 7y and z4 € [-27%, =271 for 4 > 1,

un(3,34) = / h(2) Par (7, 2q), 2) d2

:/ ) hz)Py((Z,x4), 2) dz+/ h(z)Py((Z,xq),2) dz
TNB(Z)

TNB(%)e

+ /c h(z)Py((Z,xq4), 2) dz,

which implies
lun(Z,zq)| < ca(a,b) Mh(Z) + 2¢||h|| s (4.7)
by (4.4), (4.5), and (4.6).
Let n > 0. Choose ' € (0, 3) such that 3'p > 1. Let € = n/|| f]|«, choose
a, b large so that (4.1) holds, and then set § = n/(c4(a, b)(J + 1)@=D0A=01/p)),
Use Lemma 4.1 to write f = § + h, where g is continuous with support in
B0, J+1), [|hlles < 2| flloo, and HEHAZ'P" < 0. Let g and h be the restrictions

to H¢ of § and h, respectively.

11



Let us denote for each function k& defined on H¢:

Qk(z) = | limsup uk(z) — liminf wg(z)].

z€lz,2— 2€l's,2—2

Then Qf(Z) < Qg(z) + Qh(Z). Since g is continuous with compact support,
it is easy to see that Qg(z) = 0 for each ¥ € 0H. We therefore have Qf(Z) <
Qr*(z) + Qh~(Z).

Since |h T (x+t)—hT(z)| < |h(x+t)—h(x)| and similarly with h™ replaced
by h™, looking at the positive and negative parts reduces the Ag’,oo norm of a
function. Since h* is nonnegative, the Harnack inequality for nonnegative a-
harmonic functions shows that uy+(2) < csup+(Z, 2q) if z € I'z, and similarly
with hA™ replaced by h~. Therefore by (4.7),

up+ (T, 2q) < cgeala, b)MRT(Z) + cre||h oo
if x4 <, similarly with h* replaced by h~, and therefore
lun (2, 24)| < cseq(a, b)) MA(Z) + coe||h]| s,
if x4 <. We conclude
Qh(z) < croca(a, b)) MA(Z) 4 crie||h||oo < croca(a, b)Mh(Z) + c11m.

Let ¢ > 2¢y1m. Therefore,

N N - N ¢ 2cipc4(a, b)
: Qh < : Mh(z) > < Mh
1 0h(E) > 1 < s M(E) > 5—bs}] < LD s
01264<(I,b) (d-1)(1—(1/p) )”h” poo
< e\ h) 61204(6% b) (d-1)(1-(1/p)) 5
¢
22
= C )
where we used Proposition 3.1 (but with ' instead of ). So
{3 0f(@) > ¢ <
Since n can be chosen arbitrarily small, we get (0f < ¢ almost everywhere.
Now letting ( — 0, we have our result. O
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We now prove Theorem 1.1.

1

Proof. Suppose that f is locally bounded, py > a3 and Op > 1. Let

M > 0. We will show nontangential convergence for Z in B(0, M/2) N 0H.
Since M is arbitrary, the theorem will follow. Let ¢ € C* be a cut-off
function such that ¢ =1 on B(0, M) and 0 on B(0,2M)“. Since f is locally
bounded, f¢ is bounded and supported on B(0,2M). Since ¢ is smooth,
then fo € AF™(H®), so by Proposition 4.2 the Fatou theorem holds for
this function. Let k(z) = f(x)(1 — p(x)) € LP(R?) and note that f =
fo+ f(1—¢) and hence uf(Z, xq4) = us,(T, xq) +uk(Z, x4). Thus it is enough
to show for z € B(0,M/2) N OH that

lim  wug(z) = 0.
z—Z,2€lz

By writing k = k™ — k™, it is enough to consider the case where k& > 0. Using
the Harnack inequality for u; as above, it is enough to show ug(Z,x4) — 0
as xqg — 0.

For x € B(0, M/2) N H we have

uk(Z,2q) = c(a d)/ (xd )0‘/2 ! k(z)dz
S - I \zdl |z — 2|

2y 290/ 1 L/ao 1/po
< ¢(a,d) / (—) T———dz (/ k(z)podz)
B, \|zd| |z — [0

by Hélder’s inequality, where p;' 4+¢; ' = 1. Note agy/2 < 1. Since |z — 2| >
|z|/2, for z € H*N B(0, M)°

/ (ﬁ)“‘”” —— (ﬁ)“q"” L.
Bo.M)e \ |24l |z — z|d0 "~ (12> M,|za)> M} \|2d] | 2440

aqo/2 1
sy (2)" e
(121> M zal<pry \|2d] | 2|dao
We have

aqo/2

1

/ ()

(2:]2]> M,z <M} \ | 2] | 2|40
0 aqo/2 1
—m \ |2l (21> |Z]%0

13




and the right hand side goes to 0 as x4 — 0, since ag/2 < 1. Also,

aqo/2
1
/ <ﬁ> T—dz
{z:]z|>M,|zq|>M} ‘Zd| ’Z| 1

T4 ago/2 ]
< (—) — (4.9)
/{z:|z>M,|zd>M} M |Z|dq0
and the right hand side goes to 0 as x; — 0. Combining (4.8) and (4.9),
up(Z,2q) — 0 as xg — 0. O

Remark. The A™(R?) norm of f is defined by (1.2), but in the proof of
Theorem 1.1 we used only the fact that

b If(z+) = f@)llp
11/>0 £]7

is finite and that f is locally bounded. It is not necessary that f be in LP(R?)
for p such that fp > 1, and hence we do not require that p = py.

5 Examples

It is easy to find nonnegative f € LP* with py = 1/(1 — a/2) such that
i Py ((0,1),9)f(y)dy = oo. By the Harnack inequality for nonnegative a-
harmonic functions, u; will be identically infinite, and so no Fatou theorem
can hold. Therefore it is essential that the L condition be in Theorem 1.1.

Next we look at the locally bounded condition. Let g(z) = log™(1/]z4])
for z € H® and let f be g multiplied by a smooth cut-off function that is 1
on B(0, M) for some M. It is easy to check that f is in L? for all p, so that
uy is well-defined. It is also easy to check, using Proposition 2.1, that u(z)
tends to infinity as x4 — 0 as long as ¥ is in the support of f.

We now want to show that the condition Sp > 1 is sharp, that is, that
Theorem 1.2 holds.

Proof. Let L > 1 be a number to be chosen in a moment. Define h(s) to
be 1 if s € [—-L5"*1 —L5"~1] for some integer n and hz(s) to be 0 if s €
[— Lo+ — L57+2] for some integer n. Define hy, to be linear on each interval

14



(—LO+2 L6 and (—L"+5 — L") Note that hr(L™3s) = 1 — hz(s)
for s < 0. Define g (z) = hr(z4), where x = (Z,24). So we have

ug, (7, L%xq) = c(a, d) /H (Lgxd)aﬂ : 9.(y) i

|yl z, L=3zq) — y|?

a/2
T4 1 —g.(y)
= c(a,d 4y Iy
( )/Hc(wdr) oz — gyl Y

= ulfgL(x) =1- ugL(‘T)'

As L — oo, we have g;, — xpge and u,, (Z,1) — 1 by dominated convergence.
We now choose L sufficiently large so that ug, (Z,1) = ug, (0,1) > 1. Then
1 — uy, (2,1) # uy, (2,1), and we conclude that ug, (&, L73") diverges as
n — oo.

Let f be equal to grp, where ¢ is a smooth cut-off function that is equal
to 1 on B(0, M) and is supported in B(0,2M). Since f is bounded, we can
argue as in the proof of Theorem 1.1 that us —u,, converges nontangentially
for Zin 0HNB(0, M /2). Therefore u; diverges on this set. Define f on H by
reflecting over OH. It remains to show that f € AF™(R?) when § € (0,1),
p > 1, and Bp = 1. Since f is bounded with compact support, it suffices to

show .
</ fla+1t)— f(x)|pdx> <t
Observe that
{mm +1) = gr(o)]
lgr(z +1) — gr ()]

Choose Ny < 0 so that L=3N > 20/, Since f has compact support, then

L7370 aif L3 <wg| < L3t n > 0.

IA A

n=DNp L=3n
<at+es Y (eLPMPLMLP - 1)t <
n=Np

15



for some constant cg, since p > 1. (¢g depends on L and M.) Therefore

1/p
(/ |fz+1t) — f(x)|pd:z:> < et/ = cotP.

This means f € A (R?), and the proof is complete. O
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