
For a proof see[1, Section 10.A].

The existenceof 〈M 〉t follows immediately.

The orem 7.7 If Mt is a continuous martingale, there exists a continuous
nondecreasing process〈M 〉t suchthat M 2

t − 〈M 〉t is a martingale.

Pro of. By the conditional form of JensenÕsinequality wit h g(x) = x2, we
seethat M 2

t is a submartingale. Apply the Doob-Meyer decomposition to
X t = M 2

t and set 〈M 〉t = At .

If M and N are two square integrable martingales, we deÞne〈M , N 〉t by
polarization: 〈M , N 〉t = 1

2[〈M + N 〉t − 〈M 〉t − 〈N 〉t ].
An alternativ e representation of 〈M 〉t is the following. A proof could be

given now, but it is a bit messy. After we have ItoÕsformula this will be
easier.

Pro positi on 7.8 Let t > 0 and ti = it/ 2n. The 〈M 〉t is the limit is proba-
bility of

2n!

i =1

(Mt i −Mt i! 1 )2.

8 Stochasti c in tegrals

For simplicity, we will Þrst deÞnestochastic integrals wherethe integrand is
bounded,adapted, and left cont inuous. Then we will show how to generalize
this.

Let Mt be a continuous martingale, supposeFt} is a Þltration satisfying
the usual conditions, and Ht an adapted process whosepaths are bounded
and left continuous. We want to deÞne

Nt =
" t

0
Hs dMs. (8.1)

We do this in threesteps:
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(Step 1) when Hs(! ) = K (! )1(a,b](s), where K is bounded and Fa measur-
able;

(Step 2) when Hs is a sum of processesof the form in Step 1;

(Step 3) when H is bounded, adapted, and left continuous.

Recall that when Mt is a Brownian motion, 〈M 〉t = t, and it might help
to work through the proofs in this special case.

Pro positi on 8.1 SupposeH is as in Step1 above. Then

Nt = K (Mt! b−Mt! a)

is a continuous martingale,

E N 2
" = E

" "

0
K 21(a,b](s) d〈M 〉= E [K 2(b− a)],

and

〈N 〉t =
" t

0
K 21(a,b](s) d〈M 〉.

Pro of. The continuity is clear. Let us look at E [Nt | Fs]. In the case
a < s < t < b, this is equal to

E [K (Mt −Ma) | Fs] = K E [(Mt −Ma) | Fs] = K (Ms −Ma) = Ns.

In the cases < a < t < b, E [Nt | Fs] is equal to

E [K (Mt −Ma) | Fs] = E [K E [Mt −Ma | Fa] | Fs] = 0 = Ns.

The other possibilit ies for wheres and t can be are done similarly.

For E N 2
" , we have

E N 2
" = E [K 2E [(Mb−Ma)2 | Fa] ] = E [K 2E [M 2

b −M 2
a | Fa] ]

= E [K 2E [〈M 〉b− 〈M 〉a | Fa] ] = E [K 2(〈M 〉b− 〈M 〉a)].
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For 〈N 〉t , we needto show

E [K 2(Mt! b−Mt! a)2 − K 2(〈M 〉t ! b− 〈M 〉t ! a) | Fs]

= K 2(Ms! b−Ms! a)2 − K 2(〈M 〉s! b− 〈M 〉s! a).

We do this by checking all the casesof wheres and t can be.

Next suppose

Hs(! ) =
J!

j =1

K j 1(aj ,bj ](s), (8.2)

whereeach K j is Faj measurable and bounded. DeÞne

Nt =
J!

j =1

K j (Mt! bj −Mt! aj ).

Pro positi on 8.2 With H as in (8.2), Nt is a continuous martingale,

E N 2
" = E

" "

0
H 2

s d〈M 〉,

and

〈N 〉t =
" t

0
H 2

s d〈M 〉.

Pro of. We may rewrite H so that the intervals (aj , bj ] satisfy a1 ≤ b1 ≤
a2 ≤ b2 ≤ · · · ≤ bn. It is then clear that Nt is a continuous martingale.

We have

E N 2
" = E

#!
H 2

j (Mbj −Maj )
2
$

+ 2E
#!

i<j

Hi Hj (Mbi −Mai)(Mbj −Maj )
$
.

The crossterms vanish, becausewhen we condition on Faj , we have

E [Hi Hj (Mbi −Mai)E [(Mbj −Maj ) | Faj ] ] = 0.
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For the diagonal terms

E [H 2
j (Mbj −Maj )

2] = E [H 2
j E [(Mbj −Maj )

2 | Faj ] ]

= E [H 2
j E [M 2

bj
−M 2

aj
| Faj ] ]

= E [H 2
j E [〈M 〉bj

− 〈M 〉aj
| Faj ] ]

= E [H 2
j ([〈M 〉bj

− 〈M 〉aj
])].

So

E N 2
" = E

" "

0
H 2

s d〈M 〉s. (8.3)

The formula for 〈N 〉t is proved similarly.

Now supposeHs is bounded, adapted, left continuous, and

E
" "

0
H 2

s d〈M 〉s < ∞.

Choose H n
s of the form given in (2) above such that

E
" "

0
(H n

s − Hs)2 d〈M 〉s → 0.

Taking H n
s equal to Hk/ 2n if k/ 2n < s ≤ (k + 1)/ 2n for s < n and H n

s = 0 if
s ≥ n will work. By DoobÕsinequality we have

E
#

sup
t

(
" t

0
(H n

s − H m
s ) dMs)2

$
≤ 4E

%" "

0
(H n

s − H m
s ) dMs

&2

= 4E
" "

0
(H n

s − H m
s )2 d〈M 〉s → 0.

One can show that the norm

‖Y‖ = (E [sup
t

|Yt |2])1/ 2 (8.4)

is complete; this is Exercise8.3 below. Sothere exists a process Nt such that
supt [

' t
0 H n

s dMs − Nt ] → 0 in L2.

If H n
s and H n

s
# are two sequencesconverging to H , then

E
%" t

0
(H n

s − H n
s

#
&

dMs)2 = E
" t

0
(H n

s − H n
s

#)2 d〈M 〉s → 0,
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or the limit is independent of which sequenceH n we choose. It is easy to
see, becauseof the L2 convergence,that Nt is a martingale,

E N 2
t = E

" t

0
H 2

s d〈M 〉s,

and

〈N 〉t =
" t

0
H 2

s d〈M 〉s.

Because supt [
' t

0 H n
s dMs − Nt ] → 0 in L2, there exists a subsequencesuch

that the convergence takesplacealmost surely. So with probabilit y one, Nt

has continuous paths. We write Nt =
' t

0 Hs dMs and call Nt the stochastic
integral of H with respect to M .

Exer cise 8.3 Show the norm given in (8.4) is complete.

Where did we usethe facts that Hs was bounded,adapted, and left con-
tinuous? We did so only in coming up with our H n

s processes. So whenever
we can approximate our Hs by H n

s processes of the form in Step 2 above,
our argument goes through. The classof HsÕsthat we can handle are called
predictable processes. They are deÞned as follows.

SupposeFt satisÞesthe usual conditions. We will let P be the " -Þeld
on ! × [0,∞) generated by all processesof the form Hs(! ) = K (! )1(a,b](s),
whereK is Fa measurable and bounded. P is called the predictable " -Þeld.
If Hs is adapted and has left continuous paths, then observe that

Hs(! ) = lim
n$"

"!

i =1

H(i %1)/ 2n(! )1(( i %1)/ 2n,i/ 2n](s),

and therefore such H Õsare examplesof predictable processes.

We summarize our construct ion as follows.

The orem 8.4 Supposethe Þltration Ft satisÞesthe usualconditions and Mt

is a martingale with continuous paths. SupposeH is of the form

J!

i =1

K j (! )1(aj ,bj ](s), (8.5)
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and each K j is bounded and Faj measurable. In this casedeÞne

" t

0
Hs dMs =

J!

j =1

K j (Mt! bj −Mt! aj ).

If H is predictableand

E
" "

0
H 2

s d〈M 〉s < ∞,

chooseH n of the form given in (8.5), and deÞne

Nt =
" t

0
Hs dMs

to be the limit with respect to the norm (8.4) of
' t

0 H n
s dMs. Then Nt is a

continuous martingale,

E N 2
" = E

" "

0
H 2

s d〈M 〉s,

and

〈N 〉t =
" t

0
H 2

s d〈M 〉s.

Moreover the deÞnition of Nt is independentof the particular choice H n.

There are some extensions of the deÞnition that are fairly routine. If' "
0 H 2

s d〈M 〉s < ∞ but without the expectation being Þnite, let TN = inf{t :' t
0 H 2

s d〈M 〉s > N } and deÞne
' t

0 Hs dMs to be
' t

0 Hs dMs! TN if t ≤ TN . It
is not hard to seethat the obvious consistencycondition holds and so the
stochast ic integral is well deÞned.

Mt is said to be a local martingale if there exist stopping times Sn → ∞
such that Mt! Sn is a square integrable martingalefor each n. If this happens,
then wesay the stopping timesSn reduceMt . If M t is a local martingale, then
S#

n = inf{t : |Mt | ≥ n} will alsobe stopping times that reduceM . In the case
of a local martingale, we set

' t
0 Hs dMs =

' t
0 Hs dMs! Sn and 〈M 〉t = 〈M 〉t ! Sn

if t ≤ Sn. Again there is consistency to check.

A processis locally of boundedvariation if there exist stopping times Rn

such that ARn! t has paths of bounded variation. A semimartingale is the
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sum of a local martingale and a processof locally bounded variation. If' "
0 H 2

s d〈M 〉s +
' "

0 |Hs| |dAs| < ∞ and X t = Mt + At , we deÞne

" t

0
Hs dXs =

" t

0
Hs dMs +

" t

0
Hs dAs,

wherethe Þrst integral on the right is a stochastic integral and the second is
a Lebesgue-Stielt jesintegral. For a semimartingale, we deÞne〈X 〉t = 〈M 〉t .

Given two semimartingales X and Y we deÞne〈X , Y 〉t by polarization:

〈X , Y 〉t =
1
2

[〈X + Y 〉t − 〈X 〉t − 〈Y 〉t ].

9 I to Õsform ul a

The most important theoremof stochastic integration is ItoÕsformula. This
is also known as the changeof variables formula.

The orem 9.1 Let X t be a continuous semimartingaleand f ∈ C2. Then

f (X t ) = f (X 0) +
" t

0
f #(X s) dXs +

1
2

" t

0
f ##(X s) d〈X 〉s.

Pro of. Let TN = inf{t : |Mt | > N or 〈M 〉t > N or
' t

0 |dAs| > N }. If we
obtain ItoÕsformula for X t! TN , we can let N → ∞. SinceItoÕsformula is a
path by path result, that will su"ce. So we may assumeMt , 〈M 〉t , At , and' t

0 |dAs| are all boundedby N . In particular , X t is bounded, and sowe may
assumethat f , f #, and f ##are all bounded.

Let t0 > 0, # > 0, S0 = 0, and deÞne

Si +1 = inf{t > Si : |Mt −MSi| > # or 〈M 〉t − 〈M 〉Si
> #

or
" t

Si

|dAs| > # or t − Si > #} ∧ t0.

Note Si →∞ as i →∞ by the continuity of paths.
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The key idea to ItoÕsformula is TaylorÕstheorem. Sowe write

f (X t ) − f (X 0) =
"!

i =0

[f (X Si+1 ) − f (X Si)]

=
!

f #(X Si)(X Si+1 − X Si) +
1
2

!
f ##(X Si)(X Si+1 − X Si)

2

+
!

Ri ,

whereRi is the remainder term. We have |Ri | ≤ $(#)(X Si+1 − X Si)
2, where

$(#) → 0 as #→ 0.

Let us Þrst look at the terms with f # in them. Let H !
s = f #(X Si) if

Si ≤ s < Si +1 .By the cont inuity of f # and X s, then H !
s convergesboundedly

andpointwiseto f #(X s). In particular,
' t0

0 |H !
s−f #(X s)| |dAs| → 0 boundedly,

hencein expectation, and E
' t0

0 |H !
s− f #(X s)|2 d〈M 〉s → 0 as#→ 0. We then

have
!

i

f #(X Si)(X Si+1 − X Si) =
" t0

0
H !

s (dMs + dAs) →
" t

0
f #(X s) (dMs + dAs),

which leads to the f # term in ItoÕsformula.

Next let us look at the f ##terms. We can write

(X Si+1 −X Si)
2 = (MSi+1 −MSi)

2+ 2(MSi+1 −MSi)(ASi+1 −ASi)+ (ASi+1 −ASi)
2.

Note
(

f ##(X Si)(MSi+1 −MSi)(ASi+1 − ASi) is boundedin absolute value
by

!
‖f ##‖" #|(ASi+1 − ASi)| ≤ ‖f ##‖" #

" t0

0
|dAs| ≤ ‖f ##‖" #N,

which goes to 0 as #→ 0; this follows becauseof the deÞnition of Si . Simi-
larly(

f ##(X Si)(ASi+1 − ASi)
2 alsogoesto 0.

By an argument very similar to the one for the f # terms,

!
f ##(X Si)(〈M 〉Si+1

− 〈M 〉Si
) →

" t0

0
f ##(X s) d〈M 〉s,

and since〈X 〉t = 〈M 〉t , this leadsto what we want. Sowe needto show that
!

f ##(X Si)[(MSi+1 −MSi)
2 − (〈M 〉Si+1

− 〈M 〉Si
)]
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tendsto 0 as#→ 0. Wewill show it convergesin L2, and sincef ##is bounded,
we needto show E [(

(
Bi )2] → 0, where

Bi = f ##(X Si)[(MSi+1 −MSi)
2 − (〈M 〉Si+1

− 〈M 〉Si
)].

If i < j , then
E [Bi Bj ] = E [Bi E [Bj | FSi+1 ]].

By calculations very similar to ones we have already done before, we see
that E [Bj | FSi+1 ] = 0, so the cross products vanish. As E (

(
Bi )2 =

E
(

i B 2
i + 2

(
i<j Bi Bj , we needto show E

(
i B 2

i → 0 as # → 0. We use
the easy inequality (x + y)2 ≤ 2x2 + 2y2. Then sincef ##is bounded,

E
!

B 2
i ≤ 2‖f ##‖2

"

!

i

E [(MSi+1 −MSi)
4]

+ 2‖f ##‖2
"

!
E [(〈M 〉Si+1

− 〈M 〉Si
)2].

The Þrst sum is boundedby

2#2‖f ##‖2
"

!

i

E [(MSi+1 −MSi)
2] = 2#2‖f ##‖2

" E [M 2
t0
−M 2

0 ] ≤ 8#2‖f ##‖2
" N 2.

The secondsum is bounded by

2#‖f ##‖2
"

!

i

E [(〈M 〉Si+1
− 〈M 〉Si

] ≤ 2#‖f ##‖2
" E 〈M 〉t 0

≤ 2#‖f ##‖2
" N.

Both of thesetend to 0 as #→ 0.

The Þnal term to examine is the remainder terms. We have shown that(
(X Si+1 − X Si)

2 remains boundedas # → 0. Multiply ing this by $(#), we
see

(
Ri → 0 as #→ 0.

There is a mult ivariate versionof ItoÕsformula, which is proved the same
way:

f (X t ) = f (X 0)+
" t

0

d!

i =1

f xi(X s) dX i
s+

1
2

" t

0

d!

i,j =1

f xixj (X s) d〈X i , X j 〉s. (12.1)

HereX t = (X 1
t , . . . , X d

t ) and f xi denotes the partial derivative of f in the xi

direction, and similarly for the secondpartial derivatives.

The following is known asthe integration by parts formula or the product
formula.
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Coro ll ary 9.2 If X and Y are continuous semimartingale, then

X tYt = X 0Y0 +
" t

0
X s dYs +

" t

0
Ys dXs + 〈X , Y 〉t .

Pro of. By ItoÕsformula,

X 2
t = X 2

0 + 2
" t

0
X s dXs + 〈X 〉t .

Apply this to X + Y, X , and Y, and usepolarization.

10 Some appli cati ons

The following is known as LevyÕstheorem.

The orem 10.1 Let Mt be a continuous local martingale with M0 = 0 and
〈M 〉t = t. Then Mt is a Brownian motion.

Pro of. Fix t0 and let Nt = Mt+ t0 −Mt0 , F#
t = Ft+ t0 . It is routine to check

that Nt is a martingale with respect to F#
t and that 〈N 〉t = t. In particular,

E N 2
t = t < ∞.

By ItoÕsformula,

eiuN t = 1 + iu
" t

0
eiuN s dNs −

u2

2

" t

0
eiuN s ds.

Take A ∈ F#
0 and take expectations over the set A. The martingale term will

have 0 expectation, and we are left with

E [eiuN t; A] = P(A) − u2

2

" t

0
E [eiuN s ; A] ds.

Write J (t) = E [eiuN t; A], so we have

J (t) = P(A) − u2

2

" t

0
J (s) ds.
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Since J is bounded, the above equation shows that J is continuous. If
J is continuous, the above equation shows that J is di#erent iable. Hence
J #(t) = −u2

2 J (t) with J (0) = P(A). The only solution to this ordinary
di#erential equation is

J (t) = P(A)e%u2t/ 2.

If we set A = !, this tells us that Mt+ t0 −Mt has as distributio n that of
a meanzero,variance t normal random variable. The equation then tells us
that E [eiuN t; A] = E [eiuN t]P(A), which shows the independence.The other
properties that are neededto show that Mt is a Brownian motion are easy.

The next theoremsays that most continuousmartingales arise from Brow-
nian motion via a time change. That is, the paths are the same, just the rate
at which one movesalong the paths varies. In fact, if one allows Brownian
motion stopped at random times, it is possible to show that all cont inuous
martingales arise from a time change of Brownian motion.

The orem 10.2 SupposeMt is a continuous martingale, M0 = 0, 〈M 〉" =
∞ a.s., and 〈M 〉t is increasing. Let %(t) = inf{u : 〈M 〉u ≥ t}. Then
X t = M" (t) is a Brownian motion with respect to F#

t = F" (t ) .

Pro of. We have

E [X t | F#
s] = E [M" (t) | F" (s) ] = M" (s) = X s,

or X t is a cont inuous martingale. Similarly, X 2
t − t is a martingale. Now

apply LevyÕs theorem. (It is left to the reader to handle the integrabilit y
issues.)

The next theorem says that every martingaleadapted to the Þltration of a
Brownian motion canbeexpressedasa stochast ic integral with respect to the
Brownian motion. This usedto be a rather arcaneresult that was of interest
only to probabilists specializing in martingales. But then it turned out that
this theoremis the basis of the Fundamental Theorem of Asset Pricing in
mathematical Þnance.
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The orem 10.3 Let Ft be the Þltration of a Brownian motion X t , and let Y
be F1-measurablewith E Y 2 < ∞. There existsHs that is P-measurablewith
E

' 1
0 H 2

s ds < ∞ suchthat

Y = E Y +
" 1

0
Hs dXs. (10.1)

Note that if M t is a right cont inuous squareintegrable martingale with
M0 = 0 adapted to Ft , then E M1 = E M0 = 0 and M1 =

' 1
0 Hs dXs for

someappropriate H . Taking conditional expectations wit h respect to Ft , we
obtain Mt =

' t
0 Hs dXs. This holds almost surely for each t. Thus it holds

for all t rational, except for a null set. SinceMt is right continuous, it holds
for all t. A consequenceof this is that every squareintegrable martingale
adapted to the Brownian Þltration is continuous.

Pro of. By ItoÕsformula with f (x) = ex and semimartingale iuX t + u2t/ 2,
we see

eiuX t+ u2t/ 2 = 1 +
" t

0
iueiuX r+ u2r / 2 dXr ,

or

eiuX t = e%u2t/ 2 +
" t

0
iueiuX r+ u2r / 2%u2t/ 2 dXr .

So (10.1) holds when Y = eiuX t and moreover, the support of H in this case
is contained in [0, t]. Similarly, (10.1) holds when Y = eiu (X t%X s) , and in this
casethe support of the corresponding H is [s, t].

Supposenow that Y1 and Y2 are two random variables for which (10.1)
holds wit h the supports of the corresponding H1 and H2 overlapping by at
most Þnitely many points. Let Yi (t) = E [Yi | Ft ], i = 1, 2. Note Yi (0) = E Yi .
Then by the product formula,

Y1Y2 = E Y1E Y2 +
" 1

0
Y1(s) dY2(s) +

" 1

0
Y2(s) dY1(s) + 〈Y1, Y2〉1

= E Y1E Y2 +
" 1

0
Y1(s)H2(s) dXs +

" 1

0
Y2(s)H1(s) dXs

+
" 1

0
H1(s)H2(s) ds

= E Y1E Y2 +
" 1

0
K s dXs,
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wherethe support of K s is containedin theunion of the supports of the Hi (s);
we usedhere that H1(s)H2(s) = 0 for all but Þnitely many sÕs.Taking ex-
pectation, E Y1Y2 = E Y1E Y2. Thus (10.1) holds for Y1Y2. Using induction,
(10.1) will hold for the product of n random variables Yi , i = 1, . . . , n, pro-
vided the supports of any two of the corresponding Hi overlap by at most
Þnitely many sÕs.Combining this with the Þrst paragraph of the proof, we
seethat if t1 < t2 < · · · tn+1 ≤ 1, then the random variables of the form
Y = exp(i

( n
j =1 uj (X tj+1 − X tj )) satisfy (10.1).

Such random variables generateF1. So we will have our theorem if we
prove that whenever Yn satisÞes(10.1) and Yn → Y in L2, then Y satisÞes
(10.1). Sosupposeeach Yn satisÞes(10.1) with integrand Hn(s) and suppose
Yn → Y in L2. Then E Yn → E Y, and Yn −E Yn convergesin L2 to Y −E Y.
Since

E
" 1

0
(Hn(s) − Hm(s))2 ds = E ((Yn − E Yn) − (Ym − E Ym))2 → 0,

there exists Hs (adapted to P, becauseeach Hn is adapted to P) such that
E

' 1
0 H 2

s ds < ∞ and E
' 1

0 (Hn(s) − Hs)2 ds→ 0. Therefore

E ((Yn − E Yn) −
" 1

0
Hs dXs)2 = E

" t

0
(Hn(s) − Hs)2 ds→ 0.

Since Yn − E Yn convergesin L2 to Y − E Y, it follows that Y − E Y =' 1
0 Hs dXs.

One Þnal application for now.

Pro positi on 10.4 If M is a square integrablecontinuous martingale, then
〈M 〉t is the limit in probability of

2n!

k=1

(Mk/ 2n −M(k+1 )/ 2n)2. (10.2)

Pro of. By a stopping t ime argument we may supposeM is boundedby L.
If s > 0 and we let Nt = Ms+ t −Ms, then Nt is a martingale with respect to
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the Þltration F#
t = Fs+ t and we can check that 〈N 〉t = 〈M 〉t+ s − 〈M 〉s. So

by ItoÕsformula,

(Mt+ s −Ms)2 = 2
" t

0
(Mr + s −Ms) dMr + (〈M 〉t+ s − 〈M 〉s).

Applying this we seethat

2n!

k=1

(Mk/ 2n −M(k+1 )/ 2n)2 − 〈M 〉t

is equal to

2
" t

0
K n

r dMr ,

where K n
r = Mr + s − Mr for (k − 1)/ 2n ≤ r < k/ 2n. The L2 norm of this

squared is

4E
" t

0
(K n

r )2 d〈M 〉r . (10.3)

The integrand (K n
r )2 is boundedby 4L2, E L2〈M 〉t is Þnite, and K n

r tends to
0 asn →∞. Soby dominated convergence, (10.3) tendsto 0. The reasonwe
only have convergencein probabilit y rather than in L2 is due to the stopping
time argument.

11 Girsano v t ransformat ion

We look at what happens to a Brownian motion when we change P to an-
other probabilit y measureQ. This may seemstrange, but there are many
applications of this, not least to Þnance.

We Þrst make some observations. If Yt is a continuous local martingale
with Y0 = 0, applying ItoÕsformula to X t = Yt − 1

2〈Y 〉t and the funct ion ex

yields

Zt = eYt%&Y ' t/ 2 = 1 +
" t

0
eX sd

%
Ys −

1
2
〈Y 〉s

&
+

1
2

" t

0
eX sd〈Y 〉s

= 1 +
" t

0
Zs dYs.
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