For a proof see[1, Sectian 10.A].

The existenceof (M), follows immediately.

Theorem 7.7 If M; is a continuous martingale, there exists a continuous
nondereasing process (M ), suchthat MZ — (M), is a martingale.

Pro of. By the conditional form of JensenOmequality with g(x) = x2, we
seethat M? is a submatingale. Apply the Doob-Meyer decanposition to
X¢= M2 andset(M), = A;. o

If M and N are two square integrable martingales, we debne(M, N ), by
polarization: (M,N), = 2[(M + N), — (M), — (N),].

An alternativ e represetation of (M), is the following. A proof could be
given now, but it is a bit mesy. After we have ItoOsformula this will be
easier.

Proposition 7.8 Lett> O andt; = it/ 2". The (M), is the limit is proba-
bility of

!2’VL
(Mti - Mti! 1)2'
i=1

8 Stochastic integrals

For simplicity, we will Prst dePnestochastic integrals wherethe integrand is
bounded,adapted, and left cortinuous. Then we will shov how to generalize
this.

Let M be a cortinuous martingale, suppose F; } is a Pltration satisfying
the usual conditions, and H; an adapted processwhosepaths are bounded
and left continuous. We want to debne

t
Nt = Hdes. (8.1)
0

We do this in three steps:
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(Step 1) whenHs(! ) = K (! )1ay(s), where K is boundedand F, measur-
able;

(Step 2) when Hg is a sum of procesgsof the form in Step 1;

(Step 3) whenH is bounded, adapted, and left continuous.

Recall that when M, is a Brownian motion, (M), = t, and it might help
to work through the proofsin this special case.

Pro position 8.1 SupmseH is asin Step1 alove. Then
Nt = K(Myp— My a)

is a continuous martingale,
EN? = E Kzl(a,b](s) d(M)_E[K?*(b- a)],
0

and .
(N), = . K?1ay(s) d(M).

Pro of. The cortinuity is clear. Let uslook at E[N; | Fs]. In the case
a< s<t< b this is equalto

E[K(M{—My,) | Fs] = KE[(M{ —Mj) | Fs] = K(Ms —Mg) = Ns.

In thecases< a< t < b E[N; | 5] is equd to
E[K(M{—My) | F]= E[KE[M; — Mg, | Fa] | Fs] = 0= Ns.

The other possbilit iesfor wheres and t can be are done similarly.
For EN?, we have

EN? = E[K’E[(Mp—Ma)? | Fal]l = E[K’E[M{ —MZ | 7]
= E[K?E[(M),— (M), | Fal] = E[K?((M), — (M),)].
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For (N ),, we needto show

E[K 2(Mt! b — Mt! a)2 - K2(<M >t! b <M >t! a) | fs]
= KZ(MS! b— MS! a)2 - K2(<M >s! b <M >s! a)'

We do this by cheding all the casesof wheres and t can be. o

Next suppose
1J

Hs(1) = KjLa,p(9), (8.2)
j=1

whereeach K; is F,, measurdle and bounded. Debne
| J

N¢ = Kj(Mt! bj—Mt! aj)-
j=1

Pro position 8.2 With H asin (8.2), N; is a continuous martingale,

ENZ = E HZd(M)

and

Pro of. We may rewrite H sothat the intervals (a,] satisfy a; < by <
a <hb <---<h,. It isthen clear that N, is a continuous marting ale.

We have
#1 $ #1 $
EN2 = E HZ(Mp, —Mg)* + 2E HiH;j (Mp, — Ma,)(Mp, — M,,) .

i<j
The crossterms vanish, becausevhen we condition on 75, we have

E[H,HJ(Mbl — Maz)E[(Mbj — Maj) | fa].]] = 0.
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For the diaganal terms

E[H?(Mb, —Ma,)?l = E[HE[(Ms, — Ma,)? | 75,11
EHPEME —MZ | Faoll
EMHZE[M )y, — (M), | Fa,1]
E[HZI(M )y, — (M), DI

So ;
EN2 = E H2d(M ).
0
The formula for (N), is proved similarly.

Now supposeHs is bounded, adapted, left continuous, and

Choose H{ of the form givenin (2) above sud that

E  (H] —Hy?d(M), — 0.
0

S

(8.3)

Taking HY equalto Hy n if k/I2" < s < (k+ 1)/2" fors< nandH{ = O if

s > n will work. By DoobOsnequality we have

# " $ % - &

E sup( (H) —HIMdMg)? <4E (H) —HI) dMs
t 0 n 0

= 4E  (HI —HD)?dM)
0

One can show that the norm

1Y = (E[Slth|Yt’2])1/2

— 0.

S

(8.4)

is complete; this is Exercise 8.3 belon. Sothere exists a proces N; sud that

sup[ 4 HY dMs — N] — 0in L2,
If H} and HQ#are two sequencesonvergng to H, then
% & "

0
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or the limit is independent of which sequenceH" we choose. It is easy to
see becauseof the L2 corvergencethat N, is a martingale,

t

ENZ=E HZdM)

s?

and "

Because sup[ OtHSn dMs — N{] — 0in L?, there exists a subsequenceud
that the corvergence takesplace almost surely. Sowith probability one, N
has continuous paths. We write N, = g H; dMs and call N, the stochastic
integral of H with respectto M.

Exer cise 8.3 Show the norm givenin (8.4) is complete.

Where did we usethe facts that Hs was bounded, adapted, and left con-
tinuous? We did so only in coming up with our H{ processs. Sowhene\er
we can approximate our Hs by H[ processs of the form in Step 2 above,
our argumert goes through. The classof HsOghat we can handle are caled
predictable processes They are debne as follows.

Suppose F; satisbesthe usual conditions. We will let P be the " -bdd
on! x[0,00) geneated by all processesof the form Hs(! ) = K (! )1a(S),
whereK is F, measurdle and bounded. P is called the predictable " -pdd.
If Hs is adapted and has left continuous paths, then obsene that

"
Hs(!) = nlism H 61y 20 (1 )L cioerys 2n,r 201(S),
i=1
and therefore sud H Osre examplesof predictable processes

We summaiize our construction as follows.

The orem 8.4 Supmsethe bltration F; satispeghe usualconditions and M
is a martingale with continuous paths. SupmseH is of the form

!J
Kj (! )1, 0;(8), (8.5)

i=1
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and each K; is boundel and 7,, measurble. In this casedePne

t 1J
Hs dMs = Kj(MI! bj_Mt! aj)-

If H is predictableand

E HZd(M)
0

s < 00,

chaseH" of the form givenin (8.5), and debne

t
HsdMg
0

Ni

to be the limit with regect to the norm (8.4) of
continuous martingale,

t

o Hd dMs. Then Ny is a

n

ENZ2 = E H2d(M)

and "

Moreover the debnition of N, is independentof the particular choicee H".

+ There are some extensias of the depnition that are fairly routine. |If
.o HZd(M ) < oo but without, the expectation being Pnite, let Ty = inf{t :
s H2d(M) > N} and dePne ,HsdM; to be ,HsdMgr, if t < Ty. It
is not hard to seethat the obvious consistencycondition holds and so the
stochastic integral is well debPned.

M; is saidto be a locd martingale if there exist stopping times S, — oo
sud that My, s, is a squae integrable martingale for each n. If this happens,
then we say the stopping times S, reduceM;. If M, isalocal martingale, then
S# = inf{t: M| > n} will alsobe stoppingtimesthat reduceM . In the case
of a local martingale, we set g HsdMg = g HsdMg s, and (M), = (M), s,
if t <S,. Again thereis congstencyto ched.

A processis locally of boundedvariation if there exist stopping times R,
sud that Ag,:: has paths of bounded variation. A semimartingale is the
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sum of a local martingale and a processof locally bounded variation. If

S HZd(M) + , |Hs||dAs| < 0o and X; = M, + A, we debne

0 S

t t ! t

0 0 0
wherethe prstintegral on the right is a stochastic integral and the second is
a Lebegue-Stieltjesintegral. For a semimartingale, we debPne(X ), = (M),.

Given two semimartingales X and Y we debne(X,Y), by polarization:

(LYY= X+ V)= (), = (V)]

9 ItoOsormula

The most important theorem of stochastic integration is ItoO$ormula. This
is also known asthe changeof variables formula.

Theorem 9.1 Let X, be a continuous semimartingaleand f € C2. Then

n n

tf*’“(Xs)d<X )s-

F(X1) = £(Xo) + tf’#(Xs) dXs +
0 0

NI =

Proof. Let Ty = inf{t:|M{> N or (M) > N or ;[|dA|> N}. If we
obtain ItoOgormula for X 1, we canlet N — oco. SinceltoOsformula is a
path by path result, that will su"ce. Sowe may assumeM;, (M),, A, and
c: |dAs| are all boundedby N. In particular, X; is bounded, and sowe may
assumethat f, f % and f #are all bounded.

Letto> 0,#> 0, Sy = 0, and debPne
S = inf{t> S : [M¢ — Mg, | > #or (M), — (M), > #
t
or |dAg| > #ort — S > #} Ato.
S’.

i

Note S; — oo asi — oo by the cortinuity of paths.
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The key ideato ItoOgormula is TaylorOgheorem. Sowe write

.
[f (Xs...) = F(Xs)]

i=0
! 1!

f #(X S|i)(XSi+l - XSZ) + é f#i(X Sz’)(xsi+1 - Xsi)z

f(Xt) = (Xo)

+ Ri,

whereR; is the remainder term. We have |R;| < $(#(Xs,, — Xs,)?, where
$(#) — 0as#— 0.

Let us brst look at the terms with f#in them. Let H. = f#Xs,) if
Si < s< S4By the cortinuity of f #and X, then H, corvergesboundedly
and pointwiseto f {Xs). In particular, Oto IH{—fAXs)||dAs|] — 0boundedly,
hencein expectation, and E 50 H{—fAXs)[2d(M ), — Oas#— 0. Wethen
have
! " "

0 t
FiXs)(Xs —Xs)=  HLUdMs+ dAs) —  FHXs) (dMs + dAs),
0

7

f 0
I
which leads to the f #term in ItoO$ormula.
Next let uslook at the f #terms. We can write

(Xsi —Xs,)? = (Ms,., —Ms))?+2(Ms,,, —Ms))(As,., —As,)+ (As,., —As,).

i+l

Note( fXs,)(Ms,., —Ms,)(As.., —As,) is boundedin absolute value

by | .

[ #(As, —As)I < If - #  [dA| < [If ™. #N,
0

which goes to 0 as # — O0; this follows becauseof the depnition of S;. Simi-

tarly

f *Xs,)(As,, — As,)? alsogoesto O.

By an argument very similar to the onefor the f #terms,

! to
f #fxsi)“M >si+1 — (M >sl) - o f#txs) d(M >31

and since(X ), = (M),, this leadsto what we want. Sowe needto show that
!
FXs)(Ms.; —Ms)? = (M), —(M)g)]
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tendsto 0 as# — 0. Wewill shav it convergesin L?, and sincef #is bounded,
we needto shav E[(" B;)?] — 0, where

Bi = f (X5 )[(Ms., —Ms)? —((M)g,,, — (M)g)].
If i <j,then
E[BiBj]= E[BIE[B; | Fs,. ]I
By calculaions very similar to ones we have already done befO(e, we see
th:i\t E[B; \(}"SM] = 0, so the cross prodklcts vanish. As E(" B;)? =
E" B+ 2"  BiBj, weneedto show E" ;B — Oas# — 0. We use
the easy inequzlility (x+vy)? < 2>f2 + 2y2. Then sincef #*is bounded,

E  BZ<2lf"?  E[Ms., —Ms)’]
P
+ 2||f #? E[(M)s,, —(M >si)2]-
The brst sumis boundedby
|

2ET2 E[(Ms,, —Ms)2= 2“2 E[M2 — MZ] < 8#]f “f? N2.

The secondsum is bounded by
|

2HIFHZ T E[(M)g,, — (M)g] < 28[f 12 E(M), < 28| 2 N.
Both of thesetend to 0 as# — O.

( The Pnd term to examine is the remainder terms. We have shown that
(Xs,., — Xs,)? remains boundedas# — 0. Multiply ing this by $(#), we
see R — Oas#— 0. O

There is a multivariate versionof ltoO$ormula, which is proved the same
way:
" id EERRIL o
f(Xy) = f(Xo)+ fe,(Xs) dXi+ = o, (Xs) d(X', X) . (12.1)

0 i=1 2 0 ij =1

Here X, = (X{,... ,Xtd) and f,, denotes the partial derivative of f in the x;
direction, and similarly for the secondpartial derivatives.

The following is known asthe integration by parts formula or the product
formula.
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Corollary 9.2 If X andY are continuous semimaitingale, then

t t
XYy = XoYo + XsdYs + Ys dXs + (X, Y),.
0 0

Pro of. By ItoOdormula,

t
XZ=X§+2 XsdXs+ (X),.
0

Apply thisto X + Y, X, and Y, and usepolarization. O

10 Some appli cati ons
The following is known as LevyOsheorem.

Theorem 10.1 Let M; be a continuous local martingale with My = 0 and
(M), = t. Then M, is a Brownian motion.

Pro of. Fix to andlet Ny = M.y, — My, Ff= Frey,. It is routine to chedk
that N, is a martingale with respect to ¥ and that (N ), = t. In particular,
ENZ=t< oo.

By Ito Odormula,
- n ‘ | u2 n i l
dNt=1+iu  NedNg——  eNeds.
0 2 0

Take A € F¢ and take expectations over the se A. The martingale term will
have 0 expectation, and we are left with

2t
E[€™N1;A] = P(A) — % E[e"™N:; A]ds.
0

Write J(t) = E[€"N+; A], so we have

U2 t
JM=PA) -5 I(s)ds.
0
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SinceJ is bounded, the above equation shows that J is cortinuous. If
J is continuous, the above equaion shaws that J is di#erertiable. Hence
JHt) = —LJ(t) with J(0) = P(A). The only solution to this ordinary
di#erertial equdion is
J(t) = P(A)e™V2,

If weset A =1, this tels usthat M,{, — M hasas distribution that of
a meanzero, variancet normal random variable. The equaion then tells us
that E[e'N+; A] = E[€"N¢]P(A), which shows the independence. The other
properties that are neededto show that M, is a Brownian motion are easy
O

The next theoremsays that maost cortinuousmartingales arise from Brow-
nian motion via a time change. That is, the paths are the same, just the rate
at which one movesalong the paths varies. In fact, if one allows Brownian
motion stopped at randam times, it is possible to shawv that all cortinuous
martingales arise from a time change of Brownian mation.

Theorem 10.2 SupmseM; is a continuous martingale, Mg = 0, (M ). =
oo a.s., and (M), is increasing. Let %t) = inf{u : (M), > t}. Then
X = M-y, is a Brownian motion with respect to F{= F .

u

Pro of. We have
E[Xt | f:l = E[M"(t) |§C--(s)] = M"(S) = XS,

or X, is a cortinuous martingale. Similarly, X2 —t is a martingale. Now
apply Levy@® theorem. (It is left to the reader to hande the integrability
issues.) i

The next theorem says that every martingale adapted to the Pltration of a
Brownian motion canbe expresgd as a stochastic integral with respect to the
Brownian motion. This usedto be a rather arcaneresult that was of interest
only to probabilists specializingin martingales But then it turned out that
this theoremis the basis of the Fundamenal Theorem of Asset Pricing in
mathematical Pnance.

31



The orem 10.3 Let F be the bltration of a Brownian motion X, and let Y
be.F;-measurablewith EY? < co. There existsH, that is P-measurablewith
E H2ds< oo suchthat

1

Y=EY+ HsdX.. (10.1)
0

Note that if M is a right cortinuous squareintegrable martingale with
Mo = 0 adapted to F;, then EM; = EMy = 0 and M; = o1HstS for
someappropriate H. Taking conditional expectations with respectto F, we
obtain M; = gHSdXS. This holds almost surely for ead t. Thus it holds
for al t rational, exceptfor a null set. SinceM, is right continuous, it holds
for all t. A consequencef this is that every squareintegrable martingale
adapted to the Brownian Pltration is continuous.

Pro of. By ItoOdormula with f (x) = € and semimartingale iuX ; + u?t/ 2,
we see "
guXx o+ u?tl 2 — 1+ iueux ~* u?r/2 dXx,

0

Or n
t

. o2 . P 2 0/ 12
e|uX t = eA)u t/ 2 + Iue|uX ~+ucr/ 2%u tIZer.

0
S0(10.1) holds whenY = €“% ¢ and moreover, the support of H in this case
is contained in [0, t]. Similarly, (10.1) holds whenY = &!X:*Xs) ‘andin this
casethe support of the correspnding H is [s, t].

Supposenow that Y; and Y, are two random variables for which (10.1)
holds with the supports of the corresponding H; and H, overlapping by at
most Pnitely many points. Let Yi(t) = E[Y; | /], i = 1,2. Note Y;(0) = EY,.
Then by the product formula,

1 1
YYo= EY{EY, + Yl(S) de(S) + Yz(S) le(S) + <Y]_, Y2>l

u0 0 u

1 1
EYIEY2+  Yi(s)Ha(s)dXs+  Ya(s)H4(s) dXss
0 0

+ ' H1(s)H,(s) ds

0 n
1

EYiEY, + KsdXs,
0
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wherethe support of K 4 is cortainedin the union of the supports of the H;(s);
we usedhere that H1(s)H,(s) = O for all but Pnitely many sOs.Taking ex-
pedation, EY;Y, = EY;EY,. Thus (10.1) holds for Y;Y,. Using induction,
(20.2) will hold for the product of n random variablesY;, i = 1,...,n, pro-
vided the supports of any two of the corresponding H; overlap by at most
Pnitely many sOs.Combining this with the Prst paragraph of the proof, we
seethat if(tl < tp < ---th41 < 1, then the random variables of the form
Y = exp(i- | u(Xe,, —Xy,)) satisfy (10.2.

Sud random variables generate ;. So we will have our theorem if we
prove that whenever Y, satisbeg(10.1) and Y, — Y in L?, then Y satisbes
(10.1). Sosupposeeach Y, satisbPeq10.1) with integrand H,,(s) and suppose
Y, — Y inL2 ThenEY, - EY,and Y, —EY, convergesin L’to Y —EY.
Since

E 1(Hn(s) —Hn(s)?ds= E((Ya —EY,) — (Ym —EYn))? — 0,
0

there exists Hg (adapted to P, becauseeat H,, is adgpted to P) sudh that
E 01 H2ds< oo and E Ol(Hn(s) — Hg)?ds — 0. Therefore
! 1 ! t
EW(Ya—EY,) — HsdXy?=E  (Hq(s) — Hs)?ds — 0.
0 0

SinceY, — EY, convergesin L>to Y — EY, it followsthat Y — EY =
o Hs dXo. o

One bnal application for now.

Pro position 10.4 If M is a squae integrable continuous martingale, then
(M), is the limit in prokability of

!27L
(Myj2n — M (ka1yr20) . (10.2)
k=1

Pro of. By a stopping time argumernt we may supposeM is boundedby L.
If s> 0and welet Ny = Mg:¢ — Mg, then N, is a marting ale with respect to
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the bltration F = Fs.; and we can ched that (N), = (M)
by ItoOgormula,

t+s <M >s' So

(Mivs ~Ma2= 2 (Mres— Ma)dM, + (M), — (M),).
0

Applying this we seethat

12"
(Mis20 — Mgatyr20)® — (M),
k=1
is equd to "
t
2  K[d™M,,
0
whereK" = M,s — M, for (k — 1)/2" <r < k/2". The L? norm of this
squared is "

4E t(K,“)2d<|\/| ), - (10.3)
0

The integrand (K")? is boundedby 4L2, EL?(M ), is Pnite,and K" tendsto
0 asn — oo. Soby dominated convergence (10.3) tendsto 0. The reasonwe
only have corvergencen probability rather thanin L2 is dueto the stopping
time argumert. O

11 Girsano v transformat ion

We look at what happensto a Brownian motion when we change P to an-
other probability measureQ. This may seemstrange, but there are many
applications of this, not least to Pnance.

We Prst make sane obseavations. If Y; is a cortinuous local martingale
with Yo = 0, applying ItoOdormula to X; = Y, — 3(Y), and the function €
yields

t % 1 &.
Z = eYt%&(ltlzz 1+ eXad YS_§<Y>S +
1 O
t

=1+ Z.dYs.
0
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