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1. Introduction.
Let (3; be the renormalized self-intersection local time of a planar Brownian motion
X;. Formally,

t s t s
By = / / do(Xs — Xy)duds — E / / do(Xs — Xy )duds,
0 Jo 0o Jo

where g is the delta function, and more precisely

B, = lim [/Ot/osgos(Xs—Xu)duds—E /Ot/o goE(Xs—Xu)duds], (1.1)

e—0

where . is a suitable approximation to the identity. We have three main results in this

paper:
(1) Le Gall in [L2] showed that there is a critical exponent g such that

E et { <oo iy <7 (1.2)
=o0 ify>n;s.
We characterize 3 in terms of the best constant of one of the Gagliardo-Nirenberg
inequalities.
(2) We prove large deviation estimates for 51 and —[;.
(3) We prove laws of the iterated logarithm for the lim sup and lim inf behavior of 3;.

Self-intersection local time has been an object of much study in recent years. We
cite [BKh2], [Bo], [Dy], [IPV], [L1], [L2], [Rol], [Ro2], [V], [Y1], [Y2] as an incomplete list of
publications in this subject. In addition to probability theory, self-intersection local time
has applications to some branches of mathematical physics, e.g., constructive quantum
field theories and polymer measures.

The quantity fg fos e (Xs — Xy)duds will converge almost surely to infinity as
€ — 0, and in order to get convergence, one must subtract the expectation of this integral.
Therefore exponential integrability of 37 is a subtle issue. In 1994 Le Gall [L2] proved
there is a critical value g such that (1.2) holds. This has proved to be of considerable
interest to the study of constructive quantum field theories. See also Theorem 2.23 of [Bo]
for the discussion in the context of random walks with continuous time but discrete values.

Our first main result characterizes v3.

Theorem 1.1. v5 = A~ where A > 0 is the best constant in the inequality

Iflla < CVIVAlVIfll2. f:R* =R (1.3)

Inequality (1.3) is one of a class of inequalities known as Gagliardo-Nirenberg in-
equalities. The proof of (1.3) is quite simple: begin with the well known Sobolev inequality
in R?:

l9ll2 < el Vgl
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Replace g by f2, write V2 as 2fVf and apply Cauchy-Schwarz to the right hand side.
The best constant in (1.3) appears to be a difficult problem, however, and is currently open.
The best constant for Nash’s inequality, which is another special case of the Gagliardo-
Nirenberg inequalities, was found by [Ca]. T'wo recent preprints finding the best constants
for a class of Gagliardo-Nirenberg inequalities have appeared recently; see [DD] and [CNV].
Numerical values for the best constant in (1.3) were investigated as long ago as 1983 by
Weinstein [W] who solved an eigenvalue problem by numerical methods and found that A
is approximately (7 - 1.86255...)" /4. By Theorem 1.1,

vg ~ m-1.86255. ..~ 5.851373.

One could ask the analogous question about the intersection local time of two in-
dependent planar Brownian motions. There is a critical exponent v,. The critical value
in this case was determined in [C] and was found to be the same constant A=* with A
as above. As a matter of fact, one will see that the result given in [C] is an important
ingredient to the proof of Theorem 1.1 (and Theorem 1.2 below as well).

As part of our proof of Theorem 1.1, we obtain large deviation estimates for ;.

Theorem 1.2. We have 1
Jlim ZlogP(ﬁl >t) =A%

where A is as in the statement of Theorem 1.1.

One can easily see that Theorem 1.1 is a direct consequence of Theorem 1.2.
Interestingly, the lower tail of 3 is not exponential but instead double exponential.

Theorem 1.3. There exists 0 < L < oo such that

Jim t~2" log P{—p3; > logt} = —L.

We also investigate laws of the iterated logarithm for ;. We have

Theorem 1.4.
B 1

limsup ——— = —, a.s.
t_,oop tloglogt 3

For the lim inf behavior we have

Theorem 1.5.

lim inf el 1

—_— = —— a.s.
t—oo tlogloglogt 2m

Note the triple log in the rate of growth of the liminf. This is suggested by the
double exponential tail of —(3;. Compare this also with the result of [BKu] on the law of
the iterated logarithm for the range of a random walk on Z?; the rate of growth there also
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has a triple log term. For a random walk the number of self-intersections is related to the
range of the random walk up to time n, and Theorem 1.5 may provide some further insight
into the result of [BKu]. Theorem 1.5 suggests that the right constant in [Bku] should be
related to 1/27; we hope to return to these matters in future research.

Section 2 contains some basic facts about intersection local time. Theorems 1.1,
1.2, and 1.3 are proved in Section 3. Theorem 1.4 is proved in Section 4 and Theorem 1.5
in Section 5.

In all of the proofs a key step is the representation of 3 as the normalized sum of
intersection local times of various pieces of the Brownian path plus sums of self-intersection
local times; see Proposition 2.2. What makes the two dimensional case much more difficult
than the three dimensional case is that in two dimensions these intersection local times of
distinct pieces of the Brownian path are the dominant term.

Acknowledgments. We would like to thank A. Dorogovtsev, J.-F. Le Gall, W. Li, J.
Rosen, and Z. Shi for their interest in this work and for helpful discussions. We would
also like to thank D. Bakry, E. Carlen, J. Denzler and C. Villani for helpful information
about best constants for Gagliardo-Nirenberg inequalities. Finally we thank the referee
and associate editor for their exceptionally helpful reports.

2. Preliminaries.

Let us begin with some notation. Let X; be a planar Brownian motion, let F; be
the completion of 0{X,;s < t}, and let P* denote the law of X when X is started at x.
We use P for PY. The shift operators will be denoted by 6; as usual. If I is an interval,
we write X (I) for the random set {X,;s € I}. The ball of radius r about x is denoted
B(z,r), and the letter ¢ with subscripts will be used for positive finite constants whose
exact value is unimportant.

If X and Y are two independent planar Brownian motions, the intersection local
time can be defined formally by

s t
a(s,t):/o /0 do(X, — Yy) dudr,

where Jg is the delta function. To make this rigorous, let ¢ be a smooth nonnegative
function in the Schwartz class which integrates to 1, let ¢.(z) = e 2p(x/e) (so that ¢, is
an approximation to the identity), and define

e—0

a(s,t) = lim /0 /Ot 0o (X, — Y,) dudr. (2.1)

On the other hand, self-intersection local time can not be defined as simply because the

S t
lim/ / e (X, — Xu)
e—0 0 0
4
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does not exist. A procedure called renormalization is needed. The renormalized self-
intersection local time of X is formally defined as

t S t s
By = / / do(Xs — Xy)duds — E / / do(Xs — Xy) duds.
0o Jo 0o Jo

To give a rigorous definition, let

t s t s
0Oy = hm / / ve(Xs — Xy)duds — E / / e (Xs — Xy) duds]|. (2.2)
e=0LJo Jo 0o Jo

That the limit exists a.s. and is continuous in ¢ is proved in, for instance, [L1], [IPV] and
[Y2]. Sometimes slightly different normalizations are used; they differ from ours by at
most a constant times ¢. So there is no difference in the critical exponent or laws of the
iterated logarithm, no matter which normalization is used.

If I is an interval, we use B(I) for the renormalized self-intersection for the piece
of the path X (I). That is, if I = [s, t], then

B(I) = Bi—s 0 0s. (2.3)
If I and J are two intervals whose interiors are disjoint let A(I;J) denote the intersection
local time for the two processes X (I) and X (J). To define this more precisely,

= hrn//<,0E (Xs — Xy) dsdt. (2.4)

Remark 2.1. It is immediate by Brownian scaling that «a(t¢,t) is equal in law to ta(1,1)
and f3; is equal in law to ¢/3;. Suppose I = [a,b] and J = [b,c|]. Then A(I;J) measures the
intersections of the two independent Brownian motions X — Xp_s and Xy — X3, and so
A(I;J) is equal in law to a(b — a,c — b) with starting point (0, 0).

Proposition 2.2. If I is an interval that is the union of subintervals I;, 1 < j < n, such
that the interiors of the I; are pairwise disjoint, then

ZB )+ AU L) —E YA I). (2.5)

i<j 1<J

Proof. We have

// ve( Xy — Xg)dsdt — E // we( Xy — X)ds dt
s, tel,s<t s, tel,s<t
:Z[// SOE(Xt_Xs)det_E// QOE(Xt—XS)det]
j=1 s,tel;,s<t s,t€lj,s<t
+ Z// pe(Xy — X )dsdt — Y E // (X — X,)ds dt.
’L<j Seli,telj E] te]

1<J
We now let ¢ — 0. O

Although E «(t,t) is a constant times ¢, we need a bit more precision.
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Proposition 2.3. Let P(¥0:%) be the joint law of (X;,Y;) when X, is started at x, and
Y; is started at yo. Then

1
E @ov0) (s, ¢) < (s +)log(s + 1) — slog s — tlogt]. (2.6)
T
If ¢ = yo, then we have equality in (2.6).

Proof. X, is a 2-dimensional normal random vector with mean xy and covariance matrix
that is r times the identity and Y, is a 2-dimensional normal random vector with mean
yo and covariance matrix that is u times the identity; moreover the two random vectors
are independent. Therefore X, — Y, is a 2-dimensional normal random vector with mean
ro — Yo and covariance matrix that is r + u times the identity. Hence

E@Ov%)/ / Pe (X, —Yy,) drdu—/ // — e lmmotuol P2t g g gy,
R2 27T (r+ u)

Letting ¢ — 0 and using (2.1),

S t
]Eoz(S,t):/ / o e~ lwo=vol*/2(r+w) gy gy
o Jo 2m(r+u)

The right hand side is less than or equal to

S t 1
//—drdu
o Jo 2m(r+u)

with equality when zg = yg. Some routine calculus completes the proof. O

Le Gall [L2] showed that there exists a value 3 such that

V8 ) < oo iy < g,
Ee {:oo if v > 3. (2.7)

In the same article, Le Gall proves that there exists a value 7, such that

Ee'ya(l,l) <oo if Y < Ya, (2 8)
=00 ify>,. ’

He also gives a proof ([L2], p. 178) of a result of Varadhan ([V]) that
Ee " < oo (2.9)

for all v > 0.



3. Large deviation estimates.

In [C] the large deviations for intersection local time of p independent d-dimensional
Brownian motions under the condition p(d — 2) < d were studied. Taking d = p = 2 in
this result,

1
Jim logP{a(1,1) >t} = —A™*, (3.1)

where A > 0 is the best constant in the Gagliardo-Nirenberg inequality

[flla < CVIV Fll2v/ I fl2-

Let

2y
v=sop ([ r@ptar) - g [ 9 s,
fEF2 R2 R2

where 5 is the set of absolutely continuous functions on R? satisfying

Lmezlwd/NWWWM<m
R2 R2

As a special case of Lemma 8.2 in [C],

Ly
In the following result we claim that (3; satisfies the same large deviation principle as
a(1,1) does.

Theorem 3.1. ]
Jim logP{B; >t} = —A". (3.3)

In particular,

E 751 <oo ify< A4,
=00 ify>A"%

Note that this theorem implies 73 = A~% and is a reformulation of Theorems 1.1 and
Theorem 1.2.

Proof. To establish the upper bound, we consider the decomposition

Recall that B([3,1]) and £/, are equal in law to 381 and A([0,1/2];[1/2,1]) is equal in
law to a(1,1). Moreover B([1/2,1]) is independent of 3; 5. Given & > 0,

P{6 >t} <P{a(l,1) —Ea(1,1) > (1 —e)t} + P{B + 8 > (1 + &)t},

\']



where (3] is an independent copy of ;. In view of (3.1),

1 1
lim sup i logP{p1 >t} < max{ — (1 —¢)A™*, limsup i logP{B1 + B > (1 + 5)25}}.

t—o0 t—o0

We now need the simple fact that (1.2) is equivalent to

1
lim sup 7 log P{B1 >t} = —v5.

t—o0

Also notice that
5 (SO0 V<8
E exp{y(61 + 1)} = (E exp{71}) {
=00 7>
So )
lim sup n logP{B1 + 81 > (1 +e)t} =—(1+¢)ys

t—o0
and therefore 1
limsup —log P{#; >t} < —(1 —¢)A™"

t—o0 t

Letting ¢ — 0™ we obtain

1
limsup ~ logP{B; >t} < —A~* (3.4)

t—o0o t
By scaling we have the upper bound of (3.3).

By scaling, Theorem 3.1 is equivalent to

1
lim — log P{B, > 0n*} = —0A~*  6>0. (3.5)
Let
n—1
Co=> A(0,K]; [k, k+1]), n=12,...
k=1

Then by Proposition 2.2
k=1

Notice that {8([k — 1,k])} is an ii.d. sequence with the same distribution as ;. Since
the moment generating function of (3; exists in a neighborhood of the origin, Cramér’s
theorem implies that for any 6 > 0

nlLIréo % log]P’{ zn:ﬁ([k —1,k]) > 5n2} = —00. (3.6)

k=1



Also, using Proposition 2.3 a calculation implies

1
EC, = gnlogn. (3.7)

By Theorem 4.2.13 in [DZ], (3.5) is then equivalent to

1
lim = log ]P’{Cn > 9n2} — _9At  9>o0. (3.8)

n—oo N

We now claim that Theorem 3.1 will hold provided

A?
hmmf — logE exp {/\01/2} > — s T A > 0. (3.9)

n—oo

Indeed, from the upper bound (3.4) we can improve (3.9) into equality. In the case A < 0,

we use Jensen’s inequality:
E exp {)\C’Tl/ 2}
> exp {AE C'}L/Q}
> exp {)\(E Cn)l/Q}

= exp{ — O(\/nlogn)},

where the last step follows from (3.7). Therefore, we have

lim 1 log E exp {)\01/2} (A

n—oo M

for any real number A, where

)\2A4
W)\):{ 4 A 20,
0 A <O.

By the Gértner-Ellis theorem (Theorem 2.3.6 in [DZ]),

lim 1 loglP’{C’l/2 > Hn}

n—oo N
2 14
= —sup{\ —¥(\)} = —sup {)\9 x4 } = —02A7%, 0 >0,
A€R A>0

which is equivalent to (3.8).

We now prove (3.9). Some of the ideas come from [CL]. We start with the fact (see,
e.g., [Re]) that for any measurable, bounded function f on R?,

lim —logE exp {/ f(Xy) dt} = sup { f(z)g?(x)dx —% |Vg(a:)\2dac}.
R2 R2

n—oo N g€Fy
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For any € > 0, let p.(x) be the density of X, and write
t
L(t,z,e) = / pe(Xs — x)ds, r€R? t>0.
0

It is easy to see from the semigroup property that

1/2 1 1/2
(X5 — Xy)dsdt = — / L?(n,z, e dx)
(/A<s<t<np2 t> ) \/§< R2 ( )

> f(x)L(n,x,¢) / fo(X
\/_ R?
for any measurable f on R? with
f(@)da =1,
RQ
where
fe(@)=| flz—y)p(y)dy.
RQ
Therefore,

1 1/2
liminf — log E exp {A(// poc(Xs — Xy)ds dt) }
n—oo n 0<s<t<n

A 2 1 z)|2dx
> sup {E . fe(z)g” (x)dx 5 | |Vg(x)|°d }

g€lFs

= sup {% . f(@(/RZ 9% (x — y)ps(y)dy)dw - %/R IVg(w)Ide}-

Taking the supremum over f with ||f|l2 = 1 and using the fact that the dual of L? is L?

gives
1 1/2
liminf — log E exp{ (// poc(Xs — Xy)ds dt) }
n—oo n s n
0<s<t< (3.10)
A
oL (e mon)] " oaors)
S\ V5 | e \ e (z — y)p=(y) [Vg(z)]

for any A > 0.

On the other hand, write

:// poc(Xs — X))dsdt,  k
(h—1<s<t<k}

10
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and

n—1
Dy = J0.k) x (k,k+1] n=12,...
k=1

Then {&;(e)}k>1 is an i.i.d. sequence and

// poc(Xs — X;)ds dt = // pae(Xs = Xy)dsdt + Y &(e).
{0<s<t<n} D

n k=1

Let p,q > 1 be such that p~! +¢~! = 1. By the triangle inequality and Holder’s inequality,

E exp {p‘lx\(//{o<s<t<n} p2e(Xs — Xi)ds dt) 1/2}
E exp {A ( /] pas(X, = X0 dt) 1/2} g e {qp-u(;ék@)) 1/2}]

It is easy to see from standard large deviation theory that

1 n 1/2
lim —logE -1 = 0.
Jim_ —log eXp{qp A(ka(s)) } 0

k=1

1/q
<

Therefore, by (3.10) we have

1/2
liminf%logE exp{)\(// p2e(Xs — Xy)ds dt) }
n—oo D’n,
p'A 2 217 2
Zpsup{ {/ (/g x—ypgydy) da:] ——/ Vg(x dx}.
S V7 | e \ Lo (z —y)pe(y) 5 R2| ()]

Letting p — 17 gives

1 1/2
lim inf - log E exp {A(// poc(Xs — Xy)ds dt) }
n—oo Dn

= {% UR (/R g = y)pE(Z/)dy)QdfC] o % 3 |Vg(x)\2da:}.

For any m > 0, let kK > 0 be the integer such that 2k < m < 2(k + 1). By Lemma
3.4 below,

(3.11)

E(Ch? ) > [ECk+H] T

m—+42 m—42

> {E (//D pae( X —Xt)dsdt>k+1}m > {E (//D pae( X —Xt)dsdt>m/2] "
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As n — o0, it is clear that C;, — oco. Using Lemma 3.4 one can also see that there is a
N > 0 and ¢ > 0 such that

m/2
IE(// pgg(XS—Xt)dsdt) >1, m=0,1,...
D,

if n > N and € < g3. Hence

L2 m/2
E(Ch?® ) >E (// poe (X, —Xt)dsdt) .
D,

Using the Taylor series expansion for e®, for each 0 < § < A

» 1/2
E (Cne(A—é)C,/ ) > exp {()\ — 5)(// poc(Xs — Xy)ds dt) }
D?L

By the fact that e*vV® > ze(*~9V® for sufficiently large = > 0 and in view of (3.11) (with
A being replaced by A — §), the above estimate implies

1
liminf — log E exp {)\C’,ll/?}
n

n—oo

> sup {A—J; [/R (/R 9% (z — y)ps(y)dy)gdm} v - %/R IVg(w)Ide}-

Letting € — 0T on the right hand side gives

1
liminf — logE exp {\C/?}
n

> (A2 [ goptar) L [ wotwrar) (3.12)
SO [([ i) L [ s} - A0

for any 0 < 6 < A, where the second step follows from the substitution

o(z) = )\\;ﬁéf(k\;;@

and the last from (3.2). Finally, letting § — 0T gives (3.9).

Theorem 3.2. There is a 0 < L < oo such that
75lim t~* logP{—B; > logt} = —L.
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Theorem 3.2 will prove part of Theorem 1.3.
Proof. For any positive integers m and n, by Proposition 2.2
Bman = Bp + B([n,n+m]) + A([0,n]; [n,n + m]) = EA([0,n]; [n,n + m])
> 671 + B([TL, n + m]) - ]EA([O,TI], [n7n + m])a
and [, and B([n,n + m]) are independent. Hence
E exp { —2m(m + n)ﬁl} =E exp{ — 27rﬂm+n}
< exp {27E A([0, n]; [n,n + m]) }E exp { — 27 B([n,n + m]) }E exp { — 273, }
= exp {2nE A([0,n); [n,n + m]) }E exp { — 276,, }E exp { — 270, }
= exp {27E A([0, n]; [n,n 4+ m]) }E exp { — 27mf }E exp { — 2mnp: }.
Using this and Proposition 2.3,
(m +n)""E exp { — 2 (m + )B4}
< (m*m]E exp { - 27rmﬁ1}> (n*"E exp{ - 27mﬁl}).
If we write
a(n) = log (n_"E exp { —27rn61}), n=12...,

then we have proved that for any positive integers m and n,
a(n+m) < a(m)+ a(n).

Consequently,
1 1
lim —a(n) = inf {—a(m)}.
m

n—oo M m>1

By Stirling’s formula, this is equivalent to

lim %log <(n!)_1E exp{ — 27m61}> =1+ %%12 {%a(m)}.

n—oo

By Lemma 2.3 of [KM], (2002),

limsupt ! logP{ exp{ — 27?61} > t} = —exp{ —1— inf {ia(m)}} =L,

t—o00 m=>1"m

where

L= exp{ —1— inf {ia(m)}}

m>1 M

Remark 3.3. In fact L < oo. This is established in Corollary 5.7 below.
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Lemma 3.4. For any positive numbers € and &' with ¢ > ¢, any D C {(s,1);

and integer m > 1,

[// per (X — dsdt] >E[// po(Xo — Xo)dsdt|

Further, if D is a finite union of disjoint rectangles contained in {(s,t); s <t}:

D= U (Ik X Jk)
k=1

then

[// pe(Xs — dsdt]ng[ZA(Ik;Jk)]m

Proof. By the Fourier transform,

pe(Xi — X,) = ﬁ/ﬂ% d¢ exp { —i€ - (X, —Xs)}exp{ _ §|,gy2}.

|:// pE Xt det:|
_(%)m / T —s /( IR
E {H exp{ — &g - (X — Xs)} eXP{ - %’kaH
k=1
1
= G [, it st | dsd

X exp{ — %Va,r [igk (X —Xs)]}exp{ — gi’ka}

which leads to the first half of the lemma.

Hence

As for the second half of the lemma, by Theorem 4, p. 191, in [L1],
E[ZA(I;C;Jk)] < 00 m=20,1,---

and

//D pe(X, - Xdsdt — S AU J) (= —09)

k=1

14

s < t},



in L™-norm for all integers m > 1. (In fact, Le Gall proves the above convergence with p.
replaced by the uniform density on the disk of radius €. It can be seen from his argument
that it remains true in our case.) Therefore, letting ¢/ — 07 leads to the second half of

the lemma.
UJ
4. The limsup result.
In this section we establish Theorem 1.4.
Lemma 4.1. There exist constants c1, cy such that for all A\ > 0 and all a € (0,1)
P(a(l,a) > \) < ¢re” M Ve,

Proof. Let m > 1 be an integer. We first prove there exist constants cs3, ¢4 such that

E (1, a)™] < esca™ *m) (4.1)

To establish this, write

1 a
a(l,a) = lim/o /0 p(e, 0, X, — Yy,)dv du,

e—0

where p(e, z,y) is the transition density of planar Brownian motion. As mentioned in the
last paragraph of the proof of Lemma 3.4, the convergence takes place in LP for every p.
By the semigroup property,

P(£,0, Xy — Yu) = ple, Xo, Ya) = / p(e/2, 2, X )p(e/2, 7, V) da,
RQ

and so

[/01 /Oap(e,(),Xv — Yu)dvdu]m
:/(Rz)m dxl..-dxm(kl:[l/o p<g/2,xk,Xv)dv><g/Oap(g/z,xk,yu)du).

Using the independence of X and Y, the expectation is equal to

m 1 m a
/(RQ)m dwl...d:)smE[kl;[l/O p(s/2,xk,Xv)dv}E[k]:]1/0 p(e/?,xk,Yu)du]
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By Cauchy-Schwarz this less than J;(g)!/2.J5()/2, where

Ji(e) = /(RQ)m dxy dxm H/ (e/2,x1, X )dv])

and
J2(5)z/(R2)md dazm H/ (/2,2 Y, )du])

By Brownian scaling,
lim Jo(e) = a™ lim Jy (). (4.2)

e—0 e—

To estimate Jp(g), we rewrite it as

/(R?)m cdrp,E H/ (e/2,xp, X dv} [ﬁ[/ (e/2,xk, Y, )du],

and so by the argument above in reverse order,

&) =F [/Ol/olp(e,Xv,Yu)dvdu]m

Therefore lim. o J1(¢) = E[a(1,1)™]. Lemma 2 of [L2] together with (4.2) and an appli-
cation of Fatou’s lemma completes the proof of (4.1).
We then obtain

F o(La)/(2cav/a) _ Z ( 1 )mE[a(l,'a)m]
= 2c40/a m!

where c7 does not depend on a. Finally,

< Cr,

P(a(l,a) > A) < e~ (2eava) g ga(l.a)/2eava < (o o=A/(2eav/a)
which is what we wanted. 0

The key to the upper bound is to obtain an estimate of the following form.

Proposition 4.2. If v < 3, there exists ¢; such that

P(sup B; > A) < cre” 7, A>0. (4.3)
t<1

Proof. By Proposition 2.2,

B = Bs = B([s,1]) + A([0, s]; [, 1]) = EA([0, s}; [s, t]).
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Let 7" be the midpoint of (v, ~g) and let ¢ > 0 be chosen so that 7/(1 — ¢) is the midpoint
of (,7). Note

P(Be — Bs > A) < P(B([s,t]) > A/2) + P(A([0, s]; [s, t]) > A/2). (4.4)
Since B(]s,t]) equals (;_s in law, which equals (f — s); in law, the first probability on the

right is bounded by
B ¥ A
Co €Xp { 20— 5) } (4.5)

A([0, s]; [s, t]) is equal in law to «a(s,t — s), which is smaller than «(1,¢ — s). So by
Lemma 4.1 there exists c3 not depending on s or ¢ such that

P(A(D, i . ]) > A/2) < exp { - ﬁ} (4.6)

Fix n = 2V, Since

sup E e Br/n — supE e(V'R/MBL < ca,
k<n k<n

where ¢4 does not depend on n, then

P(sup Bi/n > (1 —e)A) <nsupP(By/, > (1 —)A) < ne= 7 (=X < pe=, (4.7)
k<n k<n

Now we use metric entropy. If ¢t € (0,1), let ¢; be the largest multiple of 277 that is less
than or equal to t. Write

ﬁt = 51&1\1 + (ﬂtN+1 - ﬁtN) + (ﬁtN+2 - BtN+1) +oe

If B; > A for some t < 1, either
(a) for some k < n we have B/, > (1 —¢)A; or
(b) for some j > N and some s < t with t —s = 277 and both s, integer multiples of
277 we have

Be — Bs > eX/(10057). (4.8)

The probability of possibility (a) is bounded by (4.7). Using (4.5) and (4.6), the
probability of possibility (b) is bounded by

¢ )2 [6_67’/\2j/(200j2) 1 e—easA2'/?/(2005%) | (4.9)
j:N
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The 27 in front of the brackets comes about because there are 27 pairs (s,t) to consider.
It is not hard to see that the sum in (4.9) is bounded by

. IyoN 2 _ N/2 2
cole ey’ 227 /(400N =) +e c3eA27/% /(400N*) )

If we choose N large enough so that 2Ve/(400N?) > 1 and ¢32™/2¢/(400N?) > +/, we
then have that the probability of possibility (b) is bounded by

2076_7/’\ < 2c7e7 7,
If we combine this with (4.7), we have (4.3). O

Using Borel-Cantelli it is now straightforward to get

Theorem 4.3.
Bt 1

limsup ———— < — a.s.
1?ioliptloglogt Y8’

Proof. Let M > 1/v3. Choose ¢ > 0 small and ¢ > 1 close to 1 so that M (yz—2¢)/q > 1.
Let t, = ¢" and let C,, = {sup,<, Bs > Mt, 1loglogt, 1}. By Proposition 4.2 and
scaling the probability of C,, is bounded by

Cle—(vg—s)Mtn,l loglogty—1/tn )

By our choices of € and ¢ this is summable, so by Borel-Cantelli the probability that C),
happens infinitely often is zero. To complete the proof we point out that if 3; > Mtloglogt
for some t € [t,—1,t,], then the event C,, occurs. O

To finish the proof of Theorem 4.3 we prove

Theorem 4.4.
By 1

li —_ > — .S.
il tlog logt Y8’ a5

Jointly, Theorem 4.3 and Theorem 4.4 are a reformulation of Theorem 1.4.

Proof. Let v > 3 and let 4’ be the midpoint of (y3,7). Then by Theorem 3.1

P(3, > aloglogn) > cpe~ 7 @loslosn a > 0. (4.10)

1+6

Let 6 > 0 be small enough so that (1+ d)y'/y <1 and set t,, =™ . By (2.5),

Btn - B([Oatn])
= B([tn—1,tn]) + B([0,tn-1])
+ A([0, tn—1]; [tn—1,tn]) = EA([0, tn—1]; [tn—1, tn])
> B([tn—la tn]) + B([Oatn—l]) - EA([O»tn—1]§ [tn—btn])-

18



By scaling
EA([0,ty—1]; [th-1,tn]) < Ea(t,,tn) = t,Ea(l,1) = o(t, loglogt,), n — o0.

Since A > 0, we need only to prove

B([tn_1.tn 1
limsupM > —, a.s. (4.11)
n—oo tnloglogt, o7
and B(l0
t
i BUO bt (4.12)

n—oo 1, loglogt,
Using (4.10) and scaling, it is straightforward to obtain

S 1

E P(B([tn-1,tn]) > —tnloglogt,) = cc.
Y

n=1

Using the fact that different pieces of a Brownian path are independent and Borel-Cantelli,

B([tp—1,tn 1
lim sup M > — a.s.
n— oo tn log log tn Yy
Letting v — 3 gives (4.11).
Let € > 0. By (2.9) there exists ¢4 > 0 such that
P{—f; > eloglogn} < cye2l08len, (4.13)

So (4.12) follows from Theorem 3.1, (4.13), scaling, and Borel-Cantelli.

Remark 4.5. Theorems 4.3 and 4.4 together imply Theorem 1.4.
5. The liminf result.

Let us write D, for —3;. We know Ee"P' < oo for every v > 0. But in fact we
have the following.

Proposition 5.1. Ee?s"s<1P: < o0 for every v > 0.

Proof. Fix v > 0. Choose N a fixed integer so that 2% /(1600N3) > 2. If s < ¢t < 1,
we know E A([0, s]; [s,t]) < c1(t — s)L(t — s) < co, where L(x) = 1+ |log(1/z)|. Suppose
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A > c3, where c3 is chosen so that c¢3/4005% > 2¢1277L(277) for each j > 0. Let s; =
inf{k/27 : s < k/27}. If s € [0,1] we can write

Ds = DsN + (DsN+1 _DSN) + (D8N+2 _D3N+1) + e

So if Dy > A for some s € [0, 1], then either
(a) for some k < 2V we have Dy jon > A/2; or
(b) for some j > N and some s < t both multiples of 277 with ¢t — s =277,

A
Dy— Dy > ——.
K 20052

We have P(Djjon > A/2) = P(Dy > 2¥X/2k) < P(Dy > A/2) < cue” 2 since
Ee*P1 < 00, So the probability of possibility (a) is bounded by

e 2N e, (5.1)
By Proposition 2.2,
Dy — Dy = —B([s,1]) + EA(0, s]; [s,#]) — A([0, 5]: [s,1]) < ~B([s,1]) + ea(t — ) L(t — s).

Since A\/40052 > 2¢1(t — s)L(t — s), then for D; — D to be larger than A\/20052, we must
have —B([t — s]) > \/40032. Since —B(][s,t])/(t — s) is equal in law to Dy, then

P(~B([t — 5]) > A/(4007?)) < ez L/(8005),

Since for each j there are 27 pairs (s,t) to consider, the probability of (b) is bounded by

o0 . .
Z 52 e~ VA2 L(27)/(8005%)
j=N

This is summable and can be bounded by
C66—7A2N/(1600N3)
for some cg. By our choice of N, this is less than
cge” . (5.2)

Combining (5.1) and (5.2), we have

P(sup Dy > \) < cre” 27
s<1
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if A > c3. Our result follows immediately from this. O

Theorem 5.2. With probability 1

. Dy 1
imsup ———— < —.
t_)oop tloglog logt 2m

Theorem 5.2 and Theorem 5.5 (given below) together are just a reformulation of Theorem
1.5.

Proof. Let K = [loglogt], R=t/K, and I, = [(j — 1)R, jR]. Let

Ej= sup (=B([(J - DR,1]).
(j—1)R<t<jR

By Proposition 2.2, if s <t and (/ — 1)R < s < {R, then

Dy <) (=B(L;) + (~B([(¢ = 1)R,s]))

j<e
+ Y EA(I; L)+ ) EA((L—1)R, s} 1))

i<j<t j<t

SZ Z E A(I;; I;)

j=1 z<]<K

N

N

= -l-ZIEA ,(j = DR I;).

J:

By Proposition 2.3 and Remark 2.1 the last term on the last line is bounded by

M=

1 . .
Dy [jRlog(jR) — (j — 1)Rlog((j — 1)R) — Rlog R},

J=1

which is easily seen to be equal to

1
—tlogloglogt.
2w
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Then for € > 0 and t large enough, we have

1
P(sup Ds > (1 + 2e)—tlogloglogt)
s<t 2T

K
< IP’(Z E; > etlogloglogt)

j=1
K
E; cetlogK
—P =7
Q. Fm> 7))
7j=1
K o
=P =L > eKlogK
0 > exhst)

using the independence of the E;. Since E;/R is equal in law to sups<q Ds, then by
Proposition 5.1 the above is bounded by

CGe—sK log K(C7)K.

If we take t large enough, we have the bound

cse_zK.

We apply this with ¢, = ¢" with ¢ > 1 close to 1 so that (1+ 3¢)/q > 1+ 2¢. Since
e~2loglogtn — O(n=2), we have

1
P(sup Ds > (1 + 3¢)—t, logloglogt,) < @
5<ty 2 n?

for n large. If Dy > (1 + 45)%310g loglog s for some s € [t,_1,t,], then it follows that
SUPs<q, Ds > 1%;)’5%75” logloglogt,. By Borel-Cantelli, it follows that

Dy 1
li —_ < —(1+4 .S.
Pl tlogloglogt — 27r( +4e), as

Since ¢ is arbitrary, our result follows. O

We now turn to the lower bound.
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Lemma 5.3. The quantity

1 /1
P( sup —/ 18(a,r) (Xs)ds > )x)
0

z€B(0,3),r<2 T

tends to 0 as A — oo.

Proof. Let .
Ut(a:,'r) :/ 1B(m,r)(Xs)d3-
0

By symmetry the expectation of EYU; (z,7) will be largest when y = x. We have

1 1
1 2
Ew/ 1B(x,r)(Xs)d8 :/ / _e—|z—m| /QSdsta
0 0 JB(a,r) 2ms

and a straightforward calculation shows this is bounded by c;72(1 + log™ (1/r)), where ¢
can be chosen to be independent of = and r. Then by the Markov property

E[Ui(z,r) — Uz,r) | Fi] = BXUL_y(z,7) < e1r?(1 + logt (1/7)).

By [B], Theorem 1.6.11, since U;(x,r) has continuous paths and is nondecreasing, there

exists ¢o such that
E ec2U1(z,r)/r?(1+log™ (1/r)) < 2. (5.3)

Set 7 = 27" and let Ay be the set of points in B(0,4) such that each coordinate
is an integer multiple of 27%. The cardinality of Aj is less than c322*. By Chebyshev’s
inequality,

P( sup iU1(ac,rk;) > A/4> < 2%k =M/ (ri(1+log™ (1/r0))
zr€AL Tk

This is summable in k, so

1
IP’( sup sup —U;(z,rg) > )\/4>
k>—1zpeAg Tk

tends to 0 as A — 0. If x € B(0,3) and r < 2, then B(z,r) C B(xg, 7)) for some z € Ay
and some k such that r/4 < r < rg. Our result now follows. O

Lemma 5.4. Suppose p is a measure supported in B(0,2) such that for all r < 2 and all
x € R? we have u(B(x,r)) < c1r. There exists ca such that for all x € R?

1
/ / p(s, 2, ) uldy) ds < crca,
0
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ﬁe—lw—yl /25 js the transition density of two dimensional Brownian

where p(s,z,y) =
motion.

Proof. (cf. [BKh1]) Substituting ¢ = |x — y|?/2s shows that

/O p(s,x,y) ds < cs(1+1log™ (1/|z — y])).

We then use Fubini’s theorem to write

/ / p(s,,y) pldy)ds < cs S / (1 +log™ (1/]z — y])) u(dy)
0 ——

17/ B(x,27*)\B(z,27F 1)

< Y @+ Ru(Bla,27)

< cgC1 Z (2 + k)Q_k < creq,
k=—1

as required. 0

Theorem 5.5. We have
— [t 1

i - > — .S.
l?is;l tlogloglogt 27 a5

Proof. Let K = [bloglogt] and R = t/K, where b will be chosen later. Let I; =

[(j — DR, jR]. Let G; = 0(X; : s < jR).
By (2.5) we have

K
J=1

=J1+ J2 + Js.

Mw
=

0,(j — 1R +ZEA 500,( = 1DR))

<.
I
—

Recall that A(;;[0,(j — 1)R]) is equal in law to a(R, (j — 1)R). By Proposition 2.3 and
Remark 2.1,

K
- Z 5-[iR1og(jR) ~ Rlog R — (j ~ 1)RIog((j ~ DR)]

and it is straightforward to see that this is equal to

1
—tlog K.
2T 8
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Define the following sets.
Dj1 = {X;r € B(jVR,VR/16)},
Djs = {X(I;) C [(j - YVR = (VR/8),jVR + (VR/8)] x [-VR/8,VR/8]},
Djs = {B(I;) < s1 R},

iR

Djy = {/ 1p( r\/ﬁ)(Xs)ds < kgrR for all € B(jVR,3VR),0 < r < 2@},
G-DR

Djs = {A(lj-1; 1j) < k3R]

K1, kg, kg are constants which will be chosen later and will not depend on j,b,t, R. Let

Cj = Djl N ng N ng N Dj4 N Dj5

and
K
E=()C;.
j=1
We want to show
P(Cj 1 Gj-1) 2 a1 (5.4)

on the set C1 N ---NC;_1, where ¢; > 0 does not depend on j,b,t, R. Once we have (5.4),
then

B((10) =B (Cn | Guri () ) 2 () ©)
i=1 i=1 i=1
and by induction,
P( ﬁ Oz) 2 C{< _ C?loglogt — ebloglogtlogcl. (55)
i=1

On the set E we have

K
—J1 =Y B(I;) < s1KR = kyt.
j=1

Since for each j we are on the set Djo, then on the event E we have X (I;) disjoint from
X(I;) if |¢ — j| > 1. Therefore

K
_J2 = ZA(ijl;]j) S IigKR = Hgt.
7j=1

So on E we have altogether that
1
Ji1+ Jo + J3 > 2—t10g loglogt — (k1 + k3)t.
T
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We now proceed to show (5.4). By the support theorem for planar Brownian motion
and scaling (see [B], Theorem 1.6.6),

]P)(Djl N DjQ | gj_1> > Co.

By scaling,
EB(I;) = REB([0,1]) < c3R.

So if k1 is chosen large enough,
P(B(IJ) > IilR) < 62/6.

Now let us look at D;s. By scaling and Lemma 5.3 it follows that P(D;4) < c2/6 if
we choose ko large enough.

Next we look at Dj5. We have an estimate on E A(f;_;; I;), but what we actually
need is an estimate on E[A(I;_1;1;) | G;—1]. To show

]P)(A([j—l;[j) > I€3R ’ gj_l) < 02/6
if kg is large enough, it is enough to show
E[A(j-1;:1;) | Gj—1] < cuR (5.6)

on the set m{;} C;. By [BKh2], we can let 4 be the measure on R? defined by

umzlmmm

and consider A([0,1];[1,2]) as an additive functional of Brownian motion corresponding
to the measure p. So to show (5.6), by scaling and translation invariance it is enough to

show
E[A([0,1];[1,2]) [ Fx] < s (5.7)

on the set where
w(B(z,r)) < kyr

for all z € B(0,3) and all r € (0,2). The conditional expectation (5.7) is bounded by

1
sup [ [ s, 2uldz) ds,
) 0

where p(s,y, z) is the transition density for planar Brownian motion. Using Lemma 5.4
we have (5.7).
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Setting cg = c2/2 gives the desired lower bound (5.4).

Let t, = e"" for some v > 1 and let € > 0. Provided we take b (in the definition of
K) small enough, Borel-Cantelli tells us that

—B([tn-1,tn)) = (5= — €)(tn — tn—1)logloglog(t, — tn_1) (5.8)
infinitely often with probability 1. By (2.5) we have

—B([0,tn]) = =B([0, tn1]) = B([tn—1,tn]) = A([0, tn—1]; [tn—1,n]) (5.9)
+ EA([O, tn—l]; [tn—h tn])

By the upper bound for —f; from Theorem 4.3, we know
B([0,t,-1]) = O(tn—1logloglogt, 1) = o(t, logloglogt,) a.s. (5.10)

By scaling

Ay = A0, tn1]: [ta1, tn]) (5.11)

is equal in law to A, «a(1,t,—1/A,), where A,, =t,, — t,—1. By Lemma 4.1,

]P)(Avn > tn) < exp < — Cgi_n \/ An/tn—l)a

which is summable. Using Borel-Cantelli, we have
A, = o(t, logloglogt,) a.s. (5.12)

Substituting this, (5.8), (5.10), and (5.12) in (5.9) proves the theorem. O

Remark 5.6. Theorem 1.5 follows immediately from Theorems 5.4 and 5.5.
The following Corollary 5.7 completes the proof of Theorem 1.3.
Corollary 5.7. Let L be as in the statement of Theorem 3.2. Then L < oc.
Proof. In the proof of Theorem 5.5 we showed that the event E had probability at least

gbloglogtlogel and that on the event F we had —f; > iﬂtlog loglogt — cot provided t was

large enough. Choose t so that % logloglogt — co = log s. Using scaling, we then have

P(_ﬂl > log S) > e 8 loglogt __ 6_645%
Now take logarithms of both sides and divide by s27. ]
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Remark 5.8. Theorem 1.3 follows immediately from Theorem 3.2 and Corollary 5.7.
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