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1 o-algebras

Let X be a set. We will use the notation: A° = {z € X : z ¢ A} and
A — B = AnN B° (The notation A\ B is also commonly used.)

Definition 1.1 An algebra is a collection A of subsets of X such that

(a) D, X € A;
(b) if Ae A, then A° € A;
(c)if Ar,..., A, € A, then U A; and N?_,A; are in A.

A is a o-algebra (or o-field) if in addition

(d) if Ay, Aa, ... arein A, then U2, A; and N2, A; are in A.

In (d) we allow countable unions and intersections only; we do not allow
uncountable unions and intersections.

Example 1.2 Let X = R and A be the collection of all subsets of R.



Example 1.3 Let X =R and let
A ={ACR: Ais countable or A°is countable}.

Parts (a) and (b) of the definition are easy. Suppose Aj, As, ... are all in A.
If each of the A; are countable, then U;A; is countable, and so in A. If Af
is countable for some ig, then

(UAZ)C == QIAZC C Afo

is countable, and again U; A; is in A. Since NA; = (U;A¢)€, then the countable
intersection of sets in A is again in A.

Example 1.4 Let X = [0,1] and A= {0, X, [0, 1], (3, 1]}.
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Example 1.5 X = {1,2,3} and A= {X,0,{1},{2,3}}.

Example 1.6 Let X = [0, 1], and By, ..., Bg subsets of X which are pairwise
disjoint and whose union is all of X. Let A be the collection of all finite unions
of the B;’s as well as the empty set. (So A consists of 2% elements.)

Note that if we take an intersection of o-algebras, we get a o-algebra; this is
just a matter of checking the definition.If we have a collection C of subsets of
X, there is at least one g-algebra containing C, namely, the one consisting of
all subsets of X. We can take the intersection of all o-algebras that contain
C; we denote this intersection by o(C). If A is any o-algebra containing C,
then A D o(C).

If X has some additional structure, say, it is a metric space, then we can
talk about open sets. If G is the collection of open subsets of X, then we
call o(G) the Borel o-algebra on X, and this is often denoted B. We will see
later that when X is the real line, that B is not equal to the collection of all
subsets of X.

We end this section with the following proposition.
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Proposition 1.7 If X = R, then the Borel o-algebra is generated by each
of the following collection of sets:

(1) ¢y = {(a,b) : a,b € R}.
(2) C2 = {[a,b] : a,b € R};
(3) Cs = {(a,b] : a,b € R};
(4) Ca={(a,00) s a € R};

Proof. (1) Let G be the collection of open sets. Then C; C G C 0(G). o(G)
is the Borel o-algebra and contains C;. Since o(Cy) is the intersection of all
o-algebras containing Cy, then o(Cy) C o(G).

To get the reverse inclusion, if G is open, it is the countable union of open
intervals. So G € 0(Cy), and hence G C o(Cy). o(G) is the intersection of all
o-algebras containing G; o(C;) is one such, so a(G) C o(Cy).

(2) If [a,b] € Cs, then [a,b] = N2 (a— 2,b+2) € 0(G). So Cy C a(G),

and by an argument similar to that in (1), we conclude o(Cy) C o(G).

If (a,b) € Cy, choose ng > 2/(b—a) and note (a,b) = U2, [a+£,b—1] €

0(Cy). So the Borel o-algebra, which is equal to o(C;) by part (1), is contained
in 0(62).

(3) The proof here is similar to (2), using (a,b] = N2 (a,b+ 1) and
(a,b) = U, (a,b— 1], provided ny is taken large enough.

n=ng n
(4) The proof of this comes from (3), using that (a,b] = (a,00) — (b, 00)
and (a,00) = U2, (a,a + nl. O

2 Measures

Definition 2.1 A measure on (X, .A) is a function p: A — [0, 00] such that

(a) u(A) >0 for all A € A;
(b) u(@) = 0;



(c) if A; € A are disjoint, then

p(U2 A) = ZM(AD-

Example 2.2 X is any set, A is the collection of all subsets, and u(A) is
the number of elements in A. This is called counting measure.

Example 2.3 X = R, A the collection of all subsets, x1,22,... € R, and
aj,as, ... > 0. Set u(A) = Z{i:xieA} a;. A particular case of this is if z; = i
and all the a; = 1. We will see later that this allows us to view infinite series
as functions on this space.

Example 2.4 6,(A) = 1if x € A and 0 otherwise. This measure is called
point mass at x.

We will construct Lebesgue measure on R; this is an extension of the
notion of length. However, the construction is a bit lengthy. We will also
construct Lebesgue measure on R”; when n = 2, this is an extension of the
notion of area, when n = 3, of volume.

Proposition 2.5 The following hold:

(a) If A,B € A with A C B, then p(A) < p(B).
(b) If A € A and A = U2 A, then u(A) < >0 u(A;).
(c)IfA;€ A, Ay C Ay C -+, and A = U2 Ay, then pu(A) = lim, o u(Ay).

(d) If A, € A, Ay D Ay D -+, u(Ay) < oo, and A = NL,A;, then we have
p(A) = limy, o p1(Ay).



Proof. (a) Let Ay = A, Ay, =B — A, and A3 = Ay =--- = (). Now use part
(c) of the definition of measure.

(b) Let Bl = Al, BQ = A2 - Bl, B3 = Ag - (Bl U Bg), and so on. The Bz
are disjoint and U°, B; = U2 A;. So p(A) = > u(B;) <> u(A;).

(c) Define the B; as in (b). Since Ul B; = U | A;, then
n(A) = p(UZAi) = p(UZ, B; ZM
= lim Y " u(B;) = lim p(UL,B;) = lim p(U, A;).

(d) Apply (c) to the sets A} — A;, i =1,2,.... O

Example 2.6 To see that u(A;) < oo is necessary, let X be the positive
integers, u counting measure, and A; = {i,7+ 1,...}. Then the A; decrease,
w(A;) = oo for all ¢, but p(N;A;) = (@) = 0.

Definition 2.7 A probability or probability measure is a measure such that
w(X) = 1. In this case we usually write (Q, F,P) instead of (X, A, u).

3 Construction of Lebesgue measure

Define m((a,b)) = b—a. If G is an open set and G C R, then G = U2, (a;, b;)
with the intervals disjoint. Define m(G) = "2, (b; — a;). If A C R, define

m*(A) = inf{m(G) : G open, A C G}. (3.1)

We will show the following.
(A) m* is not a measure on the collection of all subsets of R.

(B) m* is a measure on a strictly smaller o-algebra that strictly contains the
Borel o-algebra.



We will prove these two facts (and a bit more) in a moment, but let’s first
make some remarks.

A set N is a null set with respect to m* if m*(N) = 0. Let £ be the
smallest o-algebra containing B and all the null sets. More precisely, let N
be the collection of all sets that are null sets with respect to m* and let
L =0c(BUN). L is called the Lebesgue o-algebra, and sets in L are called
Lebesgue measurable.

As part of our proof of (B) we will show that m* is a measure on L.
Lebesgue measure is the measure m* on L. (A) shows that £ is strictly
smaller than the collection of all subsets of R.

It is easy to get lost in the construction of Lebesgue measure, so let us
summarize our steps.

First we prove (A), which Proposition 3.1.

We then turn to the construction of Lebesgue measure. It is more conve-
nient for technical reasons to define

m*(A) = inf{> (b —a;) : A C UX,(a;, b} (3.2)

=1

There is no real difference between this and (3.1) since it is clear that the
difference between an open set and a set of the form U2, (a;, b;] is countable,
and with either definition of m*, the measure of a point is 0, so the measure
of a set consisting of countably many points is 0. However, when we talk
about Lebesgue-Stieltjes measure, then there is a real difference.

We define what it means to be an outer measure (Definition 3.2) and prove
that m* is an outer measure (Proposition 3.3). We then define what it means
for a set to be m*-measurable (Definition 3.4) and prove that the collection
of m*-measurable sets is a o-algebra and that m* restricted to this o-algebra
is a measure.

This looks promising, but we do not yet know that enough sets are m*-
measurable. That takes one more step. We show in Proposition 3.6 that the
collection of m*-measurable sets contains the Borel o-algebra.

Proposition 3.1 m™* is not a measure on the collection of all subsets of R.
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Proof. Suppose m* is a measure. Define x ~ y if x —y is rational. This is an
equivalence relationship on [0, 1]. For each equivalence class, pick an element
out of that class (by the axiom of choice) Call the collection of such points
A. Given a set B, define B4+x = {y+x :y € B}. Note m*(A+q) = m*(A)
since this translation invariance holds for intervals, hence for open sets, hence
for all sets. Moreover, the sets A 4+ ¢ are disjoint for different rationals q.

Now
0,1] C Ugej—22/(A+q),

where the sum is only over rational ¢, so 1 < qu[—2,2] m*(A + ¢), and
therefore m*(A) > 0. But

Ugel-22/(A + ¢) € [-6,6],

where again the sum is only over rational ¢, so if m* is a measure, then
12> 37 coa9 M (A+ q), which implies m*(A4) = 0, a contradiction. m

Definition 3.2 A function n on the collection of all subsets satisfying

(a) n(0) = 0;
(b) if AC B, then n(A) < n(B);

(c) n(UZ A;) < 3775 n(A).

1s called an outer measure.

Proposition 3.3 m* defined by (3.2) is an outer measure.

Proof. (a) and (b) are obvious. To prove (c), let ¢ > 0. For each i there
exist intervals [;1, I;s, . . ., each of the form (a;;, b;;], such that A; C Us2, I
and > m(l;) < m*(A;) +¢/2". Then UZ,A; C U, ;1; and

Zm(lz’j) < Zm*<Az> + Z€/2i = Zm*(Az) + e.

Since ¢ is arbitrary, m*(U2; 4;) < D% m*(4;). 0



Definition 3.4 Let m* be an outer measure. A set A C X is m*-measurable
if

m*(E) =m"(ENA)+m*(EnN A" (3.3)
forall E C X.

Theorem 3.5 If m* is an outer measure on X, then the collection A of m*
measurable sets is a o-algebra and the restriction of m* to A is a measure.
Moreover, A contains all the null sets.
Proof. By Proposition 3.3,

m*(E) <m*(ENA)+m*(EnA°

for all E'C X. So to check (3.3) it is enough to show m*(E) > m*(ENA) +
m*(E N A°). This will be trivial in the case m*(E) = oco.

If A€ A, then A° € A by symmetry and the definition of A. Suppose
A, Be Aand E C X. Then

m*(E) =m*(ENA) +m*(EnN A°)
=(m*(ENANB)+m" (ENANDB®))+ (m"(ENA°N B)
+m*(ENA°N B°).

The first three terms on the right have a sum greater than or equal to m*(EN
(AU B)) because AUB C (AN B)U (AN B°)U (A°N B). Therefore

m*(E) > m*(EN (AU B)) +m*(EN (AU B)°),

which shows AU B € A. Therefore A is an algebra.
Let A; be disjoint sets in A, let B, = U | A;, and B=UX A;. If E C X,

m (ENB,) =m"(ENB,NA,) +m"(ENB,NA;)
=m"(ENA,)+m"(ENDB,_1).

Repeating for m*(E N B,,_1), we obtain
m (ENB,) > Y m*(ENA).
i=1
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Since B,, € A, then

m*(E)=m*(ENB,)+m*(ENBS) > im*(E N A;) +m*(E N B°).

i=1
Let n — oo. Recalling that m* is an outer measure,
m*(E) =Y m*(ENA;) +m*(ENB°)
i=1
>m (U2 (ENA))+m*(EnN B
=m*(ENB)+m(EN B°)
> m*(E).

This shows B € A.

If we set £ = B in this last equation, we obtain
m*(B) =) _m*(Ay),
i=1
or m* is countably additive on A.
If m*(A) =0 and £ C X, then
m*(ENA) +m"(ENA°) =m"(ENA°) <m"(F),

which shows A contains all null sets. O

Define m (U, (a;, b;]) = >, (b; — a;) if the (a;, b;] are disjoint. Note m is

well-defined (a set might be expressible as a union of such intervals in more
than one way).

The last step in the construction is the following.

Proposition 3.6 Fvery set in the Borel o-algebra is m*- measurable.

Proof. Since the collection of m*-measurable sets is a o-algebra, it suffices
to show that every interval J of the form (a, b is m*-measurable. Let E be
any set with m*(E) < oo; we need to show

m*(E) >m*(ENJ)+m*(EnNJ°. (3.4)
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Choose 11, I, ... of the form (a;, b;] such that £ C U;I; and

Since E C Ul;, we have m*(ENJ) < > m*(I; nJ) and m*(E N J¢) <
> -m*(I; N J¢). Hence we have

m*(ENJ)+m*(ENJ%) <> [m*(L0J)+m*(L;0J°).

Now m*(1; N J) is the length of an interval and m*(1; N J¢) is the length of
two intervals, so
m*(L;NJ)+m*(L;NJ) =m*(I;).

Thus
m*(ENJ)+m*(ENJ) <> m*(I;) <m*(E) +e.

Since ¢ is arbitrary, this proves (3.4). O

We now drop the asterisks from m* and call m Lebesgue measure.

4 Examples and related results

Example 4.1 Recall the Cantor set is constructed by taking the interval
0, 1], removing the middle third, removing the middle thirds of each of the
two remaining subintervals, and continuing. The Cantor set is what remains;
it is closed, uncountable, and every point is a limit point. Moreover, it
contains no intervals.

After one stage, the measure of the two intervals is 2(3), after two stages
4(1/9), and after n stages, (2/3)". Since the Cantor set C' is the intersection
of all these sets, the Lebesgue measure of C' is 0.

Suppose we define fy to be 1/2 on the interval (1/3,2/3), 1/4 on the in-
terval (1/9,2/9), 3/4 on the interval (7/9,8/9), and so on. Define f(z) =
inf{fo(y) : y > z} for x < 1. Define f(1) = 1. Notice f = fy on the comple-
ment of the Cantor set. f is monotone, so it has only jump discontinuities.
But if it has a jump continuity, there is a rational of the form k/2" with
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k < 2" that is not in the range of f. On the other hand, by the construction,
each of these values is taken by fy for some point in the complement of C,
and so is taken by f. The only way this can happen is if f is continuous.
This function f is called the Cantor-Lebesgue function. We will use it in
examples later on. For now, we can see that it a function that increases only
on the Cantor set, which is of Lebesgue measure 0, yet is continuous.

Example 4.2 Let ¢, qo,... be an enumeration of the rationals, let ¢ > 0,
and let I; be the interval (¢; — /2%, ¢; + ¢/2'). Then the measure of I; is
6/2i_1, so the measure of U;I; is at most 2¢. (It is not equal to that because
there is a lot of overlap.) So the measure of A = [0,1] — U,/; is larger than
1 — 2e. But A contains no rational numbers.

Example 4.3 Let us follow the construction of the Cantor set, with this
difference. Instead of removing the middle third at the first stage, remove
the middle fourth, i.e., remove (3/8,5/8). On each of the two intervals that
remain, remove the middle sixteenths. On each of the four intervals that
remain, remove the middle interval of length 1/64, and so on. The total that
we removed is

11 20) 4G+ =

The set that remains contains no intervals, is closed, every point is a limit
point, is uncountable, and has measure 1/2. Such a set is called a fat Cantor
set or generalized Cantor set. Of course, other choices that 1/4, 1/16, etc.
are possible.

Let A C [0,1] be a Borel measurable set. We will show that A is al-
most equal to the countable intersection of open sets and almost equal to
the countable union of closed sets.. (A similar argument to what follows is
possible for sets that have infinite measure.)

Proposition 4.4 Suppose A C [0,1] is a Borel measurable set.

(a) There ezists a set H that is the countable intersection of open sets
which contains A and m(H — A) = 0.

(b) There exists a set F' that is the countable union of closed sets which is
contained in A and m(A — F) = 0.
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Proof. (a) For each i, there is an open set GG; that contains A and such that
m(G; — A) < 27, This follows from the fact that m(A) = m*(A) and the
definition of m*. Then H; = N;<;G; will contain A, is open, and since it is
contained in G;, then m(H; — A) < 27%. Let H = N, H;. H need not be
open, but it is the intersection of countably many open sets. The set H is a
Borel set, contains A, and m(H — A) < m(H; — A) < 27 for each i, hence
m(H —A) =0.

(b) If A C [0,1], let F; = [0,1] — H;, where H; is a decreasing sequence of
open sets containing A¢ such that m(H;— A¢) < 27%. (The H; are constructed
as in the proof of (a), but in terms of A® instead of A.) Then F; is an
increasing sequence of closed sets, F; C A for each i, and m(A — F;) < 27°
for each 7. Our result follows from letting F' = U;F; since m(A — F) <
m(A — F;) < 27 for each 7, hence m(A — F) = 0.. O

The countable intersections of open sets are sometimes called G sets; the
G is for geoffnet, the German word for “open” and the ¢ for Durchschnitt,
the German word for “intersection.” The countable unions of closed sets are
called F, sets, the F' coming from fermé, the French word for “closed,” and
the ¢ coming from Summe, the German word for “union.”

Therefore, when trying to understand Lebesgue measure, we can look at
G5 or F, sets, which are not so bad, and at null sets, which can be quite bad
but don’t have positive measure.

Next we prove the Carathéodory extension theorem. We say that a mea-
sure (i is o-finite if there exist Ey, Es, ..., such that u(E;) < oo for all i and
X CUX E;.

Theorem 4.5 Suppose Aq is an algebra and m restricted to Ay is a measure.
Define

m*(E) = inf{Zm(Ai) LA € Ay, B C U;’;AZ}.
=1
Then
(a) m*(A) =m(A) if A€ Ay,

(b) every set in Ay is m*-measurable;
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(c) if m is o-finite, then there is a unique extension to the smallest o-algebra
containing Ayp.

Proof. We start with (a). Suppose E € Ay. We know m*(E) < m(E)
since we can take Ay = E and Ay, As,... empty in the definition of m*. If
E C UX,A; with A; € Ay, let B, = EN (A, —U"'A;). Then the B, are
disjoint, they are each in Aj, and their union is E. Therefore

[e o]

m(E) =Y m(B;) < Z m(A;).

Thus m(E) < m*(E).

Next we look at (b). Suppose A € Aj. Let ¢ > 0 and let £ C X. Pick
B; € Ap such that £ C U2, B; and ) . m(B;) < m*(E) + ¢. Then

>m*(ENA)+m*(EnN A°).

Since € is arbitrary, m*(E) > m*(ENA)+m*(ENA®). So A is m*-measurable.

Finally, suppose we have two extensions to the smallest o-algebra contain-
ing Ajp; let the other extension be called n. We will show that if ' is in this
smallest o-algebra, then m*(E) = n(FE).

Since m is o-finite, we can reduce to the case where m is a finite measure:
if X = U;K; with m(K;) < oo and we prove uniqueness for the measure m;
defined by m;(A) = m(ANK;), then uniqueness for m follows. So we suppose
m(X) < oo.

Since E must be m*-measurable,
m*(E) =inf{) m(4;) : E C U2, A;, A; € Ao}
i=1

But m = n on Ag, so Y ,m(4;) = >,

;n(A;). Therefore n(E) < ). n(4;),
which implies n(E) < m*(E).

Since we do not know that n is constructed via an outer measure, we must
use a different argument to get the reverse inequality. Let € > 0 and choose
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A; € Ay such that m*(E)+¢ > Y. m(A;) and E C U;A;. Let A= U;A; and
By, = U A;. Observe m*(E) +¢& > m*(A), hence m*(A — E) < e. We have

m*(A) = lim m*(Bg) = lim n(B) = n(A).

k—o00 k—oo

Then
m*(E) <m*(A) =n(A) =n(E)+n(A—FE) <n(E)+m(A—FE) <n(E)+e.

Since ¢ is arbitrary, this completes the proof. |

Remarks: (1) Uniqueness implies there is only one possible Lebesgue mea-
sure.

(2) We will use the Carathéodory extension theorem in the study of prod-
uct measures. It is also used in the Riesz representation theorem and in the
Daniell-Kolmogorov extension theorem.

We now define Lebesgue-Stieltjes measures. Let a : R — R be nonde-
creasing and right continuous (i.e., a(x+) = a(z) for all z, where a(z+) =
limy, ., >0 @(y)). Suppose we define m,((a, b)) = a(b) — a(a), define

ma (U2 (ai, bi]) = Z(a(bi) — a(a;))

when the intervals (a;, b;] are disjoint, and define
m3(A) = inf{> (a(b;) — a(a;)) : A C Ui(a;, b;]}.

Very much as in the previous section we can show that m}, is a measure on
the Borel g-algebra.

The m,, measure of a point = is a(z) — a(x—), where

alz—) = y_grilq a(x).

So mqy({z}) is equal to the size of the jump (if any) of a at x.
Lebesgue measure is the special case of m, when a(x) = z.

Given a measure p on R such that p(K) < oo whenever K is compact,
define a(x) = p((0,z]) if x > 0 and a(x) = —pu((x,0]) if < 0. Then « is
nondecreasing, right continuous, and it is not hard to see that p = m,,.
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5 Measurable functions

Suppose we have a set X together with a o-algebra A.

Definition 5.1 f : X — R is measurable or A-measurable if {z : f(z) >
a} € A for all a € R.

Example 5.2 Suppose f is identically constant. Then {z : f(z) > a} is
either empty or the whole space, so f is measurable.

Example 5.3 Suppose f(z) = 1ifz € A and 0 otherwise. Then {x : f(z) >
a} is either (), A, or X. So f is measurable if and only if A is in the o-algebra.

Example 5.4 Suppose X is the real line with the Borel o-algebra and
f(z) =z. Then {x : f(x) > a} = (a,00), and so f is measurable.

Proposition 5.5 The following are equivalent.

(a) {x: f(z) > a} € A for all a;
(b) {z: f(z) < a} € A for all a;
(c) {z: f(z) < a} € A for all a;
(d) {z: f(z) > a} € A for dll a.

Proof. The equivalence of (a) and (b) and of (c¢) and (d) follow from taking
complements. The remaining equivalences follow from the equations

{: f(@) > a} =M fe s (&) > a—1/n},
{z: f(x) >a} =U2 {z: f(z) >a+1/n}.

Proposition 5.6 If X is a metric space, A contains all the open sets, and
f 1s continuous, then f is measurable.
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Proof. {z: f(z) > a} = f~'(a, o) is open. 0

Proposition 5.7 If f and g are measurable, so are f+g, cf, fg, max(f,g),
and min(f, g).

Proof. If f(x)+ g(z) < «, then f(z) < a— g(x), and there exists a rational
r such that f(z) <r <a—g(z). So

{z:f@)+g(x)<at= | {o:fl@)<rin{z:g)<a-r})

r rational

f? is measurable since {z : f(z)? > a) = {z: f(z) > Va} U{z : f(z) <
—+/a}. The measurability of fg follows since fg = %[(f +9)*—f*— 4%

{z : max(f(x),g(x)) > a} = {z: f(x) > a} U{z : g(z) > a}, and the
argument for min(f, g) is similar. O

Proposition 5.8 If f; is measurable for each i, then so are sup, f;, inf; f;,
limsup,_, . fi, and liminf; . f;.

Proof. The result will follow for lim sup and lim inf once we have the result
for the sup and inf by using the definitions. We have {z : sup, fi > a} =
N2 {x: fi(x) > a}, and the proof for inf f; is similar. 0

Definition 5.9 We say f = g almost everywhere, written f = g a.e., if
{z: f(x) # g(x)} has measure zero. Similarly, we say f; — f a.e., if the set
of x where this fails has measure zero.

We saw in Proposition 5.6 that all continuous functions are Borel measur-
able. The same is true for monotone functions on the real line.

Proposition 5.10 If f : R — R is nondecreasing or nonincreasing, then f
s Borel measurable.
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Proof. Let us suppose f is nondecreasing. The set A, = {z : f(x) > a}
is then either a semi-infinite open interval or semi-infinite closed interval.
This can be seen by a picture. To be more careful, given a € R, let zy =
sup{y : f(y) < a}. If f(xg) = a, then A, = (xg,00), while if f(zq) # a, then
A, = [x9,00). In each case A, is a Borel set. |

Proposition 5.11 Let X be a space, A a o-algebra on X, and f : X — R a
A-measurable function. If A is in the Borel o-algebra on R, then f~1(A) € A.

Proof. Let B be the Borel o-algebra on R and C = {A € B: f~!(A) € A}.
If Ay, Ay,... € C, then since f~1(U;A;) = U;f1(A;) € A, we have that
C is closed under countable unions. Similarly C is closed under countable
intersections and complements, so C is a g-algebra. Since f is measurable,
C contains (a, 00) for every real a, hence C contains the o-algebra generated
by these intervals, that is, C contains B. |

Example 5.12 We want to construct a set that is Lebesgue measurable, but
not Borel measurable. Let F' be the Cantor-Lebesgue function of Example
4.1 and define

f(z) =inf{y : F(y) = z}.
Although f is not continuous, observe that f is strictly increasing (hence

one-to-one) and maps [0, 1] into C, the Cantor set. Since f is nondecreasing,
f~! maps Borel measurable sets to Borel measurable sets.

Let A be the non-measurable set we constructed in Proposition 3.1. Let
B = f(A). Since f(A) C C and m(C) = 0, then f(A) is a null set, hence
is Lebesgue measurable. On the other hand, f(A) is not Borel measurable,
because if it were, then A = f~!(f(A)) would be Borel measurable, a con-
tradiction.

6 Integration

In this section we introduce the Lebesgue integral.
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Definition 6.1 If £ C X, define the characteristic function of E by

1 zelFk,
XE(SC)Z{O r ¢ E.

A simple function s is one of the form

for reals a; and measurable sets Ej.

Proposition 6.2 Suppose f > 0 is measurable. Then there exists a sequence
of nonnegative measurable simple functions increasing to f.

Proof. Let E,; = {z: (i —1)/2" < f(x) <i/2"} and F,, = {z : f(z) > n}
forn=1,2,...,and i =1,2,...,n2". Then define

It is easy to see that s, has the desired properties. ]

Definition 6.3 If s =Y  a;xp, is a nonnegative measurable simple func-
tion, define the Lebesgue integral of s to be

/sdu = Zaiu(Ei). (6.1)

If f > 0 is a measurable function, define

/fd,u = sup{/sdu 0<s<f,s simple}. (6.2)
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If f is measurable and at least one of the integrals [ f*du, [ f~du is finite,
where fT =max(f,0) and f~ = —min(f,0), define

[ran=[rau- [ an (6.3)

Finally, if f = u+iv and [(|u] + |v]) dp is finite, define

/fdu:/udu+i/vdu. (6.4)

A few remarks are in order. A function s might be written as a simple
function in more than one way. For example xaup = x4 + x5 is A and B
are disjoint. It is clear that the definition of [ sdu is unaffected by how s
is written. Secondly, if s is a simple function, one has to think a moment to
verify that the definition of [ sdp by means of (6.1) agrees with its definition
by means of (6.2).

Definition 6.4 If [ |f|du < oo, we say f is integrable.

The proof of the next proposition follows from the definitions.

Proposition 6.5 (a) If f is measurable, a < f(x) <b for all z, and u(X) <
o, then ap(X) < [ f dy < bu(X);

(b) If f(x) < g(z) for all x and f and g are measurable and integrable,
then [ fdu < [ gdpu.

(¢) If f is integrable, then [cf dp=c [ fdu for all real c.

(d) If n(A) = 0 and f is measurable, then [ fxadu = 0.

The integral [ fxadp is often written [ 4 fdp. Other notation for the
integral is to omit the p if it is clear which measure is being used, to write

[ f(x) p(dzx), or to write [ f(x)du(x).

Proposition 6.6 If f is integrable,

1< [in
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Proof. For the real case, thisis easy. f < |[f],so [ f < [|f]. Also —f <|f],
so — [ f < [|f]. Now combine these two facts.

For the complex case, [ f is a complex number. If it is 0, the inequality
is trivial. If it is not, then [ f = re® for some r and 6. Then

[olrme fr feo

From the definition of [ f when f is complex, we have Re ([ f) = [ Re (f).
Since | [ f] is real, we have

[o]=re([es) = [reten < [151

We do not yet have that [(f+¢)=[f+ [g.

7 Limit theorems

One of the most important results concerning Lebesgue integration is the
monotone convergence theorem.

Theorem 7.1 Suppose f, is a sequence of nonnegative measurable functions
with fi(z) < fo(x) < -+ for all x and with lim,,_.« fn(x) = f(z) for all x.
Then [ fodu— [ fdp.

Proof. By Proposition 6.5(b), [ f, is an increasing sequence of real numbers.
Let L be the limit. Since f,, < f for all n, then L < [ f. We must show

L> 7.

Let s = > " a;xp, be any nonnegative simple function less than f and
let ¢ € (0,1). Let A, = {x : fu.(x) > es(x)}. Since the f,(z) increases to
f(z) for each z and ¢ < 1, then A} C Ay C ---, and the union of the A, is
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all of X. For each n,

/fnZ/AnfnZC/Ansn

= C/A ZaiXEi

n =1

If we let n — oo, by Proposition 2.5(c), the right hand side converges to

cgaiu(&) _ c/s.

Therefore L > ¢ [ s. Since c¢ is arbitrary in the interval (0,1), then L > [ s.
Taking the supremum over all simple s < f, we obtain L > [ f. ]

Example 7.2 Let X = [0,00) and f,(z) = —1/n for all z. Then [ f, =
—o0, but f, T f where f =0 and [ f = 0. The problem here is that the f,

are not nonnegative.

Example 7.3 Suppose f, = nx(,1/n). Then f, >0, f, — 0 for each z, but
[ fn =1 does not converge to [0 = 0. The trouble here is that the f, do
not increase for each z.

Once we have the monotone convergence theorem, we can prove that the
Lebesgue integral is linear.

Theorem 7.4 If fi and fs are integrable, then

Jtrrw=[n+ [ 5

Proof. First suppose f; and fy are nonnegative and simple. Then it is clear
from the definition that the theorem holds in this case. Next suppose f;
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and f, are nonnegative. Take s, simple and increasing to f; and ¢, simple
and increasing to fy. Then s, + t,, increases to f1 + f2, so the result follows
from the monotone convergence theorem and the result for simple functions.
Finally in the general case, write f; = f;" — f; and similarly for f,, and use
the definitions and the result for nonnegative functions. |

Proposition 7.5 Suppose f,, are nonnegative measurable functions. Then

[en=%[n

Proof. Let Fy = 2521 fn and write

o N
/an:/]vlganfn
n=1 n=1
:/ lim Fy = lim [ Fy (7.1)
N—oco N—o0
N [oe)
- > [ 5=3 [
=1 n=1

using the monotone convergence theorem and the linearity of the integral. O

The next theorem is known as Fatou’s lemma.

Theorem 7.6 Suppose the f, are nonnegative and measurable. Then
/ liminf f,, <liminf / fn-

Proof. Let g, = inf;>, f;. Then g, are nonnegative and g, increases to
liminf f,. Clearly g, < f; for each ¢ > n, so [ g, < [ fi. Therefore

/gn < Zlgg/fz--
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If we take the limit as n — 0o, on the left hand side we obtain [ liminf f,, by
the monotone convergence theorem, while on the right hand side we obtain
liminf, [ f,. O

A typical use of Fatou’s lemma is the following. Suppose we have f,, — f
and sup,, [ |fu] < K < co. Then |f,| — |f|, and by Fatou’s lemma, [ |f] <
K.

Another very important theorem is the dominated convergence theorem.

Theorem 7.7 Suppose f, are measurable functions and f,(x) — f(x). Sup-
pose there ezists an integrable function g such that |f,(x)| < g(z) for all x.
Then [ fndp— [ fdp.
Proof. Since f,, + g > 0, by Fatou’s lemma,
/(f+g) < liminf/(fn + g).
Since g is integrable,
/f < liminf/fn.
Similarly, g — f, > 0, so
[t= 1) <timint [(g- 1),
and hence
—/f < liminf/(—fn) = —limsup/fn.
Therefore
[ 1= timsw [ 5,
which with the above proves the theorem. |

Example 7.3 is an example where the limit of the integrals is not the
integral of the limit because there is no dominating function g.
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If in the monotone convergence theorem or dominated convergence the-
orem we have only f,(z) — f(z) almost everywhere, the conclusion still
holds. For if the f,, and f are measurable and A = {z : f,(x) — f(z)}, then
fxa — fxa for each x. And since A° has measure 0, we see from Proposition
6.5(d) that [ fxa = [ f, and similarly with f replaced by f,.

8 Properties of Lebesgue integrals

Later on we will need the following two propositions.

Proposition 8.1 Suppose f is measurable and for every measurable set A
we have fA fdu=0. Then f =0 almost everywhere.

Proof. Let A= {z: f(x) > ¢}. Then

O—Afzfqe—ﬁu(A)

since fxa > exa. Hence pu(A) = 0. We use this argument for ¢ = 1/n and
n=1,2,...,80 p{x: f(x) >0} =0. Similarly pu{z: f(x) <0} =0. m

Proposition 8.2 Suppose f is measurable and nonnegative and [ f dp = 0.
Then f =0 almost everywhere.

Proof. If f is not almost everywhere equal to 0, there exists an n such that
w(A,) >0 where A, = {z: f(z) > 1/n}. But then since f is nonnegative,

oz/fz/Aan%M(An),

a contradiction. O

We give a result on approximating a function on R by continuous functions.
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Proposition 8.3 Suppose f is a measurable function from R to R that is
integrable. Let € > 0. Then there exists a continuous function that is 0
outside some bounded interval such that

/|f—g|<€-

Proof. If we have continuous functions gy, go such that [|fT — ¢1] < /2
and [|f~ — ¢2| < £/2, where f* = max(f,0) and f~ = max(—f,0), then
taking g = g1 — go will prove our result. So without loss of generality, we
may assume f > 0.

By monotone convergence [ fx[—nn increases to [ f, so by taking n large
enough, the difference of the integrals will be less than ¢/2. If we find ¢ such
that [ |fXj—nn — 9] < €/2, then [|f — g| < e. Therefore we may assume
that f is 0 outside some bounded interval.

We can find simple functions increasing to f whose integrals increase to
[ f. Let s, be a simple function such that s,, < f and [ s, > [ f—¢e/2.
If we find g such that [ |s,, —g| < &/2, then [|f — g| <e. So it suffices to
consider the case where f is a simple function.

If f=5" axa, and we find g; continuous such that [ |a;xa, —g:| < /p,
then > % | g; will be the desired function. So we may assume f is a constant
times a characteristic function, and by linearity, we may assume f is equal
to x4 for some A contained in a bounded interval [—n, n].

We can choose G open and F' closed such that F' C A C G and m(G—F) <
e. We can replace G by GN(—n—1,n+1). G°N[-n—1,n+ 1] and F
are compact sets, so there is a minimum distance between them, say, §. Let
g(x) = max(0,1 — dist (z, ') /). Then g is continuous, 0 < g <1, gis 1 on
F, gis 0 on G and g is 0 outside of [-n — 1,n + 1]. Therefore
19 — xal < x6 — xr,
SO

/|9—XA|S/(XG—XF)Zm(G—F)<5.

O
The method of proof, where one proves a result for characteristic func-

tions, then simple functions, then non-negative functions, and then finally
integrable functions is very common.

25



We finish this section with a comparison of the Lebesgue integral and
the Riemann integral. Here we are only looking at bounded functions from
la, b] into R. If we are looking at the Lebesgue integral, we write [ f, while,
temporarily, if we are looking at the Riemann integral, we write R(f). Recall

that the Riemann integral on [a,b] is defined as follows: if P is a partition of
la, b], then

n

Up, f) = Z( sup  f(x)) (i — 2i1)

=1 Ti=15T<%

and
n

L(P,f)=> ( inf_ f(x))(z:i—wi1).

- x;—1<zx<lz
=1

Set R(f) = inf{U(P, f) © Pis apartition} similarly R(f). Then the Rie-
mann integral exists if R(f) = R(f), and the common value is the Riemann
integral, which we denote R(f).

Theorem 8.4 A bounded measurable function f on [a,b] is Riemann inte-
grable if and only if the set of points at which f is discontinuous has Lebesque
measure 0, and in that case, the Riemann integral is equal in value to the
Lebesgue integral.

Proof. If P is a partition, define

n

TP(:E) = Z( sup f(y))X[xthxz)(‘T)a

=1 Ti—1Sy<wm;

and
Sp(r) = ;(mféﬁ o FODX 0 (),
We see that [Tp =U(P, f) and [ Sp = L(P, f).

If f is Riemann integrable, there exists a sequence of partitions (); such
that U(Q;, f) | R(f) and a sequence Q) such that L(Q?, f) T R(f). It is not
hard to check that adding points to a partition increases L and decreases U,
so if we let P; = U;<;(Q;UQY), then P; is an increasing sequence of partitions,
UP, )l R(f), L(Pi, f) T R(f). We see also that Tp,(x) decreases at each
point, say, to T'(z), and Sp,(z) increases at each point, say, to S(z). Also
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T(x) > f(z) > S(z). Then by dominated convergence (recall that f is
bounded)

1—00 1—00

[@=5)=tim [(Tn - 55) = lin V(P 1) - L. 1) =0,

We conclude "= S = f a.e. If z is not in the null set where T'(z) # S(z) nor
in U, P;, which is countable and hence of Lebesgue measure 0, then Tp, (z) |
f(z) and Sp,(z) T f(x). This implies that f is continuous at such f. Since

R(p) = lim (P )=t [T = [ 1

we see the Riemann integral and Lebesgue integral agree.

Now suppose that f is continuous a.e. Let ¢ > 0. Let P; be the partition
where we divide [a, b] into 2 equal parts. If z is not in the null set where
f is discontinuous, nor in U2, P, then Tp, (z) | f(z) and Sp,(z) T f(z). By

dominated convergence,
s = [Tn— [ 1

me:/%eff

This does it. O

and

9 Modes of convergence

Definition 9.1 If i is a measure, we say a sequence of measurable functions
fn converges to f almost everywhere (written f, — [ a.e.) if there is a set
of measure 0 and for x not in this set we have f,(xz) — f(z).

We say f, converges to f in measure if for each € > 0

p{z s [ fulz) = f(2)] > €}) = 0

as n — oQ.
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Proposition 9.2 Suppose p is a finite measure.
(a) If fr, — f, a.e., then f, converges to f in measure.

(b) If f — [ in measure, there is a subsequence n; such that f, — f,
a.e.

Proof. Let e > 0. If A, = {x: |fu(x) — f(x)| > €}, then x4, — 0 a.e., and
by dominated convergence,

H(A,) = / yoan () pld) — 0.

This proves (a).

To prove (b), let ny = 1 and choose n; > n;_; inductively so that
p{z | fa, (@) = f(2)] > 1/5}) < 27,
Let A; = {a : |fy,(x) — f(2)] > 1/j}. Then pu(A;) <277, and
A=MpZ, U2, A

has measure less than U;_;A; for every k, hence less than 27%1 for every
k. Therefore A has measure 0. If x ¢ A, then z ¢ U2, A; for some k, so
| fn;(z) — f(x)] < 1/j for j > k, which means f,, — f a.e. on A°. m

Example 9.3 Part (a) of the above proposition is not true if u(X) = oo.
Let X =R and let f,, = X(nn+1)-

Example 9.4 For an example where f, — f in measure but not almost
everywhere, let X = [0,1], let u be Lebesgue measure, and let f,(z) =

xr, (@), where F, = {y + (37, 1/7)(mod 1) <y < (3277 1/j)( mod 1)}
z( mod 1) is defined as the fractional part of z (where the largest integer less
than z is subtracted from z). Let f(z) = 0 for all .

Then u(F,) < 1/n — 0, so f, — f in measure. But any z will be in
infinitely many F,,’s, so f,, does not converge to f(x) at any point.

The following is known as Egoroft’s theorem.
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Theorem 9.5 If i is a finite measure, ¢ > 0, and f, — f a.e., then there
exists a measurable set A such that u(A) < e and f, — f uniformly on A°.

This type of convergence is sometimes known as almost uniform conver-
gence.

Proof. Let

Bk = Up_p {2 - [fm(z) = f(2)] > 1/k}.
for fixed k, E,, decreases as n increases, and the intersection N, FE,; has
measure 0. So u(E,;) — 0. Then there exists an integer nj such that
W(E,, ) < e27% Let E = UL, E,x Then u(E) < ¢, and if x ¢ F and
n > ng, then |f,(z) — f(x)| < 1/k. Thus f, — f uniformly on E*. m

10 Product measures

If Ay C Ay C--- and A = U2 A;, we write A; T A. If A; D Ay D --- and
A =N A, we write A; | A.

Definition 10.1 M is a monotone class is M is a collection of subsets of
X such that

(a) if A; T A and each A; € M, then A € M;
(b) if A; | A and each A; € M, then A € M.

The intersection of monotone classes is a monotone class, and the inter-
section of all monotone classes containing a given collection of sets is the
smallest monotone class containing that collection.

The next theorem, the monotone class lemma, is rather technical, but very
useful.

Theorem 10.2 Suppose Ay is a algebra, A is the smallest o-algebra con-
taining Aoy, and M 1is the smallest monotone class containing Ay. Then

M= A.
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Proof. A c-algebra is clearly a monotone class, so M C A. We must show

AC M.

Let N1 = {A € M : A° € M}. Note N is contained in M, contains Ay,
and is a monotone class. So N7 = M, and therefore M is closed under the
operation of taking complements.

Let o ={AeM:ANB e M for all B € Ay}. N;is contained in M;
N5 contains Ay because A is an algebra; N, is a monotone class because
(U2 A;) N B = UX,(A; N B), and similarly for intersections. Therefore
N3 = M; in other words, if B € Ay and A € M, then AN B € M.

Let N3 ={AeM:ANDB e Mforall Be M}. As in the preceding
paragraph, A3 is a monotone class contained in M. By the last sentence of
the preceding paragraph, N3 contains Ay. Hence N3 = M.

We thus have that M is a monotone class closed under the operations of
taking complements and taking intersections. This shows M is a g-algebra,

and so A C M. O

Suppose (X, A, 1) and (Y, B, v) are two measure spaces, i.e., A and B3 are
o-algebras on X and Y, resp., and pu and v are measures on A and B, resp.
A rectangle is a set of the form A x B, where A € A and B € B. Define a
set function p X v on rectangles by

X v(Ax B)=pu(A)v(B).

Lemma 10.3 Suppose Ax B = U2, A; x B;, where A, A; € A and B,B; € B
and the A; X B; are disjoint. Then

MXV(AXB):Z/LXV(AiXBi).

i=1

Proof. We have -
XAXB<ZC’ y) = Z XAiXBi(‘/L‘7 y),
i=1
and so

Xa(z)x5(y) = ZxAi ()x5, ().
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Holding z fixed and integrating over y with respect to v, we have, using (7.1),
Xa(@)v(B) = xa,(@)v(By).
i=1

Now use (7.1) again and integrate over x with respect to p to obtain the
result. O

Let Cy = {finite unions of rectangles}. It is clear that Cy is an algebra. By
Lemma 10.3 and linearity, we see that p X v is a measure on Cy. Let A x B
be the smallest o-algebra containing Cy; this is called the product o-algebra.
By the Carathéodory extension theorem, p X v can be extended to a measure

on A x B.

We will need the following observation. Suppose a measure p is o-finite.
So there exist E; which have finite yu measure and whose union is X. If we
let F,, = U | E;, then F; T X and u(F,) is finite for each n.

If © and v are both o-finite, say with F; T X and G; TY, then u x v will
be o-finite, using the sets F; x G;.

The main result of this section is Fubini’s theorem, which allows one to
interchange the order of integration.

Theorem 10.4 Suppose f : X XY — R is measurable with respect to Ax B.
If f is nonnegative or [ |f(x,y)|d(p % v)(z,y) < oo, then

(a) the function g(x) = [ f(z,y)v(dy) is measurable with respect to A;
(b) the function h(y) = [ f(z,y)p(dx) is measurable with respect to B;

(¢) we have
/f(x,y) d(p x v)(z,y) = / (/f(:c,y) du(%)) dv(y)

~ [ ([ 1@ dv(w)) ().
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Proof. First suppose i and v are finite measures. If f is the characteristic
function of a rectangle, then (a)-(c) are obvious. By linearity, (a)—(c) hold
if f is the characteristic function of a set in Cy, the set of finite unions of
rectangles.

Let M be the collection of sets C' such that (a)—(c) hold for x¢. If C; T C
and C; € M, then (c) holds for yc by monotone convergence. If C; | C,
then (c) holds for x¢ by dominated convergence. (a) and (b) are easy. So
M is a monotone class containing Ay, so M = A x B.

If 4 and v are o-finite, applying monotone convergence to C' N (F, x G,,)
for suitable F,, and G,, and monotone convergence, we see that (a)-(c) holds
for the characteristic functions of sets in A x B in this case as well.

By linearity, (a)—(c) hold for nonnegative simple functions. By monotone
convergence, (a)—(c) hold for nonnegative functions. In the case [|f| < oo,
writing f = f* — f~ and using linearity proves (a)—(c) for this case, too. O

11 The Radon-Nikodym theorem

Suppose f is nonnegative, measurable, and integrable with respect to p. If
we define v by

V(A):/Afdu, (11.1)

then v is a measure. The only part that needs thought is the countable ad-
ditivity, and this follows from (7.1) applied to the functions fx4,. Moreover,
v(A) is zero whenever p(A) is. We sometimes write f = dv/dp for (11.1).

Definition 11.1 A measure v is called absolutely continuous with respect
to a measure p if v(A) = 0 whenever u(A) = 0. This is frequently written
v .

Proposition 11.2 A finite measure v is absolutely continuous with respect
to v if and only if for all € there exists § such that p(A) implies v(A) < e.
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Proof. If the condition given in the statement of the proposition holds, it is
clear that v < pu. Suppose now that v < p. If the condition does not hold,
there exists Ej such that p(Ey) < 27% but v(Ey,) > e. Let F =N, U2 Ey.
Then

p(F) = lim p(Up2, Ey) < lim 22*]“ =0,

n—oo n—oo
k=n
but
v(F) = lim v(U2, Ex) > ¢;
n—oo
This contradicts the absolute continuity. |

Definition 11.3 A function p: A — (—o0, 0] is called a signed measure if
(@) =0 and p(U2,Ap) = > 1u(A;) whenever the A; are disjoint and all
the A; are in A.

Definition 11.4 Let p be a signed measure. A set A € A is called a positive
set for p if w(B) > 0 whenever B C A and B € A. We define a negative
set similarly. A null set A is one where u(B) = 0 whenever B C A is
measurable.

Example 11.5 Suppose m is Lebesgue measure and p(A) = [, fdm for
some integrable f. If we let P = {x : f(z) > 0}, then P is easily seen to be a
positive set, and if N = {z : f(x) < 0}, then N is a negative one. The Hahn
decomposition which we give below is a decomposition of our space (in this
case R) into positive and negative sets. This decomposition is unique, except
that C' = {x : f(x) = 0} could be included in N instead of P, or apportioned
partially to P and partially to N. Note, however, that C' is a null set. The
Jordan decomposition below is a decomposition of p into p™ and p~, where

put(A) = fA f*dm, and similarly u~(A) = fA [~ du.

Note that if 4 is a signed measure, then p(U2,A;) = limy, o p(UP; A;).
The proof is the same as in the case of positive measures.

Proposition 11.6 Let u be a signed measure taking values in (—oo,c0]. Let
E be measurable with u(E) < 0. Then there ezists a subset F' of E that is a
negative set with pu(F) < 0.
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Proof. If F is a negative set, we are done. If not, there exists a subset with
positive measure. Let n; be the smallest positive integer such that there
exists £y C E with u(FEy) > 1/n. Let k > 2. f F, = E — (EyU---U E}_)
is negative, we are done. If not, let n; be the smallest positive integer such
that there exists Fy C Fj, with pu(Ey) > 1/ng. We continue.

If the construction stops after a finite number of sets, we are done. If not,
let F'=NgFy =FE — (UEg). Since 0 > p(E) > —oo and pu(Ey) > 0, then

WE) = w(F) + > n(Ey).
k=1

Then u(F) < p(E) < 0, so the sum converges. If G C F' is measurable with
w(G) > 0, then u(G) > 1/N for some N, which contradicts the construction.
Therefore F' must be a negative set. |

We write AAB for (A — B) U (B — A). The following is known as the

Hahn decomposition theorem.

Theorem 11.7 Let p be a signed measure taking values in (—oo, 00|. There
exist sets B and F in A that are disjoint whose union is X and such that E
is a negative set and F' is a positive set. If E' and F' are another such pair,
then EAE = FAF' is a null set with respect to ..

Proof. Let L = inf{u(A) : A is a negative set}. Choose negative sets A,
such that u(A,) — L. Let E=U° | A,. Let B, = A, — (B1U---UB,_;) for
each n. Since A, is a negative set, so is each B,. Also, the B, are disjoint.
If C C F, then

u(C) = lim p(CN (UL, B;)) = lim Zn:,u(C N B;) < 0.

n—00 n—oo 4
=1

So F is a negative set.

Since F' is negative,

Letting n — oo, we obtain u(FE) = L.
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Let FF = E°. If F were not a positive set, there would exist B C F' with
u(B) < 0. By Proposition 11.6 there exists a negative set C' contained in B
with ©(C) < 0. But then E'U C would be a negative set with u(EF U C) <
w(E) = L, a contradiction.

To prove uniqueness, if E’, F’ are another such pair of sets and A C
E—FE CFE, then p(A) <0. Bt ACE—-FE =F —F C F',so u(A) <0.
Therefore p(A) = 0. The same argument works if A C E' — E, and any
subset of EAE’ can be written as the union of A; and Ay, where AcE — E’
and Ay, C B/ — E. O

Let us say two measures p and v are mutually singular if there exist two
disjoint sets £ and F in A whose union is X with p(E) = v(F) = 0. This is
often written p L v.

Example 11.8 If yu is Lebesgue measure restricted to [0,1/2], that is, u(A)
= m(ANJ0,1/2]), and v is Lebesgue measure restricted to [1/2,1], then p
and v are mutually singular. We let £ = [0,1/2] and F' = (1/2,1]. This
example works because the Lebesgue measure of {1/2} is 0.

Example 11.9 A more interesting example is the following. Let f be the
Cantor-Lebesgue function and let v be the Lebesgue-Stieltjes measure asso-
ciated with f. Let u be Lebesgue measure restricted to [0,1]. Then p L v.
To see this, we let £ = C, where C'is the Cantor set, and F' = [0,1] —C. We
already know that m(E) = 0 and we need to show v(F') = 0. To do that,
we need to show v(I) = 0 for every open interval contained in F'. This will
follow if we show v(J) = 0 for every interval of the form J = (a, b] contained
in F. But f is constant on every such interval, so f(b) = f(a), and therefore

v(J) = f(b) = f(a) = 0.
The following is known as the Jordan decomposition theorem.
Theorem 11.10 If u is a signed measure, there exist measures u* and p~

such that p = p* — p= and pt and = are mutually singular. This decom-
position 1S unique.

Proof. Let E and F be positive and negative sets for p and let u*(A) =
wWENA), uw(A) = —u(ANF). This gives the desired decomposition.
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If 4 = v — v~ is another such decomposition with v*, v~ mutually sin-
gular, let £’ and F” be the sets in the definition of mutually singular. Then
X = F'U F’ gives another Hahn decomposition, hence FAE’ is a null set
with respect to p. Then for any A € A,

vH(A) = WAN E') = (AN E) = u* (4),

and similarly for v—, u~. O

The measure p* + = is called the total variation measure and is written
1]
We now are ready for the Radon-Nikodym theorem.

Theorem 11.11 Suppose p is a o-finite measure and v is a finite measure
such that v s absolutely continuous with respect to p. There exists a -
integrable nonnegative function f such that v(A) = [, fdu for all A € A.
Moreover, if g is another such function, then f = g almost everywhere with
respect to (.

Proof. Let us first prove the uniqueness assertion. For every set A we have

/A(f—g) dp=v(A)—v(A) =0.

By Proposition 8.1 we have f — g = 0 a.e. with respect to p.

Since p is o-finite, there exist F; T X such that u(F;) < oo for each i. Let
i; be the restriction of pu to F;, that is, u;(A) = u(A N F;). Define v;, the
restriction of v to Fj, similarly. If f; is a function such that v;(A) = [, fi dp;
for all A, the argument of the first paragraph shows that f; = f; on Fj if
i < j. If we define f by f(x) = fi(x) if x € F;, we see that f will be the
desired function. So it suffices to restrict attention to the case where p is
finite.

Let
}"_{gzogg,/gdugy(fl) forallAEA}.
A

F is not empty because 0 € F. Let L =sup{ [ gdu : g € F}, and let g, be
a sequence in F such that [ g, du — L. Let h, = max(g1, ..., gn).
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If g1 and g5 are in F, then hy = max(g, g2) is also in F. To see this, let
B ={z:g(z) > g2(x)}, and write

A ANB ANB¢
/ g1 dp + / g2 dp
ANB ANBe¢

<v(ANB)+v(An B°)
v(A).

By an induction argument, h,, is in F.

The h,, increase, say to f. By monotone convergence [ fdu = L and

/ fdu <wv(A) (11.2)
A

for all A.

Let A be a set where there is strict inequality in (11.2); let & be chosen
sufficiently small so that if 7 is defined by

w(B) = v(B) - / fdu—ep(B)

then m(A) > 0. 7 is a signed measure; let F' be the positive set as constructed
in Theorem 11.7. In particular, 7(F') > 0. So for every B

fdu+eu(BNF)<v(BNF).
BNF

We then have, using (11.2), that
/(f+5XF)dM:/fd/L+EM(BﬂF)
B B

:/ fdu+ fdu+eu(BNF)

BAFe BNF
<v(BNF)4v(BNF)=v(B).

This says that f + expr € F. However,

L> /(f+€XF)du= /fdu+€u(F) — L+ en(F),
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which implies u(F) = 0. But then v(F') = 0, and hence n(F) = 0, contra-
dicting the fact that F' is a positive set for F' with = (F) > 0. O

The proof of the Lebesgue decomposition theorem is almost the same.

Theorem 11.12 Suppose i1 and v are two finite measures. There exist mea-
sures A, p such that v = X+ p, p is absolutely continuous with respect to p,
and A and p are mutually singular.

Proof. Define F and L and construct f as in the proof of the Radon-
Nikodym theorem. Let p(A) = [, fdp and let A = v—p. We have [, fdu <
v(A), so A(A) > 0 for all A. To keep things straight, we record that we have
f=dp/du and p+ XA = v. We need to show p and A are mutually singular.

Suppose not. Then there exists /' € A with p(F) > 0 and A(#) > 0, and
so v(F) > A(F) > 0. Note that for € small enough, (A —eu)(F) > 0. We
claim that there exist € > 0 and F C F such that E is a positive set with
respect to A — ep and p(E) > 0. Given the claim, if A € A,

e/XEduzsu(AﬂE) <v(ANE)
A
<ANANE) <AA)

/fdﬂ

[+ exe)dn < vla)
A
forall Ae A or f+exg € F. But

This says that

/(f+5XE)dH:/fdM+EM(E)>L,

a contradiction to the definition of L.

It remains to prove the claim. Let F' = P, UN,, be a Hahn decomposition
for the measure A — %,u restricted to F', let P = UP,, and N = NN, = FF—P.
Then N is a negative set for A — Ly for each n, or 0 < A(N) < Lu(N); this
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implies A(N) = 0. If u(P) = 0, then p L A, and we are supposing that is
not the case. Therefore p(P) > 0, hence u(P,) > 0 for some n, and P, is a
positive set for A — 2. Now take ¢ = 1/n and E = P,. O

12 Differentiation of real-valued functions

In this section we want to look at when f : R — R is differentiable and when
the fundamental theorem of calculus holds. Briefly,

(1) Functions of bounded variation are differentiable;

(2) The derivative of [ f(y)dy is equal to f a.e. if f is integrable;
(3) fab f'(y)dy = f(b) — f(a) if f’ is absolutely continuous.

Let £ C R be a measurable set and let O be a collection of intervals. We
say O is a Vitali cover of F if for each x € FE and each ¢ > 0 there exists
an interval G € O containing  whose length is less than €. m will denote
Lebesgue measure.

Lemma 12.1 Let E have finite measure and let O be a Vitali cover of E.
Given € > 0 there exists a finite subcollection of disjoint intervals Iy, ..., I,
such that m(E — U I,) < e.

Proof. We may replace each interval in O by a closed one, since the set of
endpoints of a finite subcollection will have measure 0.

Let O be an open set of finite measure containing F. Since O is a Vi-
tali cover, we may suppose without loss of generality that each set of O is
contained in O. Let ay = sup{m(I) : I € O}. Let I; be any element of
O with m([;) > ap/2. Let a; = sup{m(I) : I € O, disjoint from I },and
choose I, € O disjoint from [ such that m(Iy) > a;/2. Continue in this way,
choosing 1,1 disjoint from Iy, ..., [, and in O with length at least one half
as large as any other such interval in O that is disjoint from Iy, ..., I,.

If the process stops at some finite stage, we are done. If not, we gener-
ate a sequence of disjoint intervals I, I5, ... Since they are disjoint and all
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contained in O, then Y .-, m(l;) < m(O) < oo. So there exists N such that
Yionp (i) <e/5.

Let R = E — UY,I;; we will show m(R) < e. Let J, be the interval
with the same center as I, but five times the length. Let € R. There
exists an interval I € O containing x with I disjoint from I,...,Iy. Since
> -m(l,) < oo, then > a, <2) m(l,) < oo, and a, — 0. So I must either
be one of the I, for some n > N or at least intersect it, for otherwise we
would have chosen I at some stage. Let n be the smallest integer such that
I intersects I,,; note n > N. We have m([) < a,—1 < 2m(I,). Since z is in

I and [ intersects I, the distance from z to the midpoint of [, is at most
m(I) +m(l,)/2 < (5/2)m(I,). Therefore x € .J,.

Then R C Uy 1 Jn, so m(R) < 37 v ym(Jn) =532 vy m(l,) < e
O

Given a function f, we define the derivates of f at x by
. fla+h)— f(z)

DT f(z) = limsu
f( ) h—>0+p h h—0— h

@4 h) = f(z)
D f(x) = lim inf I h—0- h

If all the derivates are equal, we say that f is differentiable at x and define
f'(x) to be the common value.

Theorem 12.2 Suppose f is nondecreasing on |a,b]. Then f is differentiable
almost everywhere, [’ is integrable, and f; f(x)de < f(b) — f(a).

Proof. We will show that the set where any two derivates are unequal has
measure zero. We consider the set E where DT f(z) > D_f(X), the other
sets being similar. Let E,, = {z: D" f(z) > u > v > D_f(x)}. If we show
m(E,,) = 0, then taking the union of all pairs of rationals with v > v shows
m(E) = 0.

Let s = m(E,,), let ¢ > 0, and choose an open set O such that E,, C O

and m(0) < s+e. For each x € E,, there exists an arbitrarily small interval
[ — h, x] contained in O such that f(x) — f(z — h) < vh. Use Lemma 12.1
to choose I4,..., I, which are disjoint and whose interiors cover a subset A
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of E,, of measure greater than s — . Suppose I,, = [z, — h,, z,]. Summing
over these intervals,

Z[f(xn) — fln — ha)] < Uzhn <vm(0) < v(s+e).

Each point y € A is the left endpoint of an arbitrarily small interval
(y,y + k) that is contained in some I,, and for which f(y + k) — f(y) > uk.
Using Lemma 12.1 again, we pick out a finite collection Ji,...,Jy whose
union contains a subset of A of measure larger than s — 2e. Summing over
these intervals yields

M

S i+ k) = f)] > uw Y ki > uls — 2e).

i=1
Each interval J; is contained in some interval I,,, and if we sum over those 7
for which J; C I,, we find

D [+ k) = fi)] < flan) = flan = hn),

since f is increasing. Thus
N

> [fzn) — f 2{: (yi + ki) — ()],

n=1
and so v(s+¢) > u(s — 2¢). This is true for each ¢, so vs > us. Since u > v,
this implies s = 0.

This shows that
fl@+h)— f(z)

h
is defined almost everywhere and that f is differentiable wherever ¢ is finite.
Define f(z) = f(b) if x > b. Let g,(z) = n[f(x + 1/n) — f(x)]. Then
gn(z) — g(z) for almost all z, and so g is measurable. Since f is increasing,
gn > 0. By Fatou’s lemma

b b b
/ggliminf/ gn:hminfn/ [f(z+1/n) — f(z)]dx

= lim inf [n /b+1/" f— n/aH/n f} = lim inf [f(b) = n/a+l/n f}
b a a
< f(b) = f(a).

g(x) = lim
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For the last inequality, we use the fact that f is increasing. This shows that
g is integrable and hence finite almost everywhere. O

A function is of bounded variation if sup{Zf:1 |f(z;) — f(z;_1)|} is finite,
where the supremum is over all partitions a = 2o < 1 < --- < 1, = b of
la, b].

Lemma 12.3 If f is of bounded variation on [a,b], then f can be written as
the difference of two nondecreasing functions on [a,b).

Proof. Define

Plo) = sup{ 31—} ) = sup{ S

=1 i=1

where the supremum is over all partitions a = xo < 1 < --+ < xp = y for
y € [a,b]. P and N are measurable since they are both increasing. Since

k k

D [fw) = flan)]t = () = flei))” + f(y) = fla),

i=1 i=1
taking the supremum over all partitions of [a, y] yields

P(y) = N(y) + f(y) — f(a).
Clearly P and N are nondecreasing in y, and the result follows by solving

for f(y). O

From this lemma, we see that functions of bounded variation are dif-
ferentiable a.e. But the function sin(1/z) defined on (0, 1] is differentiable
everywhere, but is not of bounded variation.

Next we look at when the derivative of fax f(t)dt is equal to f(x) a.e.
Define the indefinite integral of an integrable function f by

Plz) = / F(t) dt.
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Lemma 12.4 [If f is integrable, then F is continuous and of bounded vari-
ation.

Proof. The continuity follows from the dominated convergence theorem.
The bounded variation follows from

[ swal <3 [ ioas [swl

for all partitions. ]

k k

Z |F(z;) — F(z;21)| = Z

i=1 i=1

Lemma 12.5 If f is integrable and F(z) = 0 for all x, then f =0 a.e.

Proof. For any interval, fcdf = fadf — [¥f = 0. By dominated conver-
gence and the fact that any open set is the countable union of disjoint open
intervals, fo f =0 for any open set O.

If FE is any measurable set, take O,, open that such that xo, decreases to
X e a.e. By dominated convergence,

/Efszszhm/fxOnzhm [ 1-0

This with Proposition 8.1 implies f is zero a.e. O

Proposition 12.6 If f is bounded and measurable, then F'(x) = f(x) for
almost every x.

Proof. By Lemma 12.4, F' is continuous and of bounded variation, and so
F’ exists a.e. Let K be a bound for |f|. If

F(x+1/n) — F(x)

falz) = 1/n )

then z+1/n
fulz) =n / f(t)dt,
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so |fn| is also bounded by K. Since f, — F’ a.e., then by dominated con-
vergence,

/:F’(x) dz = lim / £o(2) do = limn/ac[F(x +1/n) — F(2)] do
— lim [n / o F(z)dz —n / " R dx}
~Fle) = Flo) = [ f(a)ds,

using the fact that F is continuous. So [([F'(z) — f(z)]dz = 0 for all ¢,
which implies F’ = f a.e. by Lemma 12.5. O

Theorem 12.7 If f is integrable, then F' = [ almost everywhere.

Proof. Without loss of generality we may assume f > 0. Let f,(z) = f(x)
if f(x) <n andlet f,(z) =nif f(z) > n. Then f— f, > 0. If Gy,(x) =
[Z1f = fal, then G, is nondecreasing, and hence has a derivative almost
everywhere. By Proposition 12.6, we know the derivative of f; fn is equal to
fn almost everywhere. Therefore

Pla) =Gy + [ [ 5] 2 o

a.e. Since n is arbitrary, F' > f a.e. So fab F' > fabf = F(b) — F(a). On
the other hand, by Theorem 12.2 fab Fl'(x)de < F(b) — F(a) = fab f. We

conclude that f;[F’ — f] = 0; since F' — f > 0, this tells us that F’ = f a.e.
|

Finally, we look at when fab F'(y)dy = F(b) — F(a).

A function is absolutely continuous on [a,b] if given e there exists 0 such
that Zle |f(z}) — f(z;)] < € whenever {z;,2})} is a finite collection of
nonoverlapping intervals with Zle |z} — x| < 0.

It is easy to see that absolutely continuous functions are continuous and
that the Cantor-Lebesgue function is not absolutely continuous.
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Lemma 12.8 If F(z) = [ f(t)dt for f integrable on [a,b], then F is abso-
lutely continuous.

Proof. Let ¢ > 0. Choose a simple function s such that fab |f —s| <e/2.
Let K be a bound for |s| and let § = ¢/2K. If {(z;,2})} is a collection of
nonoverlapping intervals, the sum of whose lengths is less than ¢, then set
A=UL, (2;,}) and note [,|f —s| <e/2and [, s < K§=c¢/2. 0

Lemma 12.9 If f is absolutely continuous, then it is of bounded variation.

Proof. Let ¢ correspond to € = 1 in the definition of absolute continuity.
Given a partition, add points if necessary so that each subinterval has length
at most 0. We can then group the subintervals into at most K collections,
each of total length less than 0, where K is an integer larger than (14+b—a) /0.
So the total variation is then less than K. O

Lemma 12.10 If f is absolutely continuous on [a,b] and f'(z) = 0 a.e.,
then f is constant.

The Cantor-Lebesgue function is an example to show that we need the
absolute continuity.

Proof. Let ¢ € [a,b], let E = {x € [a,c] : f'(z) = 0}, and let € > 0. For
each point = € E there exists arbitrarily small intervals [x, x+h] C [a, ¢] such
that |f(z + h) — f(x)| < eh. By Lemma 12.1 we can find a finite collection
of such intervals that cover all of E except for a set of measure less than ¢,
where 0 is the 0 in the definition of absolute continuity. If the intervals are
[z, y;] with x; < y; < @01, then > |f(z:41) — f(y:)| < € by the definition of
absolute continuity, while Y |f(y;) — f(z:)| < e> (yi — x;) < e(c —a). So
adding these two inequalities together,

[f(e) = fla)] = ’Z[f(xm) — fy)] + D _[f() = f(2)]| < e +elc—a).

Since € is arbitrary, then f(c) = f(a), which implies that f is constant. ©
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Theorem 12.11 If F is absolutely continuous, then

F(b) - Fla) = / F'(y) dy.

Proof. Suppose F' is absolutely continuous on [a,b]. Then F' is of bounded
variation, so F' = F} — F, where F} and F5, are nondecreasing, and F” exists
a.e. Since |F'(z)| < F{(z) + Fj(x), then [|F'(z)|dx < Fi(b) + Fy(b) —
Fi(a) — F5(a), and hence F’ is integrable. If G(z) = [ F'(t)dt, then G is
absolutely continuous by Lemma 12.8, so F' — (G is absolutely continuous.
Then (F' — G) = 0 a.e., and therefore F' — G is constant. Thus F(z) =
[T F'(t)dt + F(a). If we set = b, we get our result. m

13 LP? spaces

We assume throughout this section that the measure is o-finite. For 1 < p <
00, define the L” norm of f by

111 = ([ 15@pan)”"

For p = oo, define the L*> norm of f by

[flloe = mf{M : u({z : |f(z)| = M}) = 0},

For 1 < p < oo the space L? is the set {f : || f]|, < oo}

The L norm of a function f is the supremum of f provided we disregard
sets of measure 0.

It is clear that || f]|, = 0 if and only if f =0 a.e.

Proposition 13.1 (Holder’s inequality) If 1 < p,q < oo andp™t+q ' =1,
then

/!f(x)g(w)ldu < 17 lxllgllq-

This also holds if p =00 and g = 1.
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Proof. If M = ||f]|e, then [ fg < M [ |g| and the case p = co and ¢ =1
follows. So let us assume 1 < p,q < oco. If ||f|l, = 0, then f = 0 a.e and
[ fg =0, so the result is clear if ||f]|, = 0 and similarly if ||g|l, = 0. Let
F(z) = [f(@)|/IIfll, and G(z) = |g(x)[/l|gllg- Note [|[F|, =1 and [|G[[; = 1,
and it suffices to show that [ FG < 1.

The second derivative of the function e” is again e*, which is positive, and
so e is convex. Therefore if 0 < A\ <1, we have

e)\a+(1—)\)b < e + (1 o )\)617'
If F(x),G(x) # 0, let a = plog F(z), b = qlogG(x), A =1/p, and 1 — X =
1/q. We then obtain
F(z)»  G(x)?
@y, Gy
b q
Clearly this inequality also holds if F'(z) =0 or G(z) = 0. Integrating,

FiPp G||2 1 1
/FGSHnﬂgrm:_+_
p q p q

F(z)G(x) <

= 1.

|

One application of Holder’s inequality is to prove Minkowski’s inequality,
which is simply the triangle inequality for LP.

We first need the following lemma:
Lemma 13.2 Ifa,b >0 and 1 < p < oo, then
(a4 b <207 1aP 4 2P~ 1P,
Proof. To prove this, we may without loss of generality assume a < b. The

case a = (0 is obvious, so we assume a > 0. Dividing both sides by a and
letting « = b/a, the inequality we want is equivalent to

(1+x)p <2p~tporigr g >1. (13.1)

Clearly this inequality is valid for x = 1. So to prove (13.1) it suffices to
show that the derivative of

(1+x)P —2r~1 —op—igp
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is less than equal to 0, or
p(1 4+ z)Pt < 2P tpgP~t) x> 1.

This last inequality hods because 2x > 1 4+ x when x > 1. i

Proposition 13.3 (Minkowski’s inequality) If 1 < p < oo, then

1F+glly < 171+ llgllp-

Proof. Since |(f + g)(z)| < |f(z)| + |g(z)|, integrating gives the case when
p = 1. The case p = oo is also easy. So let us suppose 1 < p < oco. If || f]|,
or ||g|, is infinite, the result is obvious, so we may assume both are finite.
The inequality Lemma 13.2 with a = |f(z)| and b = |g(x)| yields, after an
integration,

/ (f + 9)(@)Pdu < 2 / @) Pdu+ 27 / o(2) P

So we have || f + g||, < co. Clearly we may assume || f + g||, > 0.

Now write
[f+gl” <IFILf+ gl gl [f + g™
and apply Holder’s inequality with ¢ = (1 — %)_1. We obtain

J1z+ar <t [17+970) " gl [ 15491000

Since p~! + ¢! =1, then (p — 1)q = p, so we have
1+ 912 < (£l + lgll ) £ + gll2”.

Dividing both sides by || f + g||%/% and using the fact that p — (p/q) = 1 gives
us our result. O

Minkowski’s inequality says that LP is a normed linear space, provided we
identify functions that are equal a.e.

We say f, converges to f in L” if ||f, — f||[, — 0 as n — oo. The next
proposition compares convergence in LP to convergence in measure. Before
we prove this, we prove an easy preliminary result known as Chebyshev’s
inequality.
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Lemma 13.4 If1 <p < o0,

/115

aP

hS]

p{z = [f(@)] = a}) <

Proof. If A= {z:|f(x)| > a}, then

F@F 1
A)s/ATdusﬁ/m ap.

Proposition 13.5 If f,, converges to f in LP, then it converges in measure.

Proof. If £ > 0, by Chebyshev’s inequality

(e < o)~ 1@ > ) = o 1)~ f@p > erpy < T

cp

Letting f, = n*x(0,1/n) 0on [0, 1] with the measure being Lebesgue measure
gives an example where f,, converges to 0 a.e. and in measure, but does not
converge in LP.

Example 9.4 is an example where f, converges to 0 in L” but not a.e.

We next show that LP is complete. This is often phrased as saying that
LP is a Banach space, i.e., a complete normed linear space.

Proposition 13.6 If1 < p < oo, then L? is complete.

Proof. We do only the case p < oo; the case p = oo is easy. Suppose f,
is a Cauchy sequence in LP. Given ¢ = 2-U*D | there exists n; such that if
n,m > nj, then ||f, — full, < 270, Without loss of generality we may
assume n; > n,_; for each j.

49



Set g = 0 and define fo = 0. If Aj = {z 2 |fo;(®) = fo,_,(x)] > 27977},
then from Lemma 13.4, 1u(A;) < 2772, We have

NS2, U~ A, = lim p(UX_.A,,) < lim A,) =0.
M( 71=1 “m=j ) ]—>oo'u( m=j )_]_’OOZZJM( )
So except for a set of measure 0, for each x there is a last j for which
r € Upy_;An, hence a last j for which x € Aj;. So for each z (except
for the null set) there is a jo (depending on z) such that if j > jo, then

|y () = [, ()] < 277
Set

gj(x) = Z ’fnm(x) - fnm—1<x>"

gj(x) increases for each x, and the limit is finite for almost every = by the
preceding paragraph. Let us call the limit g(z). We have

j
lgslly < D~ 277 + 1 faully < 2+ 1 fua

m=1

by Minkowski’s inequality, and so by Fatou’s lemma, ||g|, < 24| fn, ||, < o0.
We have .

j

Fay () = D (o (2) = far (7).
m=1

Suppose x is not in the null set where g(x) is infinite. Since | f,, (2)— fn, (z)| <
|gn; () = gn,, (x)] — 0 as j, k — oo, then f, () is a Cauchy series (in R), and
hence converges, say to f(x). We have || f — fu,|l, = imyco || fr,, — fo;llp:
this follows by dominated convergence with the function ¢ defined above as
the dominating function.

We have thus shown that ||f — f,,|l, — 0. Given e = 27UtV if m > n,
then ||f — fiull, < I|f — fu,llp + | fin — fo;llp- This shows that f,, converges
to f in LP norm. O

Next we show:

Proposition 13.7 The set of continuous functions with compact support is
dense in LP(RY).
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Proof. Suppose f € LP. By dominated convergence [|f — fx_funl® — 0
as n — oo, the dominating function being |f|?. So we may suppose f has
compact support. By writing f = f* — f~ we may suppose f > 0. By taking
simple functions s,, increasing to f, we have [|f — s,|P — 0 by dominated
convergence, so it suffices to consider simple functions. By linearity, it suffices
to consider characteristic functions with compact support. Given such a yg
and ¢ > 0 we showed in Proposition 8.3 that there exists g continuous with
compact support and with values in [0, 1] such that f lg — xe| < e. Since

g — xe|l <1, then [|g—xp[” < [lg—x&l <e. 0
The following is very useful.

Proposition 13.8 For1 <p<ooc andp '+ ¢! =1,

11, =sun{ [ o lgll < 1}, (13.2)

When p =1 (13.2) holds if we take ¢ = 0o, and if p = oo (13.2) holds if we
take g = 1.

Proof. The right hand side of (13.2) is less than the left hand side by
Holder’s inequality. So we need only show that the right hand side is greater
than the left hand side.

First suppose p = 1. Take g(z) = sgn f(z), where sgna is 1 if a > 0, is
0if a =0, and is —1 if @ < 0. Then g is bounded by 1 and fg = |f|. This
takes care of the case p = 1.

Next suppose p = oco. Since p is o-finite, there exist sets F), increasing
up to X such that u(F,) < oo for each n. If M = ||f||o, let a be any
finite real less than M. By the definition of L® norm, the measure of A =
{z € F, : |f(z)| > a} must be positive if n is sufficiently large. Let g(x)

(sgn f(z))xa(z)/u(A). Then the L' norm of gis L and [ fg = [, |f|/u(4) >
a. Since a is arbitrary, the supremum on the right hand side must be M.

Now suppose 1 < p < oo. We may suppose || f||, > 0. Let ¢, be a sequence
of nonnegative simple functions increasing to f*, r, a sequence of nonneg-
ative simple functions increasing to f~, and s,(x) = (gu(x) — r(2)) X E, ().
Then s, (z) — f(z) for each z, |s,(z)| < |f(x)| for each z, s, is a simple func-
tion, and ||s,||, < oo for each n. If f € LP, then ||s,||, — ||f||, by dominated
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convergence. If [|f|P = oo, then [|s,[’ — oo by monotone convergence.
For n sufficiently large, |/s,|, > 0.

Let
|sn(2) [P~

Isallb/"

gn(x) = (sgn f(2))
Since (p — 1)qg = p, then

([ s @D e s, 15

Hgan = p/q - pla

[0l Isnll»

On the other hand, since |f| > |s,],

-1
[ = LI Sl o

IsallB/"  Ilsnlly/

Since p — (p/q) = 1, then [ fg, > ||sn|lp, which tends to || f||,. m
The above proof also establishes
Corollary 13.9 Forl1 <p<oo andpt+q 1 =1,

11, =sup { [ f9: gl < 1.9 simptc}.

The space L? is a normed linear space. We can thus talk about its dual,
namely, the set of bounded linear functionals on LP. The dual of a space Y
is denoted Y*. If H is a bounded linear functional on LP, we define the norm
of H to be |[H|| =sup{H(f) : [|f[l, < 1}

Theorem 13.10 If1 <p<oo and p~' + ¢ ' =1, then (LP)* = LA.

What this means is that if H is a bounded linear functional on L?, then
there exists g € L9 such that H(f) = [ fg and that if g € L%, then H(f) =
[ fg is a bounded linear functional on LP.

Proof. If g € L9, then setting H(f) = [ fg for f € L? yields a bounded lin-
ear functional; the boundedness follows from Hoélder’s inequality. Moreover,
from Holder’s inequality and Proposition 13.8 we see that ||H|| = ||g]|,-
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Now suppose we are given a bounded linear functional H on LP and we
must show there exists g € L7 such that H(f) = [ fg. First suppose u(X) <
00. Define v(A) = H(xa). If A and B are disjoint, then

v(AUB) = H(xaus) = H(xa + xB) = H(xa) + H(xs) = v(A) + v(B).

To show v is countably additive, it suffices to show that if A, T A, then
v(A,) — v(A). But if A, T A, then x4, — xa in LP, and so v(4,) =
H(xa,) — H(xa) = v(A); we use here the fact that p(X) < co. Therefore
v is a countably additive signed measure. Moreover, if u(A) = 0, then
xa = 0 a.e., hence v(A) = H(xa) = 0. By writing v = v* — v~ and using
the Radon-Nikodym theorem for both the positive and negative parts, we
see there exists an integrable g such that v(A) = [, g for all sets A. If
s =Y a;Xxa, is a simple function, by linearity we have

H(s) =Y aiH(xa) =Y a(A;) = Zai/ngi = /98-

By Corollary 13.9,

lolls = sup{ [ g5 sl < s simple} < sup{H(s) < sl < 1} < | H].

If s,, are simple functions tending to f in LP, then H(s,) — H(f), while by
Holder’s inequality [ s,g — [ fg. We thus have H(f) = [ fg for all f € LP,
and ||g||, < ||H||. By Hélder’s inequality, ||H|| < ||lg]|,-

In the case where u is o-finite, but not finite, let F,, T X be such that
wu(Fy,) < oo for each n. Define functionals H,, by H,(f) = H(fxr,). Clearly
each H, is a bounded linear functional on LP. Applying the above argument,
we see there exist g, such that H,(f) = [ fgn and ||gnlly = || Hnll < | H]|.
It is easy to see that g, is 0 if x ¢ F,,. Moreover, by the uniqueness part of
the Radon-Nikodym theorem, if n > m, then g, = g,, on F},. Define g by
setting g(x) = g,(z) if © € F,,. Then g is well defined. By Fatou’s lemma, g
is in L7 with a norm bounded by || H||. Since fxg, — f in LP by dominated
convergence, then H,(f) = H(fxr,) — H(f), since H is a bounded linear
functional on LP. On the other hand H,(f) = [. fgn = [, f9 — [ fg
by dominated convergence. So H(f) = [ fg. Again by Holder’s inequality
IH | < [lgllp- O
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14 Fourier transforms

Fourier transforms give a representation of a function in terms of frequencies.
We give the basic properties here.

If f € L*(R™), define the Fourier transform f by

fA(u) = /n e f(x)dz, u e R" (14.1)

We are using u - x for the standard inner product in R™. Various books have
slightly different definitions. Some put a negative sign before the iu - x, some
have a 27 either in front of the integral or in the exponent. The basic theory
is the same in any case.

Some basic properties of the Fourier transform are given by

Proposition 14.1 Suppose f and g are in L'. Then

(a) F is bounded and continuous;

(b) (f + 9)(u) = Flu) +3(w); (af)(u) = af(u);
(c) if falx) = f(x +a), then fu(u) = =™ f(u);
(d) if ga(x) = € 7g(x), then Ga(w) = f(u+a);
(¢) if ha(x) = f(ax), then hy(u) = a=" f(u/a).

Proof. (a) f is bounded because f € L' and le"*| = 1. We have

]?(U +h) — A(U) = / (ei(“+h)'x — ei“'x>f($)d$.

~

[F(u+h) = flu)] <

The integrand is bounded by 2|f(x)|, which is integrable, and ¢?** —1 — 0
as h — 0, and thus the continuity follows by dominated convergence.

U-T
e

el _ 1‘ | f()|dz.
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(b) is obvious. (c) follows because
fa(u) — /ezuxf(x + a)dx — /ei“'(xa)f(x)dx _ efiu-a]?(u)

by a change of variables. For (d),

~

Ja(u) = /ei“'zem'mf(x)dx = /ei(““)mf(ac)dx = f(u+a).
Finally for (e), by a change of variables,
alw) = [ e ftantin = a [ 000 pig)ay
= [ g)dy = Flua)

One reason for the usefulness of Fourier transforms is that they relate
derivatives and multiplication.

Proposition 14.2 Suppose f € L' and z;f(z) € L', where x; is the j™"
coordinate of x. Then
of
an

(u) =i / ey, f(z)dx.

Proof. Let e; be the unit vector in the j* direction. Then

~ ~

flu+ he;L-) — f(u) _ %/ (ei(u+hej)~$ _ eiu-a:)f(x)dx

— /eiwx <€ihw;__ 1>f(x)d$.

1 thax;
(e =1)] <l

and z;f(x) € L', the right hand side converges to [ e™“iz;f(x)dz by dom-
inated convergence. Therefore the left hand side converges. Of course, the

limit is Gf/ ou,;. 0

Since

95



The convolution of f and g is defined by
frglx) = /f(rr —y)g(y)dy.
By a change of variables, this is the same as [ f(y)g(z—y)dy, so fxg = g=f.

Proposition 14.3 (a) If f,g € L', then fxg is in L' and ||f x g|: <
£ l1llglls-
(b) The Fourier transform of f g is f(u)g(u).

Proof. (a) We will show f * g is finite a.e. by showing [ |f * g(x)|dx < cc.
We have

[isawlar < [ [ 156 -l

Since the integrand is nonnegative, we can apply Fubini and the right hand
side is equal to

[ 186 = wdslatwids= [ [ 1r)idzlaidy = 11l
The first equality here follows by a change of variables. To verify that we can

do a change of variables, we reduce to simple functions and then characteristic
functions, and then use the translation invariance of Lebesgue measure.

(b) We have
Frglu) = / e / [ —y)g(y)dy dx
B / / e ) f o — y)da eV g(y)dy
- / flwe™vg(y)dy = F(u)g(u).

We applied Fubini in the first equality; this is valid because as we saw in (a),
the absolute value of the integrand is integrable. O

We want to give a formula for recovering f from f First we need to
calculate the Fourier transform of a particular function.
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Proposition 14.4 (a) Suppose f1 : R — R is defined by

filz) = \/1276_x2/2.

Then ﬁ(u) = e /2,
(b) Suppose f, : R" — R is given by

1
fn((L’) = (27’(’)”/2

o172

Then fo(u) = e~luP/2,

Proof. (a) may be proved using contour integration, but let’s give a real
variable proof. Let g(u) = [e™e=*"/2dx. Differentiate with respect to
u. We may differentiate under the integral sign because (e("th)z — giuz) /p
is bounded in absolute value by |z| and |z|e=**/? is integrable; therefore
dominated convergence applies. We then obtain

g'(u) = i/ei“xerQ/de.
By integration by parts this is equal to

—u/ei“xe_xQ/de = —ug(u).

Solving the differential equation ¢'(u) = —ug(u), we have
g'(u)
]_Ogg u / = = —u7
fog g} = 2%

so log g(u) = —u?/2 + ¢;, and so then

2

g(u) = coe™™. (14.2)

Since g(0) = [ e */2dx = /2w, ¢; = v/21. Substituting this value of ¢, in
(14.2) and dividing both sides by /27 proves (a).
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One more preliminary before proving the inversion theorem.

Proposition 14.5 Suppose ¢ is in L' and [@(x)de = 1. Let pa(x) =
A "p(x/A).

(a) Then ||f x pa— f|]l1 — 0 as A — 0.

(b) If f is continuous with compact support, then f x @4 converges to f
pointwise.

Proof. (a) Let ¢ > 0. Choose g continuous with compact support so that
IIf—glli <e. Let h = f—g. A change of variables shows that ||¢all1 = |||l
Observe

I f*xoa—fllh < |lg*va—glli +1[h*va—h|h

and
[h*pa—hlly < |hlls + |h*xpalls < [|Rlls + (Rl llealls < e+ [lel1)-

So since ¢ is arbitrary, it suffices to show that g * o4 — ¢ in L.

We start by writing
g*pa(z) —g(z) = /g(x —y)paly)dy — g(x) = /g(fv — Ay)p(y)dy — g(z)
= /[g(aﬁ — Ay) — g(z)]e(y)dy.

We used a change of variables and the fact that [¢(y)dy = 1. Because ¢
is continuous with compact support, then g is bounded, and the integral on
the right goes to 0 by dominated convergence, the dominating function being
ll9]lool(v)]. Therefore g * @ 4(x) converges to g(z) pointwise.
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To show the convergence in L', we have
[19+ea) —gloldo < [ [l - a9 - g lotldyds
— [ [19te = a9) = g@)l etz dy.

Since ¢ is continuous with compact support and hence bounded, for each y

Galy) = / lg(z — Ay) — g(x)|dz

converges to 0 as A — 0 by dominated convergence. Also

Galy) < / 9 — Ay)lde + / l9(2)ldz < 2glly < oo.

Then
/GA(y)IsO(y)Idy
converges to 0 as A — 0 by dominated convergence, the dominating function

being 2||g||1[(y)]-

(b) This follows from the argument we used for g above. m

Now we are ready to give the inversion formula. The proof seems longer
than it might be, but there is no avoiding the introduction of the function
H, or some similar function.

Theorem 14.6 Suppose f,f € L'. Then

1

fly) = @) /ei”'yf(U)du, a.e.

~

Proof. If g(x) = a " f(x/a), then its Fourier transform is f(au). So the
Fourier transform of

1 1 —332/2(12
— e
an (27r)n/2

—a?u?/2

ise . Therefore if we let

1 _zl2/2a2
Ha(m): (271') € l=l*/2 )

3
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we have

~

H,(u) = (2m) " 2ae 1 /2,
We have

/ Flu)e 9 Hy (u)du
_ / / e f(2)e Y H, (u)dz du
B / / " H,(u)du f(x) do
_ / Bo(x — o) f(z)dz. (14.3)

We can interchange the order of integration because

[ [ @il i< o

The left hand side of the first line of (14.3) converges to (2r)™" [ f(u)e*w'ydy

as a — oo by dominated convergence and the fact that fe L'. The last line
of (14.3) is equal to

/ Au(y — o) f(@)de = £+ Hu(y) (14.4)

since ﬁa is symmetric. But by Proposition 14.5, f x }A[a converges to f in L*
as a — 0Q. O

The last topic that we consider is the Plancherel theorem.

Theorem 14.7 (a) Suppose f is continuous with compact support. Then
feL?and R
1£1l2 = @m) 21 ]l (14.5)

(b) We can use the result in (a) to define ]? when f € L? and so that
(14.5) holds.
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Proof. (a) Let g(z) = f(—=z). Note

~

) = [ e T = [ eivef(-ayde = [ e pia)de = Flu)

By (14.3) and (14.4) with y =0
[ g HL(0) = / 7= () Ha(u)du. (14.6)

Since m( ) = ]?( Yg(u) = |]?( )%, the > right hand side of (14.6) converges
by monotone convergence to (2r)~" [ | f( f )|?du as a — oo. Since f and g
are continuous with compact support then it is easy to see that f * g is also,
and so the left hand side of (14.6) converges to f * g(0) = [ f(y y)dy =
[ 1f(y)[?dy by Proposition 14.5(b).

(b) The set of continuous functions with compact support is dense in L.
Given a function f in L2, choose a sequence of continuous functions with
compact support {f,} such that f,, — fin L?. By the result in (a), {f} is
a Cauchy sequence in L?, and therefore converges to a function in L?, which
we call f. If {f/.} is another sequence of continuous functions with compact
support converging to f in L? then {f,, — f/ .} is a sequence of continuous
functions with compact support converging to 0 in L?; by the result in (a),
fm —f,’n converges to 0 in L?, and therefore fis defined uniquely up to almost
everywhere equivalence. By passing to the limit in L? on both sides of (14.5),
we see that (14.5) holds for f € L% O

Richard F. Bass
Department of Mathematics
University of Connecticut
Storrs, CT 06269-3009, USA

bass@math.uconn.edu

61



