
So infinitely often

X qn+1 > (1 ! 3!/ 2)
√

2qn+1 log log qn+1 .

This proves the lim sup is greater than (1 ! 3!/ 2) a.s. Since ! is arbitrary,
the lower bound follows.

Although the paths of Brownian motion are continuous, they are not dif-
ferentiable. In fact, we have

Theorem 5.3 The paths of Brownian motion are nowhere differentiable.

Proof. Let M > 0 and let

An = {" s # [0, 1] : |X t ! X s| $ M |t ! s| if |t ! s| $ 2/n }

Bn = {" k $ n : |X k/n ! X (k! 1)/n| $ 4M /n, |X (k+1 )/n ! X k/n| $ 4M /n,

|X (k+2 )/n ! X (k+1 )/n| $ 4M /n } .

Note A1 % A2 % . . .. It is not hard to check that An % Bn. To see this, if
" # An, there there exists an s such that |X t ! X s| $ M |t ! s| if |t ! s| $ 2/n ;
let k/ n be the largest multiple of 1/n less than or equal to s. Then, |(k +
2)/n ! s| $ 2/n , |(k + 1)/n ! s| $ 2/n , and therefore |X (k+2 )/n ! X (k+1 )/n| $
|X (k+2 )/n ! X s| + |X s ! X (k+1 )/n| $ 2M /n + 2M /n = 4M /n . The rest of the
argument is similar.

The probability of Bn is less than n times the probability of the corre-
sponding set with k fixed, since the probability of a union is less than the
sum of the probabilities. Using independent increments and stationary in-
crements,

P(Bn) $ n[P(|X 1/n ! X 0| $ 4M /n ]3 $ c1n
(4M

&
n

)3
' 0

as n ' ( . So for each N , P() "
n= NAn) $ P(AN) ' 0 as N ' ( . This

implies that the (outer) probability that there exists s < 1 such that X #
s

exists and |X #
s| $ M is 0. Since M is arbitrary, this proves the theorem.

** ** Thefollowing sectionshould goearlier in the notes.
I will take careof this whenmaking revsions.** ***
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6 Stopping times

We start with a filtration F t satisfying the usual conditions. A random
variable T : Ω ' [0, ( ] is a stopping time if for all t, (T < t) # F t.

Proposition 6.1 Suppose F t satisfies the usual conditions.

(1) T is a stopping time if and only if (T $ t) # F t for all t

(2) T * t is a stopping time

(3) If S and T are stopping times, so are S + T and S , T

(4) If Tn - are stopping times, so is supn Tn

(5) If Tn . are stopping times, so is infn Tn

(6) If t / 0, S + t is a stopping time if S is.

Proof. We will just prove part of (1). Note (T $ t) = ) n$ N(T < t +1/n ) #
) n$ NF t+1 /n for all N . So (T $ t) # F t+ = F t.

For a Borel measurable set A, let TA = inf{ t > 0 : X t # A} .

Proposition 6.2 Suppose F t satisfies the usual conditions and X t has con-
tinuous paths.

(1) If A is open, then TA is a stopping time.

(2) If A is closed, then TA is a stopping time.

Proof. (1) (TA / t) = ) q%Q,q<t(X q /# A) # F t, where Q denotes the set of
rationals. Now use (T < t) = (T / t)c.

(2) Let An = { x : dist (x, A) < 1/n } . So each An is open and thus by
(1) TAn is a stopping time. Moreover, the An decrease, so the TAn increase.
Let T = supn TAn . Since A % An, then TA / TAn , so TA / T . Because
X has continuous paths, on (T < ( ), X T = lim X TAn

. If n / m, then
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X (TAn) # An % Am. Therefore X T # Am for each m. Since A = ) Am, then
X T # A. Therefore TA $ T , and hence T = TA.

It is true that under the hypotheses of the preceding proposition, TA is a
stopping time for every Borel set A, but that is very hard to prove.

Proposition 6.3 (1) FT is a #-field.

(2) If S $ T , then FS % FT .

(3) If FT+ = ) ε>0FT+ ε, then FT+ = FT .

(4) If X t has right continuous paths, then X T is FT -measurable.

Proof. If A # FT , then Ac ) (T $ t) = (T $ t) ! [A ) (T $ t)] # F t,
so Ac # FT . The rest of (1) is easy. Suppose A # FS and S $ T . Then
A ) (T $ t) = [A ) (S $ t)] ) (T $ t). We have A ) (S $ t) # F t

because A # FS, while (T $ t) # F t because T is a stopping time. Therefore
A ) (T $ t) # F t, which proves (2).

For (3), if A # FT+ , then A ) (T + ! $ t) # F t for all t, or A ) (T $
t ! ! ) # F t for all t, and hence A ) (T $ t) # F t+ ε for all t. This is true for
all ! , so A ) (T $ t) # F t+ = F t. This says A # FT .

(4) Define Tn(" ) to be k
2n if k! 1

2n $ T(" ) < k
2n . It is easy to see that Tn is

a stopping time, and Tn . T . Note

(X Tn # B ) = 0 [(X k/2n # B ) ) (Tn = k/ 2n)] # FTn % FT+1 /2n.

So X Tn is FT+1 /2n measurable. If n / m, then X Tn is FT+1 /2n % FT+1 /2m

measurable. X Tn ' X T , so X T is FT+1 /2m measurable for each m. Therefore
X T is FT+ = FT measurable.

7 Square integrable martingales

A martingale is square integrable if M t = E [M" | F t] and E M 2
" < ( . An

example would be X t&t0 , where X t is a Brownian motion andt0 is a fixed
time. For this section all our martingales will be rcll.

18



Proposition 7.1 If M is square integrable and S $ T are stopping times,
then E [MT | FS] = MS.

Proof. Let A # FS and define U(" ) = S(" )1A(" ) + T(" )1Ac(" ). Thus
U is equal to S if " # A and otherwise equal to T . Since (U $ t) =
[(S $ t) ) A] 0 [(T $ t) ) Ac] is in F t, using the fact that A # FS % FT ,
we see that U is a stopping time. By Proposition 10.1, E M0 = E MU =
E [MS; A]+E [MT ; Ac] and E M0 = E MT = E [MT ; A]+E [MT ; Ac]. It follows
that E [MS; A] = E [MT ; A], which is what we needed to prove.

Proposition 7.2 Suppose M t is a square integrable martingale. Then

E [(MT ! MS)2 | FS] = E [M 2
T ! M 2

S | FS].

Proof. We have

E [(MT ! MS)2 | FS] = E [M 2
T | FS] ! 2MSE [MT | FS] + M 2

S

= E [M 2
T | FS] ! M 2

S,

which gives us what we want.

If we take expectations in the above, we obtain

E (MT ! MS)2 = E M 2
T ! E M 2

S. (7.1)

Theorem 7.3 Suppose M0 = 0, M t is a continuous martingale, and the
paths of M t are of bounded variation. Then M t * 0 for all t.

Proof. Let t0 be fixed and let At denote the total variation up to time t of
M t. If TN = inf{ t : At / N } , we look at MTN &t&t0 . This is also a continuous
martingale with paths of bounded variation, and if this is identically zero,
then letting N ' ( and t0 ' ( , we obtain our result. So it suffices to
suppose the total variation of M t is bounded by N a.s.
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Let ! > 0, S0 = 0, and Si+1 = inf{ t > Si : |M t ! MSi | / ! } , t0. Since M t

is continuous, then |MSi+1 ! MSi | $ ! . We write

E M 2
t0

= E
( "∑

i=0

(M 2
Si+1

! M 2
Si

)
)

= E
( ∑

(MSi+1 ! MSi)
2
)

$ ! E
∑

|MSi+1 ! MSi | $ !N .

Since ! is arbitrary, then E M 2
t0

= 0. By Doob’s inequality, E (sups' t0
M 2

s ) =
0. So M is identically 0 up to time t0.

Definition 7.4 A continuous square integrable martingale M t has quadratic
variation 1M 2t (sometimes written 1M , M 2t) if M 2

t ! 1M 2t is a martingale,
where 1M 2t is a continuous nondecreasing process with 1M 20 = 0.

In the case of (stopped) Brownian motion, the quadratic variation is just
1M 2t = t.

We will show existence and uniqueness of 1M 2t. Uniqueness is easy.

Proposition 7.5 There is at most one process 1M 2t satisfying Definition
7.4.

Proof. If M 2
t ! At and M 2

t ! B t are both martingales, then At ! B t is a
martingale. If A0 = 0 and B0 = 0, if both At and B t are continuous and
nondecreasing, then At ! B t is continuous with paths of bounded variation.
So by Theorem 10.4, At ! B t is identically 0.

The existence is a bit harder and is based on the following theorem known
as the Doob-Meyer decomposition. In most applications, one can write 1M 2t

explicitly, and it is not necessary to appeal to the Doob-Meyer decomposition.

Theorem 7.6 Suppose Zt is a continuous submartingale. Then there exists
a continuous martingale M t and a continuous nondecreasing process At with
A0 = 0 such that Zt = M t + At.
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For a proof see [1, Section 10.A].

The existence of 1M 2t follows immediately.

Theorem 7.7 If M t is a continuous martingale, there exists a continuous
nondecreasing process 1M 2t such that M 2

t ! 1M 2t is a martingale.

Proof. By the conditional form of Jensen’s inequality with g(x) = x2, we
see that M 2

t is a submartingale. Apply the Doob-Meyer decomposition to
X t = M 2

t and set 1M 2t = At.

If M and N are two square integrable martingales, we define 1M , N 2t by
polarization: 1M , N 2t = 1

2 [1M + N 2t ! 1M 2t ! 1N 2t].

An alternative representation of 1M 2t is the following. A proof could be
given now, but it is a bit messy. After we have Ito’s formula this will be
easier.

Proposition 7.8 Let t > 0 and t i = it/ 2n. The 1M 2t is the limit is proba-
bility of

2n∑

i=1

(M ti ! M ti! 1)
2.
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