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1. The algebra of complex numbers.
Let (a, b) ∈ R×R be pairs of real numbers with addition defined by (a, b) + (c, d) =

(a+ c, b+ d) and multiplication defined by (a, b) · (c, d) = (ac− bd, bc+ ad).

Proposition 1.1. R × R with these operations forms a field. The additive identity is

(0, 0) and multiplicative identity is (1, 0).

Proof. The only thing to check is the existence of a multiplicative inverse. If (a, b) 6= (0, 0),
then a calculation shows that ( a

a2+b2 ,
−b

a2+b2 ) times (a, b) yields (1, 0).

We write a + bi for (a, b) and let C = {a + bi : a, b ∈ R}. We can identify R with
{a + 0i}. Note also that i2 = (0, 1) · (0, 1) = −1. We usually write wz for w · z when
w, z ∈ C.

We define z = a− bi if z = a+ bi, and this is called the complex conjugate of z. We
let Re z = a, Im z = b, for z = a+ bi. It is easy to check that w + z = w+ z and wz = wz.

We define |z| =
√
a2 + b2. It is then apparent that |z| ≥ 0 and |z|2 = zz. Note that

|ab|2 = abab = aabb = |a|2|b|2, or |ab| = |a| |b|.
Note also that |a + b|2 = (a + b)(a + b) = aa + bb + 2Re ab. It is clear that

−|z| ≤ Re z ≤ |z| and −|z| ≤ Im z ≤ |z|. Using this, we obtain |a+ b|2 ≤ (|a|+ |b|)2, or

|a+ b| ≤ |a|+ |b|.

Cauchy’s inequality is the following.

Proposition 1.2. ∣∣∣ n∑
i=1

aibi

∣∣∣2 ≤ n∑
i=1

|ai|2
n∑
i=1

|bi|2.

Proof. The result if obvious if
∑
|bi|2 = 0, so suppose not. We have

0 ≤
n∑
i=1

|ai − λbi|2 =
∑
|ai|2 + |λ|2

∑
|bi|2 − 2Reλ

∑
aibi
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for any complex number λ. Taking λ =
∑
aibi/

∑
|bi|2 and doing some algebra, we obtain

the inequality we seek.

2. The geometry of complex numbers.
A complex number z = a+ bi is identified with (a, b) ∈ R2. We can thus identify a

complex number with a point in the plane. If we let r = |z| =
√
a2 + b2 and ϕ the angle

between the x axis and the ray from 0 to z, measured in a counterclockwise direction from
the x axis, then z in polar coordinates is (r, ϕ), and we have a = r cosϕ, b = r sinϕ. We
define arg z, the argument of z, to be ϕ.

If z1 = r1(cosϕ1 +i sinϕ1) and z2 = r2(cosϕ2 +i sinϕ2), then a calculation together
with some trigonometry identities shows that

z1z2 = r1r2[(cosϕ1 cosϕ2 − sinϕ1 sinϕ2) + i(sinϕ1 cosϕ2 + sinϕ2 cosϕ1)]

= r1r2[cos(ϕ1 + ϕ2) + i sin(ϕ1 + ϕ2)].

We deduce
arg(z1z2) = arg z1 + arg z2.

We will later give an analytic proof of this fact. However this is useful in doing
calculations. For example, the above plus induction shows that

zn = rn(cos(nϕ) + i sin(nϕ)).

To find the nth root of a = ρ(cos θ + i sin θ), we set zn = a, and comparing we find that
r = ρ1/n = |a|1/n and ϕ = arg z = θ/n = (arg a)/n. For example, i has modulus 1 and
argument π/2. So

√
i will have modulus 1 and argument π/4, hence

√
i =

√
2

2 + i
√

2
2 .

Sometimes we want to introduce a point at infinity ∞, and we refer to C ∪ {∞}
as the extended complex plane. We can give a geometric interpretation of the extended
plane through what is known as the stereographic projection. Consider the unit sphere
S = {(x1, x2, x3) ∈ R3 : x2

1 + x2
2 + x2

3 = 1}. To every point of S with the exception of
(0, 0, 1) (the north pole), we associate the complex number z = (x1 + ix2)/(1− x3). Some
algebra shows that

|z|2 =
x2

1 + x2
2

(1− x3)2
=

1 + x3

1− x3
,

and so

x3 =
|z|2 − 1
|z|2 + 1

.

More algebra shows that

x1 =
z + z

1 + |z|2
, x2 =

z − z
i(1 + |z|2)

.

2



We then associate ∞ to the point (0, 0, 1).
The line through (0, 0, 1) and (z1, z2, z3) is {(tz1, tz2, t(z3− 1) + 1 : t ∈ R}, and this

line crosses the plane x− y plane when t = 1/(1− z3), so

x =
z1

1− z3
, y =

z2

1− z3
.

This agrees with the equations above, so if we identify the complex plane with the (x1, x2)
plane, and z = x+ iy, then the points (x, y, 0), (x1, x2, x3), and (0, 0, 1) are on a straight
line. Thus drawing a straight line from the north pole of S through the point (x1, x2, x3)
on S and extending it to the (x1, x2) plane, the intersection with the (x1, x2) plane is the
point z.

3. Analytic functions.
The definition of limit and of continuous function needs no modification from the

real case. We define the derivative of a function f : C→ C to be

f ′(z) = lim
h→0

f(z + h)− f(z)
h

.

The difference with the real case is that we require the limit to exist as h → 0 in C. In
other words, given ε > 0 there exists δ such that | f(z+h)−f(z)

h − f ′(z)| < ε whenever h ∈ C
and |h| < δ.

A function f is analytic or holomorphic if f ′(z) exists whenever f is defined.

Proposition 3.1. (The Cauchy-Riemann equations) Suppose f(z) = u(z) + iv(z) and f ′

exists at z. Then
∂u

∂x
(z) =

∂v

∂y
(z),

∂u

∂y
(z) = −∂v

∂x
(z).

Proof. If f(z) = u(z) + iv(z), f ′(z) exists, and we take the limit as h → 0 with h real,
then

f ′(z) =
∂u

∂x
+ i

∂v

∂x
.

If we let h = ik with k real and let k → 0, we similarly obtain

f ′(z) = lim
k→0

f(z + ik)− f(z)
ik

= −i∂u
∂y

+
∂v

∂y
.

Equating the two expressions for f ′(z), we obtain our result.

Note
|f ′(z)|2 =

∂u

∂x

∂v

∂y
− ∂u

∂y

∂v

∂x
,
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or |f ′(z)|2 is the Jacobian of the mapping z = (x, y)→ f(z) = (u(z), v(z)).
If f ′ is itself differentiable (and we will see later that the derivative of an analytic

function is again analytic), then the Cauchy-Riemann equations imply that

∆u =
∂2u

∂x2
+
∂2u

∂y2
= 0

and

∆v =
∂2v

∂x2
+
∂2v

∂y2
= 0.

We can give a converse to Proposition 3.1.

Proposition 3.2. Suppose u and v are continuously differentiable and satisfy the Cauchy-

Riemann equations. Then f = u+ iv is analytic.

Proof. The assumptions on u and v imply that

u(x+ h, y + k)− u(x, y) =
∂u

∂x
h+

∂u

∂y
k +Ru(h, k)

and similarly for v, where Ru(h, k)/(h+ ik)→ 0 as h+ ik → 0. Then

f(z + h+ ik)− f(z) =
(∂u
∂x

+ i
∂v

∂x

)
(h+ ik) +Ru(h, k) + iRv(h, k),

so

lim
h+ik→0

f(z + h+ ik)− f(z)
h+ ik

=
∂u

∂x
+ i

∂v

∂x
.

An expression of the form

P (z) = a0 + a1z + · · ·+ anz
n

is called a polynomial. The standard rules of calculus show that the sum and products of
analytic functions are analytic, so polynomials are analytic.

A ratio of polynomials is called a rational function. The simplest nontrivial rational
functions are the linear fractional transformations or Möbius transformations. These are
the rational functions of the form

S(z) =
az + b

cz + d
.

Note that if
T (w) =

dw − b
−cw + a

,

then S and T are inverses of each other.
Finally we discuss the partial fractions expansion of a rational function. A zero of

a rational function R(z) = P (z)/Q(z) is a value of z such that P (z) = 0, a pole is a value
of z where Q(z) = 0, and we assume that P and Q have no factors in common.
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Proposition 3.3. A rational function R is equal to

R(z) = G(z) +
q∑
i=1

Gj

( 1
z − βj

)
,

where G and Gj are polynomials and the βj are the poles of R.

Proof. We carry out the division of P by Q until the degree of the remainder is at
most that of the denominator. So R(z) = G(z) +H(z), where G is a polynomial without
constant term.

The rational function R(βj + 1
ζ ) has a pole at ζ =∞; this means that the degree of

the numerator is larger than the degree of the denominator. We carry out a division, and
we can write

R(βj +
1
ζ

) = Gj(ζ) +Hj(ζ),

which becomes

R(z) = Gj

( 1
z − βj

)
+Hj

( 1
z − βj

)
.

The function Hj( 1
z−βj ) is finite for z = βj .

The function

R(z)−G(z)−
q∑
j=1

Gj

( 1
z − βj

)
is a rational function with no poles other than β1, . . . , βq,∞. At z = βj , R(z)−Gj( 1

z−βj ) =
Hj( 1

z−βj ), which is finite at z = βj , and the same is true at ∞. So this function has no
finite poles nor a pole at ∞. Such a rational function must be constant. We add this
constant to G(z), and we have our representation.

4. Power series.
A power series is an expression of the form

a0 + a1z + · · ·+ anz
n + · · · .

Define the radius of convergence R by

1/R = lim sup
n→∞

|an|1/n.

We have 0 ≤ R ≤ ∞, with both endpoints possible.
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Theorem 4.1. (a) The series converges absolutely if |z| < R. If 0 ≤ ρ < R, the conver-

gence is uniform for |z| ≤ ρ.

(b) If |z| > R, the series is divergent.

(c) For |z| < R the series is an analytic function, the derivative can be obtained by

termwise differentiation, and the derived series has the same radius of convergence.

Proof. If |z| < R, choose ρ so that |z| < ρ < R. Then 1/ρ > 1/R, and so for n large
|an|1/n < 1/ρ, or |anzn| ≤ (|z|/ρ)n. So the power series is dominated by the terms of a
convergent geometric series. To show uniform convergence, find ρ′ so that ρ < ρ′ < R.
Then |anzn| ≤ (ρ′/ρ)n, which is a term of a convergent geometric series.

If |z| > R, choose ρ ∈ (R, |z|). So for infinitely many n we have |an|1/n > 1/ρ, or
for infinitely many n we have |anzn| > (|z|/ρ)n ≥ 1, hence the series diverges.

Note n1/n ≥ 1, so let δn = n1/n − 1. By the binomial theorem, n = (1 + δn)n >
1 + 1

2n(n − 1)δ2
n. It follows that n − 1 > 1

2n(n − 1)δ2
n or δ2

n < 2/n → 0. Thus n1/n → 1,
which implies that the derived series has the same radius of convergence.

Let f(z) =
∑∞
n=0 anz

n and g(z) =
∑∞
n=1 nanz

n−1. Then

f(z)− f(z0)
z − z0

− g(z0) =
m∑
n=0

an

(zn − zn0
z − z0

− nzn−1
0

)
+

∞∑
n=m+1

an
zn − zn0
z − z0

−
∞∑

m=n+1

nanz
n−1.

Suppose |z0| < R and z is close enough to z0 so that |z| is also less than R. The third
sum can be made small by taking m large since the series for g has the same radius of
convergence as f . The terms in the second series are equal to

an(zn−1 + zn−2z0 + · · ·+ zzn−2
0 + zn−1

0 ).

If |z0|, |z| ≤ ρ, this is bounded by |an|nρn−1, which we know is a term in a convergent
series, so the second sum can be made small by taking m large. Finally, given m, we can
make the first sum small by taking z sufficiently close to z0.

5. Exponential and trigonometric series.
Define

ez = exp(z) = 1 +
z

1!
+
z2

2!
+ · · ·+ zn

n!
+ · · · .

Since n! ≥ mn−m, then lim supn→∞(n!)1/n ≥ lim supn→∞m1−m/n = m. Since this is true
for every m, then R = ∞. By differentiating ez, we see that its derivative is again ez.
Note also that e0 = 1 by setting z = 0.
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Proposition 5.1 ea+b = ea · eb.

Proof. Observe by the product rule that

d

dz
(ezec−z) = ezec−z + ez(−ec−z) = 0,

or ezec−z is constant. Setting z = 0, the constant must be ec. Now set z = a and c = a+b.

Note that taking conjugates, ez = ez. So |ez|2 = ezez = ezez = ez+z = e2Re z, or
|ez| = eRe z. In particular, |eik| = 1 when k is real.

Define

cos z =
eiz + e−iz

2
, sin z =

eiz − e−iz

2i
.

Substituting in the series definition of exp z, we have

cos z = 1− z2

2!
+
z4

4!
− · · ·

and

sin z = z − z3

3!
+
z5

5!
− · · · .

We see from this that the derivative of sin z is cos z and the derivative of cos z is
− sin z. Euler’s formula

eiz = cos z + i sin z

and the identity
sin2 z + cos2 z = 1

follow from the definitions of sine and cosine. The addition theorems

cos(a+ b) = cos a cos b− sin a sin b,

sin(a+ b) = sin a cos b+ sin b cos a

also follow from the definitions.

A function f has period c if f(z + c) = f(z) for all c.

Proposition 5.2. There exists ω0 that is a period for sin z and cos z and iω0 is a period

for exp z.

Proof. From the series expansion of sine and cosine, both are real if z is real. Since
sin2 z + cos2 z = 1, this shows that cosx ≤ 1 if x is real. Since (sin y)′ = cos y and
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sin 0 = 0, then sin y ≤ y for all y. As (cos y)′ = − sin y ≥ −y and cos 0 = 1, we deduce
cos y ≥ 1 − y2/2. Repeating, sin y ≥ y − y3/6, and cos y ≤ 1 − y2/2 + y4/24. Hence
cos
√

3 < 0, and so there exists y0 ∈ (0,
√

3) with cos y0 = 0. This forces sin y0 = ±1, so
eiy0 = ±i, and then e4iy0 = 1 It follows that 4y0 is a period for sine and cosine.

We claim that ω0 = 4y0 is the smallest positive period. If y ∈ (0, y0), then sin y >
y(1 − y2/6) > y/2 > 0, and cos y is strictly decreasing. Because sin y is positive and
sin2 y + cos2 y = 1, then sin y is strictly increasing, and therefore sin y < sin y0 = 1.
Because 0 < sin y < 1, then eiy cannot equal either ±1 nor ±i, and thus e4iy 6= 1.

If ω is a period, there exists an integer n such that nω0 ≤ ω < (n + 1)ω. Then
ω − nω0 would be a positive period less than ω0 unless ω is an integer multiple of ω0. So
every period is an integral multiple of ω0.

We define π = ω0/2.

Since eze−z = 1, then ez never equals 0. If w 6= 0, the logarithm of w is a complex
number z such that ez = w. Since ez has period 2πi, if z is a logarithm of w, then so is
z + 2πki for any integer k. We define the argument of w by argw = Im logw. So we have
logw = log |w|+ i argw, and if |z| = r and arg z = θ, we write z = reiθ.

The inverses of the trigonometric functions can be written in terms of the logarithm.
For example, if w = cos z = 1

2 (eiz + e−iz), multiplying by eiz and solving the resultant
quadratic in eiz. we obtain

eiz = w ±
√
w2 − 1,

and consequently

z = arccosw = −i log(w ±
√
w2 − 1).

From the addition formula ea+b = eaeb we have log(ab) = log a+ log b, in the sense
that the set of points on both sides are equal. From this follows

arg(ab) = arg a+ arg b.

6. Conformality.
A region is an open connected set. An arc is a function z : [a, b] → C. If a

nondecreasing function t = ϕ(τ) maps an interval [α, β] onto [a, b], then z(ϕ(τ)) defines
the same succession of points as z(t), and we say the first arc arises from the second by a
change of parameter. An arc is differentiable if z′(t) exists and is continuous. An arc is
simple if z(t1) = z(t2) only for t1 = t2. If z(a) = z(b), the arc is a closed curve. A Jordan
curve is a simple closed curve.
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A complex valued function f(z) is analytic in a region if has a derivative at each
point of the region. It is analytic on a set A if it is analytic on some region which contains
A.

Analytic functions are single valued, so to define some well known functions, it is
necessary to restrict the domain of definition. For example, let Ω be C with the negative
real axis removed, and define

√
z to be the value which has positive real part. Then

√
z is

single-valued.
For the function log z, use the same domain Ω and define the principal branch of

log z by the condition |Im log z| < π.
Recall arccos z = i log(z+

√
z2 − 1). Let Ω′ be C minus the half lines {x ≤ 0, y = 0}

and {x ≥ 1, y = 0}. In Ω′ the function 1 − z2 never takes negative real values, so we can
define

√
1− z2 as the value with positive real part, and set

√
z2 − 1 = i

√
1− z2. Since

z +
√
z2 − 1 and z −

√
z2 − 1 are reciprocals whose sum is 2z, which is not negative, then

z +
√
z2 − 1 cannot be negative. We can thus define a single-valued branch of log(z +√

z2 − 1).
We will use the following proposition.

Proposition 6.1. Let f be analytic in a region. If the derivative of f vanishes, if the real

or imaginary parts of f are constant, if the modulus of f is constant, or the argument of

f is constant, then f is constant.

Proof. If the derivative vanishes, then ∂u/∂x, ∂u/∂y, ∂v/∂x, ∂v/∂y are all 0. So u and
v are constant on any line segment in the region which is parallel to the coordinate axes.
Since any two points in a region can be joined by a polygonal path, each straight line
segment of which is parallel to either the x or y axes, then u and v are constant in the
region.

If the real part of f is constant, then ∂u/∂x, ∂u/∂y are both 0, and by the Cauchy-
Riemann equations so are ∂v/∂x, ∂v/∂y. We now apply the argument above.

Suppose u2 + v2 is constant. If it is 0, then f is identically 0. If not, differentiating
gives u∂u∂x + v ∂v∂x = 0. Similarly, if we differentiate with respect to y and use the Cauchy-
Riemann equations,

u
∂u

∂y
+ v

∂v

∂y
= −u∂v

∂x
+ v

∂u

∂x
= 0.

Solving these equations under the condition u2 + v2 = 0 implies ∂u/∂x = ∂v/∂x = 0. By
the Cauchy-Riemann equations again, this implies f ′ vanishes.

Finally, if a + bi = z = reiθ = r cos θ + ir sin θ, then a/b = cot θ. So if f has
constant argument, u = kv for some constant k, unless v is identically 0. So 0 = u− kv =
Re ((1 + ik)f), which implies by the above that f is constant.
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If z = reiθ, then arg z = θ, or the argument of z can be thought of as the angle the
ray from 0 to z makes with the x axis. Thus arg z′(t) may be thought of as the direction
of the tangent to z.

Suppose z1(t), z2(t) are two arcs starting at a point a, t ∈ [0, 1], and let f be analytic
at a. Let wi(t) = f(zi(t)), i = 1, 2. Since w′i(t) = f ′(zi(t))z′i(t), then

argw′i(0) = arg f ′(a) + arg z′i(0),

or
argw′1(0)− argw′2(0) = arg z′1(0)− arg z′2(0).

This means that the angle between w1(t) and w2(t) at t = 0 is the same as the angle
between z1(t) and z2(t) at t = 0. In other words, f preserves angles, or f is conformal.

7. Linear fractional transformations.
Let

w = S(z) = Sz =
az + b

cz + d
.

If c 6= 0, this can be written as

Sz =
a

c

z + b/a

z + d/c
=
a

c

(
1 +

(b/a)− (d/c)
z + d/c

)
.

This means that S can be viewed as a translation z → z + d/c, an inversion z → 1/z,
followed by a rotation/scaling z → ((b/a) − (d/c))z, then another translation z → z + 1,
and finally another scaling/rotation z → (a/c)z. Since each of these operations performed
on a linear fractional transformation gives rise to another linear fractional transformation,
then the composition of two linear fractional transformations is another linear fractional
transformation. If c = 0, the linear fractional transformation is also of the same form, but
simpler.

Given three points z2, z3, z4 in the extended complex plane, there is a linear frac-
tional transformation S which maps them to 1, 0,∞ respectively. If none of them are ∞,
S is given by

Sz =
z − z3

z − z4

z2 − z4

z2 − z3
. (7.1)

If z2, z3, z4 =∞, use
z − z3

z − z4
,

z2 − z4

z − z4
,

z − z3

z2 − z3

respectively. If T is another such linear fractional transformation, then ST−1 leaves 1, 0,∞
invariant, and a calculation shows that the only linear fractional transformation that does
that is the identity. So S is uniquely determined.

The cross ratio (z1, z2, z3, z4) is the image of z1 under the linear fractional transfor-
mation that carries z2, z3, z4 into 1, 0,∞.
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Proposition 7.1. If z1, z2, z3, z4 are distinct points in the extended plane, and T is a

linear fractional transformation, then (Tz1, T z2, T z3, T z4) = (z1, z2, z3, z4).

Proof. If Sz = (z, z2, z3, z4), then ST−1 maps (Tz2, T z3, T z4) into (1, 0,∞). Then

(Tz1, T z2, T z3, T z4) = ST−1(Tz1) = Sz1 = (z1, z2, z3, z4).

Proposition 7.2. The cross ratio (z1, z2, z3, z4) is real if and only if the four points lie on

a circle or a straight line.

Proof. First suppose z1, z2, z3, z4 are on a line. By a linear fractional transformation S

(in fact a linear one), we can map these points to w1, w2, w3, w4 on the real axis. So using
(7.1) with zi replaced by wi and z by w1, (or the other formulas when one of the points is
∞), we see that (z1, z2, z3, z4) = (Sz1, Sz2, Sz3, Sz4) is real.

Next suppose z1, z2, z3, z4 lie on a circle. By first mapping the circle to a circle
having center at the origin, and then multiplying by a complex number, we have mapped
the points onto the boundary of the unit circle. The map

z → 1 + z

1− z
=

(1 + z)(1− z)
|1− z|2

=
2iIm z

|1− z|2

takes the unit circle to the line x = 0, and then multiplying by i takes it to the real axis.
So there exists a linear fractional transformation mapping the four points into the real
axis, and as before we see the corss ratio is real.

Now suppose the cross ratio is real. Take a linear fractional transformation T

mapping z2, z3, z4 to 1, 0,∞. (Tz1, T z2, T z3, T z4) = (z1, z2, z3, z4) is real, and from the
formula (7.1) we conclude Tz1 is real. So if S = T−1 maps the real axis onto a line
or a circle, then z1, z2, z3, z4 will be on a line or a circle. It therefore suffices to show
that the image of the real axis under any linear fractional transformation is either a circle
or a straight line. Let z be real, T a linear fractional transformation, and S = T−1.
w = Tz = S−1z, so

aw + b

cw + d
= Sw = z = z = Sw =

aw + b

cw + d
.

Cross multiplying,

(ac− ca)|w|2 + (ad− cb)w + (bc− da)w + bd− db = 0.

If ac − ca = 0, this is the equation of a straight line: Re (αw) = β. If not, after some
algebra we obtain ∣∣∣w − ad− cb

ac− ca

∣∣∣ =
∣∣∣ad− bc
ac− ca

∣∣∣,
11



which is the equation of a circle.

A corollary of this is that linear fractional transformations map circles and lines
onto circle and lines.

8. Some elementary mappings.
If w = zα for real α > 0, |w| = |z|α and argw = α arg z. So circles centered about

the origin are mapped into circles about the origin, and rays from the origin are mapped
into other rays about the origin.

The sector {z = reiθ : 0 < θ < θ0} is mapped into the sector {z = reiθ : 0 < θ <

αθ0} as long as 0 < θ0 < 2π/α.

The mapping w = ez maps the strip −π/2 < Im z < π/2 onto the half plane
Rew > 0.

The mapping w = z−1
z+1 maps Re z > 0 onto |w| < 1.

Consider a region whose boundary consists of two circular arcs with common end
points. If the end points are a, b, the mapping z1 = (z − a)/(z − b) maps the region onto
an angular sector. An appropriate power mapping maps the sector onto a half plane.

Consider Ω equal to C minus the line segment −1 ≤ x ≤ 1, y = 0. z1 = (z+1)/(z−1)
maps this onto C minus the negative real axis. z2 =

√
z1 maps this to the right half plane,

and w = (z2 − 1)(z2 + 1) maps the half plane onto the unit disk. some algebra leads to

z = 1
2

(
w +

1
w

)
, w = z −

√
z2 − 1.

If w = ρeiθ, then x = 1
2 (ρ+ ρ−1) cos θ, y = 1

2 (ρ− ρ−1) sin θ, and so

x2

( 1
2 (ρ+ ρ−1))2

+
y2

( 1
2 (ρ− ρ−1))2

= 1,

the equation of an ellipse.

9. Cauchy’s theorem.
We define the integral of f : [a, b] → C by

∫ b
a
f(t) dt =

∫ b
a
u(t) dt + i

∫ b
a
v(t) dt if

f = u + iv. The usual properties of the integral hold. To show |
∫ b
a
f(t) dt| ≤

∫ b
a
|f(t)|dt,

let θ = arg
∫ b
a
f(t) dt. Then

∣∣∣∫ b

a

f(t) dt
∣∣∣ = Re

[
e−iθ

∫ b

a

f(t) dt
]

=
∫ b

a

Re [e−iθf(t)] dt ≤
∫ b

a

|f(t)| dt.

12



If γ : [a, b]→ C is a piecewise differentiable arc with γ(t) = z(t), we define∫
γ

f(z) dz =
∫ b

a

f(z(t))z′(t) dt.

We note that this integral is invariant under change of parameter. If t = t(τ) maps [α, β]
one-to-one and piecewise differentiably onto [a, b], then∫ b

a

f(z(t))z′(t) dt =
∫ β

α

f(z(τ(t)))z′(τ(t))τ ′(t) dt

by the change of variables formula for integrals. Since d
dtz(τ(t)) = z′(τ(t))τ ′(t), we see the

value for
∫
γ
f(z) dz is the same whichever parameterization we use.

A simple change of variables shows that
∫
−γ f(z) dz = −

∫
γ
f(z) dz. If we divide

an arc into subarcs γ1, . . . , γn, we write γ = γ1 + · · · + γn and it is easy to check that∫
γ
f(z) dz =

∫
γ1
f(z) dz + · · · +

∫
γn
f(z) dz. Finally the integral over a closed curve is

invariant under a shift of parameter. The old and new initial points determine two subarcs
γ1 and γ2; one integral is the integral over the arc γ1 + γ2 and the other is the integral
over the arc γ2 + γ1. By the formula for a sum, these two values are equal.

We define ∫
γ

f(z) ds =
∫ b

a

f(z(t))|z′(t)| dt.

We also define∫
γ

p dx+ q dy =
∫ b

a

[p(z(t))x′(t) + q(z(t))y′(t)] dt,

where γ(t) = (x(t), y(t)).
We say p dx + q dy is an exact differential if

∫
γ
p dx + dy depends only on the

starting and ending points of γ. Note that this is equivalent to saying the integral over
a closed curve is 0, for if γ is a closed curve, then γ and −γ have the same endpoints,
or
∫
γ

=
∫
−γ = −

∫
γ
, or

∫
γ

= 0. Conversely, if γ1 and γ2 have the same endpoints, then
γ = γ1 − γ2 is a closed curve, and

∫
γ1
−
∫
γ2

=
∫
γ1−γ2 = 0.

The following theorem characterizes exact differentials.

Theorem 9.1. p dx+ q dy is exact if and only if there exists U(x, y) such that ∂U/∂x = p

and ∂U/∂y = q.

Proof. If such as U exists, then by the chain rule for partial derivatives∫
γ

p dx+ q dy =
∫ b

a

∂U

∂x
(x(t), y(t))x′(t) +

∂U

∂y
(x(t), y(t))y′(t)]dt

=
∫ b

a

dU

dt
(x(t), y(t))dt

= U(x(b), y(b))− U(x(a), y(a)),

13



which depends only on the end points.
To prove necessity, fix (x0, y0) and define U(x, y) =

∫
γ
p dx+q dy, where γ is a curve

in Ω which connects (x0, y0) and (x, y). By our assumption that p dx+ q dy is exact, U is
well defined. If we choose γ so that the last part of it is a line segment that is horizontal
and y is fixed, then as we let x vary we see

U(x, y) =
∫ x

p(x, y) dx+ constant,

so ∂U/∂x = p. Similarly if we arrange it so the last part of γ is vertical, then ∂U/∂y = q.

Corollary 9.2.
∫
γ
f dz with f continuous depends only on the endpoints of γ if and only

if f is the derivative of an analytic function.

Proof. f(z) = f(z) dx+if(z) dy is an exact differential if and only if there exists a function
F with ∂F/∂x = f(z) and ∂F/∂y = if(z). This happens if and only if ∂F/∂x = −i∂F/∂y.
If F = U + iV , then ∂F/∂x = Ux + iVx and ∂F/∂y = Uy + iVy, which implies we have
∂F/∂x = −∂F/∂y if and only if F satisfies the Cauchy-Riemann equations. Since f is
continuous, this implies F is analytic.

Corollary 9.3. If n ≥ 0, then
∫
γ
(z− a)ndz = 0 for all closed curves γ. If γ does not pass

through a, then it also holds for n integer not equal to -1.

Proof. (z − a)n is the derivative of (z − a)n+1/(n+ 1) for n 6= −1.

In the case n = −1, it might not be the case that the integral is 0. Suppose γ is a
circle about a of radius r. Then∫

γ

1
z − a

dz =
∫ 2π

0

1
reit

ireitdt = 2πi.

We now proceed by a series of steps to Cauchy’s theorem.
Let R be a closed rectangle, and let ∂R denote its boundary. Saying a function is

analytic on R means that it is analytic on a region containing R.
We will use the following several times. If γ : [a, b]→ C, then∣∣∣∫

γ

f(z) dz
∣∣∣ =

∣∣∣∫ b

a

f(γ(t))γ′(t) dt
∣∣∣

≤
∫ b

a

|f(γ(t))| |γ′(t)| dt

≤
(

sup
z∈γ
|f(z)|

)∫ b

a

|γ′(t)| dt.

Observe that
∫ b
a
|γ′(t)| dt is the arc length of γ.

14



Proposition 9.4. If f is analytic on R, then∫
∂R

f(z) dz = 0.

Proof. Given any rectangle S, let η(S) =
∫
∂S
f(z) dz. If we divide R into 4 congruent

rectangles R1, R2, R3, R4, then η(R) = η(R1) + · · · + η(R4), since integrals over common
sides cancel each other. For at least one rectangle Ri we must have |η(Ri)| ≥ 1

4 |η(R)|.
We call this rectangle S1 and we now divide S1 into 4 congruent rectangles and repeat
the process. We thus arrive at a sequence S0 = R,S1, S2, . . . such that Si+1 ⊂ Si and
|η(Si+1| ≥ 1

4 |η(Si)|, and hence |η(Sn)| ≥ 4−n|η(R)|.
Let z∗ be the point of intersection of the Si. Given ε > 0 we can choose δ > 0 such

that f(z) is analytic in |z − z∗| < δ and also∣∣∣f(z)− f(z∗)
z − z∗

− f ′(z∗)
∣∣∣ < ε

on |z− z∗| < δ. If n is large enough, then Sn is contained in |z− z∗| < δ. Now
∫
∂Sn

dz = 0
and

∫
∂Sn

z dz = 0 by Corollary 9.3, so

η(Sn) =
∫
∂Sn

[f(z)− f(z∗)− f ′(z∗)(z − z∗)] dz,

and it follows that
|η(Sn)| ≤ ε

∫
∂Sn

|z − z∗| · |dz|.

But in this last integral, |z − z∗| ≤ c12−n and |
∫
∂Sn
|dz| |, which is the length of the

perimeter of Sn, is ≤ c22−n, so the last integral is bounded by c1c24−nε. This implies
|η(R)| ≤ c1c2ε; since ε is arbitrary, η(R) must be 0.

Here is Cauchy’s theorem in a disk. It is sometimes referred to as the Cauchy-
Goursat theorem.

Theorem 9.5. Let ∆ be the open disk |z−z0| < ρ. If f is analytic in ∆, then
∫
γ
f(z) dz =

0 for every closed curve γ in ∆.

Proof. Define F (z) by F (z) =
∫
σ
f dz, where σ consists of the horizontal line segment

from the center (x0, y0) to (x, y0) and then the vertical segment from (x, y0) to (x, y). It is
clear that ∂F/∂y = if(z). By Proposition 9.4, σ can be replaced by a path consisting of a
vertical segment followed by a horizontal segment. This gives rise to the same function F

and ∂F/∂x = f(z). Hence F is analytic in ∆ with derivative f(z) and f(z) dz is an exact
differential.

15



It is worthwhile reviewing the proof. The steps are

1. An exact differential p dx+ q dy is one where the line integral depends only on the
starting and ending points

2. To be an exact differential, we must have p = ∂U/∂x and q = ∂U/∂y for some U .
3. The derivative of an analytic function is an exact differential.
4. The integral of an analytic function around a rectangle is 0.
5. If we define F in terms of a line integral of f , F is analytic and its derivative is f .
6. Since f is the derivative of an analytic function, f dz is an exact differential, and so

its integral along a closed curve is 0.

Proposition 9.6. Suppose R′ is obtained from a rectangle R by omitting a finite number

of points ζj . Suppose f is analytic on R′ and limz→ζj (z − ζj)f(z) = 0 for all j. Then∫
∂R
f(z) dz = 0.

Proof. By dividing R into subrectangles and adding, it suffices to suppose there is a single
exceptional point ζ. Let ε > 0. Divide R into 9 subrectangles by dividing each side of R
into three pieces. Let the division be done so that ζ is the center of the central rectangle
R0 and R0 is small enough that |f(z)| ≤ ε/|z − ζ| on R0. Since the integral around the
boundary of the subrectangles is 0 by Proposition 9.4 for each rectangle except R0, we
have

∫
∂R
f(z) dz =

∫
∂R0

f(z) dz. But |
∫
∂R0

f dz| ≤ ε
∫
∂R0

|dz|
|z−ζ| , which is less than cε by

elementary estimates. Since ε is arbitrary, this proves the assertion.

Proposition 9.7. Let f be analytic in the region ∆′ obtained by omitting a finite number

of points ζj from ∆ and suppose limz→ζj (z − ζj)f(z) = 0 for all j. The
∫
γ
f(z) dz = 0 for

any closed curve in ∆′.

Proof. Assume first that no ζj lies on the lines x = x0 and y = y0. We can define
F (z) =

∫
σ
f(z) dz, where σ consists of four lines segments, 2 vertical ones and 2 horizontal

ones, that lead from the center to z and such that none pass through any ζj . By Proposition
9.6 the value of F does not depend on the choice of the middle segment. With this change,
the proof of Theorem 9.5. goes through.

10. Index of a point.

Lemma 10.1. If a piecewise differentiable closed curve γ does not pass through the point

a, then the value of the integral ∫
γ

dz

z − a
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is a multiple of 2πi.

Proof. Suppose the equation of γ is z = z(t), α ≤ t ≤ β. Let

h(t) =
∫ t

α

z′(t)
z(t)− a

dt.

Its derivative is z′(t)/(z(t) − a) whenever z′ is continuous. Therefore the derivative of
e−h(t)(z(t)−a) is 0 except possibly at finitely many points. Since the function is continuous,
it must be constant. Therefore

eh(t) =
z(t)− a
z(α)− a

.

Since z(β) = z(α), then eh(β) = 1, which proves that h(β) is a multiple of 2πi.

We define the index of the point a with respect to γ or the winding number of γ
with respect to a by

n(γ, a) =
1

2πi

∫
γ

dz

z − a
.

Proposition 10.2. (a) If γ lies inside a circle, then n(γ, a) = 0 for all points a outside

the circle.

(b) As a function of a the index n(γ, a) is constant in each of the regions determined

by γ and zero in the unbounded region.

As a point set γ is closed and bounded, so its complement consists of the union of disjoint
regions. There can be only one which contains the point at ∞ and we refer to that as the
unbounded region determined by γ.

Proof. For (a), if a lies outside the circle, then 1/(z − a) is analytic inside the circle, and
hence the integral over γ must be 0.

For (b), any two points in the same region can be joined by a polygonal path which
does not intersect γ. So it is sufficient to prove that n(γ, a) = n(γ, b) if γ does not intersect
the line segment connecting a and b. Outside the segment the function (z − a)/(z − b) is
never real and ≤ 0; to see this, note that the function is a linear fractional transformation
mapping a to 0, b to ∞, and (a+ b)/2 to −1. Since linear fractional transformations map
lines to either lines or circles, and the image contains ∞, this transformation must map
this line segment to the negative real axis. So we can define log[(z−a)/(z−b)] an a single-
valued analytic function in the complement of this segment. The derivative is 1

z−a −
1
z−b ,

and if γ does not intersect the segment, then∫
γ

( 1
z − a

− 1
z − b

)
dz = 0,
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or n(γ, a) = n(γ, b). If |a| is sufficiently large, then by (a) we have n(γ, a) = 0. Hence n is
0 in the unbounded region.

11. Cauchy integral formula.

Theorem 11.1. Suppose that f is analytic in an open disk ∆ and γ is a closed curve in

∆. If a /∈ γ,

n(γ, a)f(a) =
1

2πi

∫
γ

f(z)dz
z − a

.

Proof. Let us apply Cauchy’s theorem to F (z) = (f(z)− f(z))/(z − a). This is analytic
for z 6= a. For z = a it satisfies the condition limz→a F (z)(z − a) = lim(f(z)− f(a)) = 0.
Hence ∫

γ

f(z)− f(a)
z − a

dz = 0,

which is the same as ∫
γ

f(z)
z − a

dz = f(a)
∫
γ

dz

z − a
.

The above formula also remains valid when there are exceptional points ζ1, . . . , ζn
as in Proposition 9.7, as long as none of them are equal to a.

Corollary 11.2. If n(γ, a) = 1, then

f(a) =
1

2πi

∫
γ

f(z)dz
z − a

.

12. Higher derivatives.

Proposition 12.1. Suppose that ϕ(ζ) is continuous on the arc γ. Then the function

Fn(z) =
∫
γ

ϕ(ζ)dζ
(ζ − z)n

is analytic in each of the regions determined by γ and its derivative is F ′n(z) = nFn+1(z).

Proof. We first show F1(z) is continuous. If z0 /∈ γ, choose δ so that |z − z0| < δ does
not meet γ. If |z − z0| < δ/2, then |ζ − z| > δ/2 if ζ ∈ γ. Since

F1(z)− F1(z0) = (z − z0)
∫
γ

ϕ(ζ)dζ
(ζ − z)(ζ − z0)

,
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we have
|F1(z)− F1(z0)| ≤ |z − z0|

2
δ2

∫
γ

|ϕ| |dζ|,

hence F1 is continuous also.
Next let

Φ1(ζ) =
ϕ(ζ)
ζ − z0

,

and we see that

F1(z)− F1(z0)
z − z0

=
∫
γ

ϕ(ζ)dζ
(ζ − z)(ζ − z0)

=
∫
γ

Φ1(ζ)dζ
ζ − z

is continuous, so tends to the limit F2(z0) as z → z0. Therefore F ′1(z) = F2(z).
We now use induction. From

Fn(z)− Fn(z0) =
[ ∫

γ

ϕdζ

(ζ − z)n−1(ζ − z0)
−
∫
γ

ϕdζ

(ζ − z0)n
]

+ (z − z0)
∫
γ

ϕdζ

(ζ − z)n(ζ − z0)

we see that Fn(z) is continuous: by the induction hypothesis applied to ϕ(ζ)/(ζ − z0) the
first term goes to 0, while in the second term the factor z−z0 is bounded in a neighborhood
of z0.

Now divide the above identity by z − z0 and let z → z0. The quotient in the first
term tends to the derivative of

∫
γ

Φ1(ζ)dζ
(ζ−z0)n−1 , which by the induction hypothesis is

(n− 1)
∫
γ

Φ1(ζ)dζ
(ζ − z0)n

= (n− 1)
∫
γ

ϕ(ζ)dζ
(ζ − z0)n+1

= (n− 1)Fn+1(z).

The second term, we just showed, is continuous, and has the limit Fn+1(z0).

Theorem 12.2. Let ∆ be an open region such that f is analytic on ∆. Let C be the

boundary of ∆. Then

f(z) =
1

2πi

∫
C

f(ζ)dζ
ζ − z

,

f ′(z) =
1

2πi

∫
C

f(ζ)dζ
(ζ − z)2

,

and

f (n)(z) =
n!

2πi

∫
C

f(ζ)dζ
(ζ − z)n+1

.

Proof. The first follows from Cauchy’s integral formula with a replaced by z, and the
other two from applying Proposition 12.1.
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Theorem 12.3. (Morera’s theorem) If f is continuous in a region Ω and
∫
γ
f dz = 0 for

all closed curves in Ω, then f is analytic in Ω.

Proof. From the hypothesis, we conclude by Corollary 9.2 that f is the derivative of an
analytic function F . We have just shown that the derivative of an analytic function exists
(and is differentiable, hence continuous). So F ′ = f is analytic.

Theorem 12.4. (Liouville’s theorem) If f is analytic and bounded in the plane, then f

is constant.

Proof. If |f | is bounded by M , then

|f ′(z)| ≤Mr−1

from Theorem 12.2 with C the circle of radius r about z. Let r →∞ to see f ′ ≡ 0.

Theorem 12.5. (Fundamental theorem of algebra) If P (z) is a polynomial of degree

greater than 0, then P has a zero.

Proof. If not, 1/P (z) would be analytic in the whole plane. Since the degree of P is
larger than 0, then |P (z)| → ∞ as |z| → ∞, hence 1/P (z) is bounded. But by Theorem
12.4 this implies 1/P is constant, a contradiction.

Corollary 12.6. (Cauchy’s estimate) |f (n)(a)| ≤Mn!r−n if |f | is bounded on a circle C

of radius r about a.

Proof. Apply the last formula in the statement of Theorem 12.2.

13. Removable singularities and Taylor’s theorem.

Theorem 13.1. Suppose f is analytic in a region Ω′ obtained by omitting a point from

a region Ω. A necessary and sufficient condition that there exists an analytic function in

Ω which agrees with f in Ω′ is that limz→a(z − a)f(z) = 0. The extended function is

uniquely determined.

Proof. Since the extended function must be continuous at a, the necessity and uniqueness
are obvious. To prove sufficiency, take a circle C centered at a that is contained in Ω. If
we set

f̃(z) =
1

2πi

∫
C

f(ζ)dζ
ζ − z

,

then f̃ will equal f(z) for z 6= a and will be analytic inside C.

We denote the extension of f by f also.
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Theorem 13.2. (Taylor’s theorem) If f is analytic in a region Ω containing a, then

f(z) = f(a)+
f ′(a)

1!
(z−a)+

f ′′(a)
2!

(z−a)2+· · ·+f (n−1)(a)
(n− 1)!

(z−a)n−1+fn(z)(z−a)n, (13.1)

where fn(z) is analytic in Ω. Moreover, if C is a circle centered at a and contained in Ω,

then

fn(z) =
1

2πi

∫
C

f(ζ)dζ
(ζ − a)n(ζ − z)

. (13.2)

Proof. Applying Theorem 13.1 to F (z) = (f(z)− f(a))/(z − a), there exists an analytic
function f1(z) that is equal to F for z 6= a and equals f ′(a) for z = a. Repeating, there
exists an analytic function f2 that equals (f1(z) − f1(a))/(z − a) for z 6= a and f ′1(a) for
z = a. Continuing, we have

f(z) = f(a) + (z − a)f1(z),

f1(z) = f1(a) + (z − a)f2(z),

· · ·
fn−1(z) = fn−1(a) + (z − a)fn(z).

These equations also hold for z = a. Combining,

f(z) = f(a) + (z − a)f1(a) + (z − a)2f2(a) + · · ·+ (z − a)n−1fn−1(a) + (z − a)nfn(z).

Differentiating n times and setting z = a we obtain f (n)(a) = n!fn(a), and substituting
gives the first assertion of the theorem.

Let C be a circle centered at a and contained in Ω. Then

fn(z) =
1

2πi

∫
C

fn(ζ)dζ
ζ − z

. (13.3)

Solve (13.1) for fn(z) and substitute the result in (13.3). We obtain

fn(z) =
1

2πi

∫
γ

f(ζ)dζ
(ζ − a)n(ζ − z)

− f ′(a)
2πi

Fn−1(a)− · · · − f (n−1)(a)
(n− 1)!2πi

F1(a),

where
Fj(a) =

∫
C

dζ

(ζ − a)j(ζ − z)
, j ≥ 1.

But
F1(a) =

1
z − a

∫
C

( 1
ζ − z

− 1
ζ − a

)
dζ = 0

for all a inside C, so that F1 is identically zero there. By Proposition 12.1 with ϕ(ζ) =
1/(ζ − z), we obtain that Fj+1(a) = F

(j)
1 (a)/j! is also 0 for all j ≥ 0.

14. Taylor series.
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Theorem 14.1. If f is analytic in a region Ω containing z0, then the representation

f(z) = f(z0) +
f ′(z0)

1!
(z − z0) + · · ·+ f (n)(z0)

n!
(z − z0)n + · · ·

is valid in the largest open disk of center z0 contained in Ω.

Saying the representation is valid means that the series converges absolutely there
and uniformly in any smaller disk.

Proof. We already know

f(z) = f(z0) + · · ·+ f (n)(z0)
n!

(z − z0)n + fn+1(z)(z − z0)n+1, (13.4)

where

fn+1(z) =
1

2πi

∫
C

f(ζ) dζ
(ζ − z0)n+1(ζ − z)

and C is any circle |z − z0| = ρ such that |z − z0| ≤ ρ is contained in Ω.
If M is the maximum of |f | on C, then the last term in (13.4) is bounded by

M |z − z0|n+1

ρn(ρ− |z − z0|)
.

This converges to zero uniformly in every disk |z − z0| ≤ r < ρ. Thus the series expansion
is valid in every closed disk contained in Ω. We can take ρ to be as close as we like to the
distance from z0 to the boundary of Ω.

Therefore the radius of convergence R must be at least the distance from z0 to
the boundary of Ω. Now apply Theorem 4.1 to get the assertion about the absolute and
uniform convergence.

Let us find the Taylor series for a few familiar functions. We have

log(1 + z) = z − z2

2
+
z3

3
− z4

4
+ · · ·

by taking derivatives (or by integrating 1/(1 + z)). The radius of convergence is seen to
be 1 by taking the limsup of n−1/n. We also have

(1 + z)a = 1 + az +
(
a
2

)
z2 + · · ·+

(
a
n

)
zn + · · · ,

where (
a
n

)
=
a(a− 1) · · · (a− n+ 1)

n!
.
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We obtain this expansion by taking derivatives of f . We show that the radius of conver-
gence for this series is 1 as follows. (1 + z)a is single-valued and analytic in |z| < 1 so the
radius of convergence is at least 1. If it were more than 1, (1 + z)a and all its derivatives
would be analytic and bounded in some disk |z| < ρ for some ρ > 1. But unless a is a
positive integer, some derivative will have a term (1 + z) to a negative power, which is not
bounded in that disk. So the radius of convergence can be at most 1.

If we expand 1/(1 + z) in a geometric series and replace z by z2, we obtain

1
1 + z2

= 1− z2 + z4 − · · · .

Integrating yields

arctan z = z − z3

3!
+
z5

5!
− · · · .

If we use the binomial expansion for (1 + z)1/2 and replace z by −z2, we obtain

1√
1− z2

= 1 =
1
2
z2 +

1
2

3
4
z4 +

1
2

3
4

5
6
z6 + · · · .

Integrating gives the Taylor series for arcsin z.
Here are some general techniques. Let Rn denote the remainder of any power series

containing all terms of order n + 1 and larger. If f(z) = Pn(z) + Rn, where Pn is a
polynomial of degree n, and similarly g(z) = Qn(z) +Rn, then

f(z)g(z) = Pn(z)Qn(z) +Rn.

In the case of division, if f = Pn +Rn, g = Qn +Rn, and Pn = QnTn +Rn, where
Tn is a polynomial of degree n, and if g(0) 6= 0, then

f − Tng = Pn − TnQn +Rn.

Because g(0) 6= 0, dividing the higher order terms by g leaves an expression that consists
of terms of order n+ 1 and higher. Therefore

f/g = Tn + higher order terms.

For the composition of two functions, it is easy to see that

f(g(z)) = Pn(Qn(z)) + higher order terms.

Finally we look at the inverse of a function. We suppose that g(0) = 0 and in
order to have an inverse, at 0, it is necessary and sufficient that g′(0) = a1 6= 0. So
g(z) = Qn(z) + Sn(z), where Qn(z) = a1z + a2a

2 + · · ·+ anz
n. Then if f = g−1, we have

z = f(g(z)) = Pn(Qn) + higher order terms.

23



Clearly P1(w) = w/a1. If Pn−1 is determined, then Pn = Pn−1 + bnz
n, and

Pn(Qn(z)) = Pn−1(Qn(z)) + bna
n
1 z
n + higher order terms

= Pn−1(Qn−1(z) + anz
n) + bna

n
1 z
n + higher order terms

= Pn−1(Qn−1(z)) + P ′n−1(Qn−1(z))anzn + bna
n
1 z
n + higher order terms.

The first two terms can be written as z + cnz
n where cn is determined, and we then solve

for bnn = −cn/an1 .
In practice, it is easier to use successive substitution. For example,

w = arctan z ≈ z − z3

3
+
z5

5
,

so

z ≈ w +
z3

3
− z5

5
.

Here “≈” means “up to terms of order higher than fifth.” Substituting the expression for
z in the right,

z ≈ w +
1
3

(
w +

z3

3

)3

− 1
5

(
w
)5

≈ w +
1
3
w3 +

1
3
w2z3 − 1

5
w5

≈ w +
1
3
w3 +

1
3
w2
(
w +

1
3
z3
)3

− 1
5
w5

= w +
1
3
w3 +

2
15
w5.

15. Zeros and poles.

Proposition 15.1. Suppose f is analytic in a connected domain Ω and a ∈ Ω. If f(a)
and f (n)(a) are zero for all n, then f is identically 0.

Proof. By Taylor’s theorem,
f(z) = fn(z)(z − a)n,

where

fn(z) =
1

2πi

∫
C

f(ζ)dζ
(ζ − a)n(ζ − z)

.

Here C is the circumference of a disk contained in Ω. Let M be the maximum of f on C

and R the radius of C. Then

|fn(z)| ≤ M

Rn−1(R− |z − a|)
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if |z − a| < R. So

|f(z)| ≤
( |z − a|

R

)n MR

R− |z − a|

for every n. Since |z − a|/ < 1, letting n→∞ shows tht f(z) = 0 inside of C.
If E1 is the set on which f(z) and all its derivatives vanish and E2 = Ω−E1, then

E1 is open by the above paragraph. If E2 is not open, there exists z ∈ E2 such that
every disk about z that is contained in Ω also contains a point of E1; hence we can find
a sequence zm ∈ E1 with zm → z. Since f and all its derivatives are continuous and f

and all its derivatives are zero on each zm, then f and all its derivatives are zero at z, or
z ∈ E1 a contradiction. Therefore E2 is open. Since Ω is connected and E1 is nonempty,
then E1 must be all of Ω.

If f(z) is not identically 0 and f(a) = 0, there exists a first derivative f (h)(a) that
is not zero. We say that a is a zero of order h. We can write f(z) = (z − a)hfh(z) where
fh is analytic and fh(a) 6= 0 by Taylor’s theorem. Since fh is continuous, it is nonzero in a
neighborhood of a, and so z = a is the only zero of f(z) in this neighborhood. Therefore
the zeros of an analytic function which does not vanish identically are isolated.

If there is a sequence zm ∈ Ω tending to z ∈ Ω with f(zm) = 0, then by continuity
f(z) = 0, contradicting the fact that the zeros are isolated. Therefore the set of zeros of f
cannot have a limit point in Ω.

Corollary 15.2. Suppose f and g are analytic in a connected domain Ω and f(z) = g(z)
on a set which has a limit point in Ω. Then f(z) = g(z) for all z.

Proof. If f −g is not identically zero, then the zeros of f −g are isolated, a contradiction.

Suppose f is analytic in a neighborhood of a, except possibly at a itself. So f

is analytic in the region 0 < |z − a| < δ. a is called an isolated singularity. Suppose
limz→a f(z) =∞. Then a is said to be a pole of f . There exists δ′ < δ such that f(z) 6= 0
for 0 < |z − a| < δ′. Then g(z) = 1/f(z) is defined and analytic. Moreover the singularity
of g at a is removable. Since g does not vanish identically, then g has a zero of order h at
a. We say the pole of f at a has order h.

f is said to have a zero or pole of order h at ∞ if g(z) = f(1/z) has a zero or pole
of order h at 0.

A function which is analytic in a region Ω except for poles is called meromorphic.
The sum, difference, product, and difference of meromorphic functions is again meromor-
phic.
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Proposition 15.3. Consider the conditions

(1) limz→a |z − a|αf(z) = 0,

(2) limz→a |z − a|αf(z) =∞.

Either (i) condition (1) holds for all α; (ii) there exists an integer h such tht (1) holds for

α > h and (2) holds for α < h; or (iii) neither (1) nor (2) holds for any α.

Proof. Suppose (1) holds for some α. Then it holds for all larger α, and so it holds for
some integer m. Then (z − a)mf(z) has a removable singularity and vanishes for z = a.
Either f(z) is identically zero, and (i) holds, or else (z− a)mf(z) has a zero of finite order
k. In the latter case (1) holds for all α > h = m− k and (2) holds for all α < h.

Suppose (2) holds for some α. It then holds for all smaller α and hence for some
integer n. (z − a)nf(z) has a pole of finite order l, and if h = n + l, then (1) holds for
α > h and (2) for α < h.

In case (iii) a is called an essential isolated singularity.

Theorem 15.4. (Weierstrass) An analytic function comes arbitrarily close to any complex

value in every neighborhood of an essential singularity.

Proof. If not, there exists A and δ > 0 such that |f(z) − A| > δ in a neighborhood of a
except possibly for a itself. Then for any α < 0 we have limz→a |z − a|α(f(z) − A) = ∞.
Hence a cannot be an essential singularity of f(z) − A. So there exists β such that
limz→a |z − a|β |f(z)−A| = 0, and we may take β > 0. Since limz→a |z − a|β |A| = 0, then
limz→a |z − a|β |f(z)| = 0, and a is not an essential singularity of f , a contradiction.

16. The local mapping.

Proposition 16.1. Suppose γ is a closed curve in a disk ∆ such that f(z) 6= 0 on γ.

Then if z1, z2, . . . are the zeros of f inside γ, repeated if the multiplicity is greater than

one, then

n(γ, z1) + n(γ, z2) + · · · = 1
2πi

∫
γ

f ′(z)
f(z)

dz. (16.1)

Proof. First suppose that f has only finitely many zeros in ∆. We can write f(z) =
(z−z1)(z−z2) · · · (z−zn)g(z), where g is analytic and nonzero in ∆. Taking the logarithm
and then taking the derivative,

f ′(z)
f(z)

=
1

z − z1
+ · · ·+ 1

z − zn
+
g′(z)
g(z)
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as long as z does not equal any zj . This is true if z ∈ γ. Since g(z) 6= 0 in ∆, by Cauchy’s
theorem

∫
γ
(g′(z)/g(z))dz = 0. Therefore, multiplying by 1/(2πi) and integrating along γ,

we have (16.1).
Suppose now that f has infinitely many zeros in ∆. There will exist a concentric

disk ∆′ smaller than ∆ that contains γ. Unless f is identically 0, then f can only have
finitely many zeros in ∆′. So (16.1) holds if we restrict attention to those zeros inside γ.
However n(γ, zi) = 0 for any zero outside γ, so does not contribute to the sum in (16.1).

If γ is a circle, then n(z, γ) is either zero or one, and then the integral is simply the
number of zeros of f enclosed by γ.

The function w = f(z) maps γ onto a closed curve Γ and∫
Γ

dw

w
=
∫
γ

f ′(z)
f(z)

dz.

Therefore (16.1) says that

n(Γ, 0) =
∑
j

n(γ, zj).

If we apply the above to the function f(z)− a, we have

∑
j

n(γ, zj(a)) =
1

2πi

∫
γ

f ′(z)
f(z)− a

dz

and

n(Γ, a) =
∑
j

n(γ, zj(a)), (16.2)

where zj(a) are the zeros of f(z)− a, i.e., the places where f(z) = a, and we assume none
of them lie on γ.

Theorem 16.2. Suppose f is analytic at z0, f(z0) = w0, and that f(z) − w0 has a zero

of order n at z0. If ε > 0 is sufficiently small, there exists δ > 0 such that for all a with

|a− w0| < δ the equation f(z) = a has exactly n roots in the disk |z − z0| < ε.

Proof. Choose ε so that f is defined and analytic for |z − z0| ≤ ε and so that z0 is the
only zero of f(z)− w0 in this disk. Let γ be the circle |z − z0| = ε and Γ its image under
f . Since w0 /∈ Γ and Γ is closed, choose δ small enough so that |w − w0| < δ does not
intersect Γ. The function f(z) − a has n roots at z0, so by (16.2) n(Γ, a) = n. But for
every b inside |w−w0| < δ, we have n(Γ, b) = n(Γ, a). Therefore f(z)− b has only n roots.
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Corollary 16.3. A nonconstant analytic function maps open sets into open sets.

Proof. If z0 is in a domain and w0 = f(z0), then for ε sufficiently small, there is δ > 0
such that for all a with |a − w0| < δ, the equation f(z) = a has at least one root in the
disk |z − z0| < ε, i.e., |a−w0| < δ is contained in the image under f of |z − z0| < ε. Thus
the image of this disk under f contains a disk about w0, and this proves the image of open
sets is open.

17. The maximum principle.

Theorem 17.1. If f is analytic and nonconstant in a region Ω, then |f(z)| has no maxi-

mum inside Ω.

If f is continuous on Ω, the maximum must take place on ∂Ω.

Proof. If w0 = f(z0) with z0 ∈ Ω, there is a neighborhood |w − w0| < ε contained in the
image of Ω. In this neighborhood there are points of modulus larger than |w0|, and hence
|f(z0)| is not the maximum of |f(z)|.

An application of the maximum principle is the Schwarz lemma.

Theorem 17.2. If f is analytic for |z| < 1 and |f(z)| ≤ 1 with f(0) = 0, then |f(z)| ≤ |z|
and |f ′(0)| ≤ 1. Equality holds only if f(z) = cz for some constant c with modulus 1.

Proof. Let f1(z) = f(z)/z for z 6= 0 and f1(0) = f ′(0). On |z| = r, the absolute value of
|f1| is bounded by 1/r, and so |f1| is bounded by 1/r on |z| ≤ r. Now let r → 1.

If equality holds at a single point, then |f1| attains its maximum, and hence must
be a constant.

18. Chains, cycles, and simple connectedness.
A chain is a finite union of arcs. If the arcs are γ1, . . . , γn, we write the chain as

γ1 + · · ·+ γn. We define ∫
γ

f =
∫
γ1

f + · · ·+
∫
γn

f.

We say two chains γ, γ′ are equal if
∫
γ
f =

∫
γ′
f for all functions f . A cycle is a chain that

can be represented as the sum of closed curves.
It should be clear that if a cycle is contained in a domain, then the theorems that

hold for closed curves are also valid for cylces. In particular, the integral of an exact
differential over any cycle is 0.
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The index of a point with respect to a cycle is defined in the same way as in the
case of a single closed curve, and we have n(γ1 + γ2, a) = n(γ1, a) + n(γ2, a).

We say a region is simply connected if its complement with respect to the extended
plane is connected. Looking at the infinite strip shows why the complement must be with
respect to the extended plane. Unless stated otherwise, we will only look at domains lying
in the finite plane.

Proposition 18.1. A region Ω is simply connected if and only if n(γ, a) = 0 for all cycles

γ in Ω and all points a which do not belong to Ω.

Proof. Suppose Ω is simply connected and γ is a cycle in Ω. Since the complement of Ω
is connected, it must be contained in one of the regions determined by γ, and since ∞ is
in the component, this must be the unbounded region. Therefore n(γ, a) must be 0 for all
a in the complement.

Now suppose that n(γ, a) = 0 when γ is a cycle in Ω and a is in the complement of
Ω. Suppose the complement of Ω can be written as the union of two disjoint closed sets
A and B. Without loss of generality, suppose ∞ ∈ B, so that A is bounded. Let δ be the
smallest distance between points of A and B and cover the plane with a net of squares Q
of side length less than δ/

√
2. We can do this so we can find a point a ∈ A that is the

center of one of the squares. We take the squares Q to be closed with the interior of a
square to the left of the directed line segments that make up its boundary ∂Q.

Let γ =
∑
j ∂Qj , where the sum is over all squares which have a point in common

with A. (We do not know that A is connected, so γ could possibly be a cycle without being
a closed curve.) Since a is in one and only one of these squares, n(γ, a) = 1. We claim
that γ does not intersect A. If it did, there would exist a Qj which has a point a0 of A
on its boundary. But then the neighboring square Qi would also have a0 on its boundary,
and so ∂Qi would also contribute to the sum. However, the line segment in common of
Qi and Qj would cancel in the sum making up γ, contradicting that a0 ∈ γ. A similar
argument holds when the point of A is on the corner of one of the Qj . It is clear that γ
does not meet B by the definition of δ. Therefore γ is contained in Ω, a contradiction to
n(γ, a) = 0.

18. Multiply connected regions and Cauchy’s theorem.
Let us say that a cycle γ in Ω is homologous to zero with respect to Ω if n(γ, a) = 0

for all points a not in Ω. We write γ ∼ 0.

Theorem 18.1. If f is analytic in Ω and γ ∼ 0, then∫
γ

f(z) dz = 0.
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Proof. Let δ be the distance from γ to the complement of Ω, and cover γ by finitely
many disks of radius γ/2. Within each disk, we can replace the subarc γi of γ that is
contained in the disk by a polygonal path σi connecting the endpoints of the subarc. Here
the polygonal path is made up of line segments parallel to the axes. By Cauchy’s theorem
for the disk, the integral of f over γi and σi is the same. Therefore, the integral of f over
γ is the same as the integral of f over σ =

∑
σi, and we have reduced the problem to the

situation where γ is a polygonal path.
Extend each line segment making up γ into an infinite line. As a result we will have

divided C into some finite rectangles {Rj} and some infinite rectangles {R′j}. Without
loss of generality we can modify γ slightly so that we have at least one finite rectangle;
this insures that two infinite rectangles do not have a finite line segment as their common
side.

Choose aj ∈ Rj and define γ0 =
∑
j n(γ, aj)∂Rj . Our sum is only over the finite

rectangles. Note n(γ0, ai) = n(γ, ai) because n(∂Rj , ai) is 1 if i = j and 0 otherwise. If
we choose a′j ∈ R′j , then n(∂Ri, a′j) = 0 so n(γ0, a

′
j) = 0, while n(γ, a′j) = 0 because a′j

must be in the unbounded component determined by γ. Now suppose Rj is to the left of
Rk and σ is their common boundary. If γ − γ0 contains a multiple cσ, then γ − γ0 − c∂Rj
will not contain σ. Therefore the index of this cycle will be the same about aj as about
ak. But n(γ− γ0− c∂Rj , aj) = −c while n(γ− γ0− c∂Rj , ak) = 0. Hence c = 0. A similar
argument holds if Rj is above Rk or if Rj is finite and is next to some R′k. We conclude
γ0 = γ.

If n(γ, aj) 6= 0, then we claim Rj is contained in Ω. If not, there would be a ∈
Rj with a /∈ Ω. Since γ ∼ 0, then n(γ, a) = 0. But then 0 = n(γ, a) = n(γ0, a) =
n(γ0, aj) = n(γ, aj), a contradiction. Therefore Rj is contained in Ω. By Cauchy’s theorem
for rectangles,

∫
∂Rj

f = 0. Therefore
∫
γ
f =

∫
γ0
f =

∑
n(γ, aj)

∫
∂Rj

f = 0.

As a useful application, we have

Corollary 18.2. If f is analytic and nonzero in a simply connected domain, then a single

valued analytic branch of log f(z) can be defined in Ω.

Proof. f ′(z)/f(z) is analytic, and define F to be its indefinite integral: F (z) =
∫
σ
f ′/f dz,

where σ is a polygonal path connecting a fixed point z0 ∈ Ω to z. Then f(z)e−F (z) has
derivative 0, hence must be constant. Choose an arbitrary value of log f(z0) and define
log f(z) = F (z)− F (z0) + log f(z0).

If f is analytic, then it is not hard to see that the image under f of a simply
connected domain Ω is again simply connected. The image will not contain 0 and is
simply connected, so it is not possible to wind around zero within f(Ω). This gives some
intuition as to why Corollary 18.2 is valid.
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18. The residue theorem.
Once we have Cauchy’s theorem, we can extend all the other results to the more

general situation. For example,

Theorem 18.1. If f is analytic in a region Ω and γ in Ω is homologous to 0, then

n(γ, a)f(a) =
1

2πi

∫
γ

f(z)
z − a

dz.

We define the residue of f at an isolated singularity a to be the complex number
R which makes f(z) − R/(z − a) the derivative of a single-valued analytic function in an
annulus 0 < |z−a| < δ. We write R = Resz=af(z). If f has a pole at a, then we can write

f(z) = Bh(z − a)−h + · · ·B1(z − a)−1 + ϕ(z)

and we see Resz=af(z) = B1. If a is a simple pole of f , then

Resz=af(z) = lim
z→a

f(z)(z − a),

but this formula holds only in the case when the pole is simple.
The residue theorem is the following.

Theorem 18.2. Let f be analytic except for isolated singularities aj in a region Ω. Then

1
2πi

∫
γ

f(z) dz =
∑
j

n(γ, aj)Resz=ajf(z)

for any cycle γ in Ω which is homologous to zero and does not pass through any of the

aj ’s.

Proof. First suppose there are only finitely many singularities. Let Ω′ be the region Ω
with the points {aj} omitted. To each aj there exists δj such that 0 < |z − aj | < δj is
contained in Ω′. Let Cj be the circle about aj of radius δj/2 and let Rj be the residue at
aj . Then ∫

Cj

f(z) dz =
∫
Cj

[
f(z)− Rj

z − aj

]
dz +Rj

∫
Cj

dz

z − aj
.

The first integral on the right is zero, while the second is 2πiRj .
Let γ be a cycle in Ω′ which is homologous to zero with respect to Ω. Then

γ ∼
∑
j

n(γ, aj)Cj
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with respect to Ω′ since all points outside of Ω and also the aj have the same order with
respect to both cycles. Then∫

γ

f(z) dz =
∑
j

n(γ, aj)
∫
Cj

f(z) dz =
∑
j

n(γ, aj)2πiRj .

In the general case, we need only prove that n(γ, aj) is nonzero for a finite number
of aj ’s. The set of all points a with n(γ, a) = 0 is open and contains all points outside of
a large circle. Its complement is compact, and cannot contain more than finitely many of
the aj ’s.

21. The argument principle.

Theorem 21.1. (The argument principle) Suppose f is meromorphic in Ω with zeros aj
and poles bk and γ is a cycle which is homologous to zero in Ω and does not pass through

any zeros or poles. Then

1
2πi

∫
γ

f ′(z)
f(z)

dz =
∑
j

n(γ, aj)−
∑
k

n(γ, bk). (21.1)

Zeros and poles are repeated according to their multiplicity.

Proof. There will only be finitely many zeros and poles inside Ω′ ⊂ Ω′ ⊂ Ω, where γ ⊂ Ω′.
We can write f(z) = (z − a1)α1 · · · (z − aj)αj (z − b1)−β1 · · · (z − bk)−βkg(z), where g is
analytic inside Ω′ and nonzero. Then

f ′(z)
f(z)

=
∑
j

αj(z − aj)−1 −
∑
k

βk(z − bk)−1 +
g′(z)
g(z)

.

The integral of the last ratio over γ is zero since g′/g is analytic, and the result follows by
the definition of n.

The reason for the name is that the left hand side of (21.1) is n(Γ, 0), where Γ is
the image under f of γ.

Corollary 21.2. (Rouché’s theorem) Let γ be homologous to zero in Ω and such that

n(γ, z) is either 0 or 1 for any point z not in γ. Suppose f and g are analytic in Ω and

satisfy the inequality |f(z)− g(z)| < |f(z)| on γ. Then f and g have the same number of

zeros enclosed by γ.

Proof. Since we have strict inequality, we cannot have f(z) = 0 (or else 0 > 0) or g(z) = 0
(or else |f(z)| < |f(z)|) if z ∈ γ. Also, on γ we have the inequality∣∣∣ g(z)

f(z)
− 1
∣∣∣ < 1
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on γ. So the values of F (z) = g(z)/f(z) on γ are contained in the disk of radius 1 with
center 1, hence does not contain the origin. If Γ is the image of γ under F , then n(Γ, 0) = 0.
By the change of variables formula, this says

1
2πi

∫
γ

F ′(z)
F (z)

dz =
1

2πi

∫
Γ

dw

w
= 0.

But F ′(z)/F (z) = g′(z)/g(z) − f ′(z)/f(z) by a calculation. So the integral of g′/g and
f ′/f on γ is the same. Now by Theorem 21.1, we have our conclusion.

Corollary 21.2. Suppose the equation f(z) = w has one root z(w) in the disk |z−z0| < ε.

Then

f−1(w) =
1

2πi

∫
|z−z0|=ε

f ′(z)
f(z)− w

z dz.

Proof. If f is meromorphic, g is analytic, and g has no zeros at any poles or zeros of f ,
then g(z)f ′(z)/f(z) has the residue hg(a) at a zero a of order h and a residue of −hg(a)
at a pole of order h. So

1
2πi

∫
γ

g(z)
f ′(z)
f(z)

dz =
∑
j

n(γ, aj)g(aj)−
∑
k

n(γ, bk)g(bk).

If f has no zero at 0 and there is only one zero of f(z) = w in the disk |z − z0| = ε, we
apply this with g(z) = z and f(z) replaced by f(z)− w. The formula says that

1
2πi

∫
γ

f ′(z)
f(z)− w

z dz = g(a1) = a1,

where a1 is the zero of f(z)−w, namely, f−1(w). If f has a zero at 0, we let g(z) = z + δ

and let δ → 0.

22. Evaluation of definite integrals.
One of the important applications of complex analysis is to evaluate some definite

real integrals, and the method used is the residue theorem. This can best be explained by
examples.

Example 1. Let us compute ∫ π

0

dθ

2 + cos θ
.

Since cos θ takes the same values in (0, π) and (π, 2π), let us compute the integral over 0
to 2π; our answer will be half of what we obtain. Let us make the substitution z = eiθ, so
cos θ = 1

2 (z + 1
z ) and sin θ = 1

2i (z −
1
z ). Also, dz/z = i dθ. So our integral becomes

−i
∫
|z|=1

dz

z

1
2 + 1

2 (z + 1
z )

= −i
∫
|z|=1

dz

z2 + 4z + 1
.
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The denominator can be factored as (z − α)(z − β) with

α = −2 +
√

3, β = −2−
√

3.

So the only pole of the integrand is at α, and the residue is 1/(α−β). Therefore the value
of the integral is π/

√
3.

Example 2. Let us compute ∫ ∞
−∞

dx

(x2 + 1)(x2 + 4)
.

We will integrate f(z) = 1/(z − i)(z + i)(z − 2i)(z + 2i) over the curve γ consisting of the
semicircle of radius ρ in the upper half plane and the part of the real axis between −ρ and
ρ and then let ρ→∞. The poles inside this semicircle are z = i and z = 2i, with residues
−i/6 and i/12. So ∫

γ

f(z) dz = 2πi(− i
6 + i

12 ) =
π

12
.

This will be our answer provided we can show that the integral of f(z) over the semicircle
tends to 0 as ρ→∞. We need to show∫ π

0

1
(ρ2e2iθ + 1)(ρ2e2iθ + 4)

ρieiθ dθ → 0.

Now the modulus of ρ2e2iθ is ρ2, so as long as ρ ≥ 2, we have the modulus of 1/(ρ2e2iθ+1)
is at most 2/ρ2. Similarly for the other factor, so the integral is bounded by∫ π

0

4
ρ2

4
ρ2
ρ dθ,

which clearly goes to 0 as ρ→∞.

Example 3. Let us look at ∫ ∞
−∞

cosx
x2 + 4

dx.

This is done very similarly to the preceding. We will compute the integral of

eiz

z2 + 4

over γ, which is made up of the semicircle of radius ρ and the part of the real axis from
−ρ to ρ and then let ρ → ∞. We will then take the real part of what remains. The
poles are ±2i, of which only 2i is in the domain. The residue at z = 2i is 1/(4i), and so∫
γ
f(z) dz = e−2π/2. As in the preceding example, the integral over the semicircle tends to
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0. So the integral over the real axis is e−2π/2. Take the real parts (which doesn’t change
anything) and we have our answer.

We mention that if we had, say,
∫∞
−∞ sin2 x/(x2 + 4) dx, we could reduce it to a

problem like Example 3 by writing sin2 x = 1
2 (1 − cos(2x)), and then proceeding as in

Example 3.

Example 4. Let us look at ∫ ∞
−∞

x sinx
x2 + 1

dx.

Here the sinx is crucial for the existence of the integral because x/(x2+1) is not integrable.
We look at

f(z) =
zeiz

z2 + 1

and this time we cannot use the semicircular domain. We let γ be the outside of the
rectangle with sides y = 0, c, x = −a, b. The pole inside this domain, provided c is big, is
z = i, and the residue is ie−1/(2i) = e−1/2. Let us first hold a, b fixed and let c→∞. On
the line y = c, we have z = x+ ic and so eiz = eixe−c which has modulus bounded by e−c.
On the line y = c, we have |z|/|z2 + 1| ≤ 2/|z| ≤ 2/c. Since

∫ b
−a 2e−c/c dx→ 0 as c→∞,

we now need to look at the integrals on the lines x = −a, b. We do x = b, the other line
being similar. On x = b we have z = b+ iy, so eiz = eibe−y, and the modulus is bounded
by e−y. Similarly to before, |z|/|z2 + 1| ≤ 2/b. So the integral along the line x = b is
bounded by

∫∞
0

2e−y/b dy, which tends to 0 as b → ∞. We are left with the integral on
the real axis being equal to 2πie−1/2 = πi/e. If we now take the imaginary parts, we get
π/e for our answer.

We need to take the rectangle with sides x = −a, b where a is not necessarily equal
to b. Otherwise we would be finding

lim
a→∞

∫ a

−a

x sinx
x2 + 1

dx,

which is a little different from what we wanted.

Example 5. For our last example we look at∫ ∞
−∞

sinx
x

dx.

It turns out that this particular integral has lots of uses. We have to be a little more clever
here: sinx/x is fine near 0 (recall that the limit is 1) but cosx/x blows up near 0. On the
other hand, cosx/x is an odd function, and although it is not integrable, in some sense its
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integral should be 0. We proceed as follows: we define (Cauchy’s) principal value integral
by

pr. v.
∫ ∞
−∞

eix

x
dx = lim

a,b→∞
lim
δ→0

[ ∫ −δ
−a

eix

x
dx+

∫ b

δ

eix

x
dx
]
.

We cannot have a pole on γ for the residue theorem to work, so we let D be the union of
the rectangle with sides x = −a, b, y = 0, c and the semicircle centered at 0 in the lower
half plane with radius δ, and we then let γ be the curve bounding D. The pole z = 0 is
inside γ, and the residue is 1, so the residue theorem says that the integral over γ is 2πi.
As in Example 4, we can show that the contributions from y = c, x = −a, b can be made
arbitrarily small if we let a, b, c be big. In a neighborhood of 0, eiz/z = 1/z + g(z), where
g(z) is analytic and g(0) = i. If σ represents the boundary of the semicircle of radius δ,
then ∫

σ

g(z) dz =
∫ 2π

π

g(δeiθ)iδeiθ dθ,

which is bounded in modulus by π times the maximum of g on the semicircle. This will
be small when δ is small, because g(0) = i, so g is bounded in a neighborhood of 0. We
evaluate similarly ∫

σ

1
z
dz =

∫ 2π

π

1
δeiθ

iδeiθ dθ == πi.

Therefore

lim
δ→0

[ ∫ −δ
−∞

eix

x
d+

∫ ∞
δ

eix

x
dx
]

= 2πi− πi = πi.

Taking the imaginary parts,

lim
δ→0

[ ∫ −δ
−∞

sinx
x

dx+
∫ ∞
δ

sinx
x

dx
]

= π.

But
∫ δ
−δ sinx/x dx→ 0 as δ → 0, so we conclude that the integral over the whole real line

is π.

23. Basic properties of harmonic functions.
A function u is harmonic in a region Ω if it is C2 there (this means that u and its

first and second partial derivatives are continuous) and

∆u =
∂2u

∂x2
+
∂2u

∂y2
= 0

in Ω. This equation, called Laplace’s equation, can be written in polar coordinates as

r2 ∂
2u

∂r2
+ r

∂u

∂r
+
∂2u

∂θ2
= 0.
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It follows that u = log r is harmonic and v = θ are harmonic (for v we need to specify a
domain so that v is single valued). This isn’t surprising: u and v are the real and imaginary
parts of f(z) = log z.

If u is harmonic, v is its conjugate harmonic function if u+iv is analytic. In general,
there is no single-valued conjugate harmonic function, but there will be in a disk. To show
this, let

g(z) =
∂u

∂x
− i∂u

∂y
.

g is analytic because the Cauchy-Riemann equations are satisfied (we need the fact that u
satisfies Laplaces’s equation to show this.). Therefore

∫
γ
g(z) dz = 0 for every closed curve

γ in the disk. Now we can write

g(z) dz =
(∂u
∂x
dx+

∂u

∂y
dy
)

+ i
(
− ∂u

∂y
dx+

∂u

∂x
dy
)
.

The real part is the differential of u, and the integral over every closed curve of du is 0.
Therefore the integral over every closed curve of the imaginary part is 0. Define v(z) to be∫

γ

(
− ∂u

∂y
dx+

∂u

∂x
dy
)

where γ is any curve starting from 0 and ending at z and contained in the unit disk. So v
is well defined, and has partials −∂u/∂y and ∂u/∂x. We check that v satisfies Laplace’s
equation, and that v is the conjugate harmonic function to u.

Harmonic functions have the mean value property.

Theorem 23.1. If u is harmonic in a disk and |z− z0| = r is contained in that disk, then

u(z0) =
1

2π

∫ 2π

0

u(z0 + reiθ) dθ.

Proof. By a change of coordinates, we may suppose z0 = 0. Let f be the analytic function
which has u as its real part. By Cauchy’s integral formula, we have

f(0) =
1

2πi

∫
|z|=r

f(z)
z

dz =
1

2πi

∫ 2π

0

f(reiθ)
reiθ

ireiθ dθ.

The result follows by taking the real parts.

A corollary is the maximum principle for harmonic functions.
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Theorem 23.2. A nonconstant harmonic function has neither a maximum nor a minimum

in its region of definition.

Proof. If M is the maximum of the harmonic function u in a connected domain Ω and
u(z0) = M for some z0 ∈ Ω, then for any r less than the distance from z0 to the boundary
of Ω,

M = u(z0) =
1

2π

∫ 2π

0

u(z0 + reiθ) dθ ≤M. (23.1)

If u is strictly less than M anywhere on the circle |z−z0| = r, then by continuity it will be
strictly less than M for an interval of values of θ, and then we will have strict inequality
in (23.1), a contradiction. Therefore u is identically equal to M on the boundary of the
circle. This is true for any r less than the distance from z0 to the boundary of Ω, hence u
is equal to M in a neighborhood of z0. It follows that {z ∈ Ω : u(z) = M} is an open set.
Since {z ∈ Ω : u(z) < M} is open by the continuity of u and Ω is connected, then either
u is identically equal to M or {z ∈ Ω : u(z) = M} is empty. The proof for the minimum
follows by considering −u.

24. Poisson’s formula.
If u1 and u2 are two harmonic functions with the same boundary values on a disk,

then u1−u2 has boundary values 0 and is harmonic. By the maximum principle, u1−u2 = 0
in the disk. So a harmonic function is determined by its values on the boundary of the
disk. The Poisson formula gives an explicit representation.

Theorem 24.1. Suppose u is harmonic in the open disk of radius R and continuous on

the closed disk. Then

u(a) =
1

2π

∫
|z|=R

R2 − |a|2

|z − a|2
u(z) dθ

for all |a| < R.

Proof. Let us first suppose that u is harmonic in a neighborhood of the closed disk. Let

z = Sζ =
R(Rζ + a)
R+ aζ

.

Then S maps |ζ| ≤ 1 onto |z| ≤ R with ζ = 0 mapping to z = a. Since S is analytic,
u(S(ζ)) is harmonic in |ζ| ≤ 1 and so

u(a) = u(S(0)) =
1

2π

∫
|ζ|=1

u(S(ζ)) d arg ζ.
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We have

ζ =
R(z − a)
R2 − az

.

We also have arg ζ = Im log ζ = Re (−i log ζ), while the real part of log ζ is 0 on the circle
|ζ| = 1, hence

d arg ζ = −idζ
ζ

= −i
( 1
z − a

+
a

R2 − az

)
dz

=
( z

z − a
+

az

R2 − az

)
dθ,

where z = Reiθ implies dz = iz dθ. Since R2 = zz, the last expression is
z

z − a
+

a

z − a
=
R2 − |a|2

|z − a|2
,

or alternatively,
1
2

(z + a

z − a
+
z + a

z − a

)
= Re

z + a

z − a
.

We thus have

u(a) =
1

2π

∫
|z|=R

R2 − |a|2

|z − a|2
u(z) dθ =

1
2π

∫
|z|=R

Re
z + a

z − a
u(z) dθ.

If u is only continuous on |ζ| ≤ R, u(rz) is harmonic in a neighborhood of |ζ| ≤ R

for r < 1, so we have

u(ra) =
1

2π

∫
|z|=R

R2 − |a|2

|z − a|2
u(rz) dθ.

We now let r increase to 1 and use the continuity of y.

Using dζ/ζ = i dθ, the Poisson formula can be rewritten

u(z) = Re
[ 1

2πi

∫
|ζ|=R

ζ + z

ζ − z
u(ζ)

dζ

ζ

]
,

so u is the real part of

f(z) =
1

2πi

∫
|ζ|=R

ζ + z

ζ − z
u(ζ)

dζ

ζ
+ iC.

The conjugate harmonic function will be the imaginary part of this analytic function.
Note that when u is identically 1, we have∫

|z|=R

R2 − |z|2

|z − a|2
dθ = 2π. (24.1)

Write

PU (z) =
1

2π

∫ 2π

0

Re
eiθ + z

eiθ − z
U(θ) dθ.

Here we are taking R = 1 and U is a piecewise continuous function on the boundary of
the disk.
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Theorem 24.2. (Schwarz’ theorem) If U is piecewise continuous, then PU (z) is harmonic

for |z| < 1 and

lim
z→eiθ0

PU (z) = U(θ0)

provided U is continuous at θ0.

Proof. By looking at U − U(θ0), we may suppose U(θ) = 0. Let ε > 0 and pick δ such
that |U(θ) − U(θ0)| < ε if |θ − θ0| < δ. Let ϕ(θ) = 1 if |θ − θ0| < δ and 0 otherwise. We
have

P(1−ϕ)U (z) =
1

2π

∫ 2π

0

1− |z|2

|eiθ − z|2
((1− ϕ)U)(eiθ) dθ.

For z close to eiθ0 , |eiθ− z| > δ/2 for θ such that (1−ϕ)(eiθ) 6= 0, and therefore for such z

|P(1−ϕ)U (z)| ≤ 1
2π

(sup
θ
|U(eiθ)|)(1− |z|2)(2π)→ 0

as z → eiθ0 . On the other hand, |Uϕ| is bounded by ε on the boundary, so PϕU is bounded
in absolute value by ε by the maximum principle. Then

lim sup
z→eiθ0

|PU (z)| ≤ lim sup
z→eiθ0

|PϕU (z)|+ lim sup
z→eiθ0

|P(1−ϕ)U (z)| ≤ ε.

Since ε is arbitrary, limz→eiθ0 PU (z) = 0 as required.

25. Schwarz reflection principle.
Suppose Ω is a region that is symmetric with respect to the x axis, Ω+ = Ω ∩ {z :

Im z > 0}, Ω− = Ω ∩ {z : Im z < 0}, and σ = Ω ∩ {z : Im z = 0}.

Theorem 25.1. Suppose v is continuous on Ω+ ∪ σ, harmonic in Ω+, and 0 on σ. Then

v has a harmonic extension to Ω and v(z) = −v(z). If f is analytic on Ω+ and its

imaginary part v satisfies the conditions just given, then f has an analytic extension to Ω
and f(z) = f(z).

Proof. Let V = v on Ω+, 0 on σ, and −v(z) on Ω−. What we need to show is that V
is harmonic on σ. Pick a point x0 ∈ σ, consider a disk about x0 contained in Ω, and let
PV be the Poisson integral of V in this disk. By symmetry, PV is 0 on σ. So v − PV is
harmonic in the upper half disk, 0 on the portion of the boundary of the disk that is in
the upper half plane, and 0 on the portion of the disk that intersects the x axis. By the
maximum priniciple, v − PV is identically 0 in the upper half disk. The same argument
holds in the lower half disk, and v−PV is 0 on the intersection of the disk with the x axis.
Therefore v = PV on the disk, so v is harmonic in the disk.
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If −u is the conjugate harmonic function for v in the disk, let us normalize so that
u = Re f . Define U(z) = u(z)− u(z). Clearly Ux is 0 on the diameter of the disk, and on
the diameter Uy = 2uy = −2vx = 0 since v = 0 on the diameter. So Ux − iUy vanishes on
the diameter. Since it is analytic, it is identically 0, so U is constant. The constant must
be zero, so u(z) = u(z).

26. More on harmonic functions.
A real-valued continuous function u satisfies the mean value property in a region Ω

if

u(z0) =
1

2π

∫ 2π

0

u(z0 + reiθ) dθ

whenever |z − z0| ≤ r is contained in Ω.

Proposition 26.1. A continuous function which satisfies the mean value property in a

region Ω is harmonic.

Proof. Suppose |z−z0| ≤ r is contained in Ω. Let v be the harmonic function (constructed
using the Poisson integral) that has the same boundary values as u on |z − z0| = r. Then
u−v also has the mean value property inside |z−z0| < r. A look at the maximum principle
for harmonic functions shows that what we really used was the mean value property. So
u− v is less than or equal to the maximum on the boundary, which is 0, and similarly for
v − u. Therefore u = v, and hence u is harmonic.

Theorem 26.2. (Harnack’s inequality) Suppose u is harmonic and nonnegative in |z −
z0| < ρ, Then

ρ− r
ρ+ r

u(z0) ≤ u(z) ≤ ρ+ r

ρ− r
u(z0), |z − z0| < r < ρ.

Proof. Without loss of generality, let us take z0 = 0. Check that

ρ2 − |z|2

|ρeiθ − z|2
≤ ρ2 − |z|2

(ρ− |z|)2
=
ρ+ |z|
ρ− |z|

≤ ρ+ r

ρ− r
,

and similarly
ρ− r
ρ+ r

≤ ρ2 − r2

|ρeiθ − z|2

for all θ ∈ [0, 2π) and all |z| < r. Since u ≥ 0, by the Poisson formula,

u(z) =
1

2π

∫ 2π

0

ρ2 − r2

|ρeiθ − z|2
u(ρeiθ) dθ ≤ ρ+ r

ρ− r
1

2π

∫ 2π

0

u(ρeiθ) dθ,
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which gives the upper bound, and the lower bound is proved the same way.

Theorem 26.3. (Harnack’s principle) Suppose we have a sequence of domains Ωn and

harmonic functions un defined on Ωn. Let Ω be a region such that every point of Ω has

a neighborhood contained in all but finitely many Ωn and in this neighborhood, un(z) ≤
un+1(z) for n sufficiently large. Then either un increases uniformly to∞ on every compact

subset of Ω or else un tends to a harmonic limit function in Ω uniformly on compact sets.

Proof. Suppose limun(z0) =∞ for some z0. Then there exists r and m such that un(z)
are harmonic and nondecreasing for n ≥ m and |z − z0| < r. Applying the lower bound of
the Harnack inequality to un − um, we see un tends to ∞ uniformly in |z − z0| ≤ r/2. If
the limit is finite, using the upper bound shows that the un are uniformly bounded in this
ball. So the sets where the limit are finite and infinite are both open. Since Ω is connected,
one of them is empty.

If the limit is finite, un+p(z)− un(z) ≤ 3(un+p(z0)− un(z0)) for |z − z0| ≤ r/2 and
n + p ≥ n ≥ m. So convergence at z0 implies uniform convergence in a neighborhood
of z0. By compactness, we have uniform convergence on every compact set. The limit is
harmonic by using Poisson’s formula. The case where the limit is infinite is similar.

27. Convergence of analytic functions.
Often one has analytic functions fn converging in some sense to f and one want to

assert that f is analytic. But the domains of fn may not all be the same. For example, if

fn(z) =
z

2zn + 1
,

then fn is not defined on all of |z| < 1. But for each z with |z| < 1, we have fn(z)→ z.
The appropiate condition turns out to be that fn converges uniformly to f on

compact subsets of Ω. To be more precise, fn converges uniformly to f on compact
subsets of Ω if for each E that is compact and a subset of Ω, fn converges uniformly to f
on E. Saying fn converges uniformly to f on E means that given ε > 0, there exists n0

depending on ε and E such that if n ≥ n0, then |fn(z) − f(z)| > ε for all z ∈ E. (In the
above example, fn(z) − z = −2zn+1/(2zn + 1), and this can be made small on each disk
|z| ≤ r for r < 1.)

Theorem 27.1. (Weierstrass’ theorem) Suppose fn is analytic in a region Ωn and fn

converges uniformly to a function f on compact subsets of a region Ω. Then f is analytic

on Ω and moreover f ′n converges uniformly to f ′ on compact subsets of Ω.

Proof. We have

fn(z) =
1

2πi

∫
C

fn(ζ) dζ
ζ − z

,
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where C is the circle |ζ − a| = r and |z − a| < r. Taking the limit, we have

f(z) =
1

2πi

∫
C

f(ζ) dζ
ζ − z

,

which proves that f is analytic in the disk.
Similarly,

f ′n(z) =
1

2πi

∫
C

fn(ζ) dζ
(ζ − z)2

.

The limit on the right is
1

2πi

∫
C

f(ζ) dζ
(ζ − z)2

,

which is equal to f ′(z). Therefore f ′n(z) converges to f ′(z). It is straightforward to show
the convergence is uniform in the disk. Any compact subset of Ω can be covered by a finite
number of disks, and therefore the convergence is uniform on every compact subset.

If we have a power series
∑
anz

n, then
∑N
n=1 anz

n converges uniformly on |z| ≤ r

if r < R and R is the radius of convergence. We conclude that the limit is analytic and
taking the derivative term by term leads to a series that converges to the derivative of the
limit function.

Suppose that a sequence of analytic functions fn converges uniformly on the bound-
ary of a disk |z| ≤ a. Then it converges unifornly in the closed disk as well. To see that,
by the maximum principle,

sup
|z|≤a

|fn(z)− fm(z)| ≤ sup
|z|=a

|fn(z)− fm(z)| → 0.

Related to Weierstrass’ theorem is the following

Theorem 27.2. (Hurwitz’ theorem) If the functions fn are analytic in Ω and never zero

there and they converge uniformly on compacts to f , then f is never zero on Ω or else is

identically zero.

Proof. Suppose f is not identically zero in Ω. Since the zeros of f are isolated, given z0

there exists r such that f is nonzero in 0 < |z − z0| < 2r. In particular, f has a positive
minimum on |z − z0| = r. Then 1/fn(z) converges uniformly to 1/f(z) on |z − z0| = r.
Since f ′n converges uniformly to f ′ on |z − z0| = r, we have

1
2πi

∫
|z−z0|=r

f ′n(z)
fn(z)

dz → 1
2πi

∫
|z−z0|=r

f ′(z)
f(z)

dz.

The left hand side is the number of zeros of fn in |z − z0| < r and is 0. So the right hand
side is also 0, which says that f has no zeros inside |z − z0| < r.
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28. Laurent series.
Consider the series

∞∑
n=−∞

anz
n.

The terms with n ≥ 0 will converge inside some disk of radius R2 and the terms with n < 0
will converge outside some disk of radius R1. If R1 < R2, then the sum will be an analytic
function inside the annulus R1 < |z| < R2. Such a series is called a Laurent series.

Conversely, we have

Theorem 28.1. Suppose f is analytic in the annulus R1 < |z − a| < R2. Then we have

f(z) =
∞∑

n=−∞
An(z − a)n

with

An =
1

2πi

∫
|z−a|=r

f(ζ)(ζ − a)−n−1 dζ (28.1)

for any r with R1 < r < R2.

Proof. For simplicity, let us assume a = 0. If |z| < R2, choose r such that |z| < r < R2

and set

f1(z) =
1

2πi

∫
|ζ|=r

f(ζ) dζ
ζ − z

.

We know f1 is analytic in |z| < r. By Cauchy’s integral theorem, the value of f(z) does
not depend on r. We can expand f1 in a Taylor series as

∑∞
n=0Anz

n, and the coefficients
satisfy (28.1). If |z| > R1, choose r such that R1 < r < |z| and define

f2(z) = − 1
2πi

∫
|ζ|=r

f(ζ) dζ
ζ − z

.

Again, the value of f2(z) does not depend on r by Cauchy’s theorem. If R1 < |z| < R2,
choose R1 < r1 < |z| < r2 < R2. Then

f1(z) + f2(z) =
1

2πi

∫
γ

f(ζ) dζ
ζ − z

,

where γ is the cycle consisting of the circle |z| = r2 traversed in the counterclockwise
direction and the circle |z| = r1 traversed in the clockwise direction. By Cauchy’s integral
formula, this is equal to f(z). It remains to expand f2(z) in negative powers of z and to
determine the coefficients. Let w = 1/z and ω = 1/ζ. f2(w) is analytic inside |w| < 1/R1

and can be expanded as a Taylor series
∑
Bnw

n with

Bn =
1

2πi

∫
|ω|=1/r

f(1/ω) dω
ωn+1

=
1

2πi

∫
|ζ|=r

f(ζ)(ζ)n−1 dζ.
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29. Equicontinuity.
Sometimes we will want to know that given a sequence of functions fn : Ω → C

that there is subsequence which converges uniformly. The key idea is equicontinuity.
Given a function f , it is continuous at z0 if given ε > 0 there exists δ > 0 such

that |f(z) − f(z0)| < ε whenever |z − z0| < δ. f may be continuous at every point in a
domain, and it isn’t always true that we can choose δ independent of z0. If we can, we
have uniform continuity: given ε > 0 there exists δ such that |f(z)− f(z0)| < ε whenever
|z − z0| < δ for all z, z0.

We can carry this one step further: given a collection F of functions, each function
in F might be continuous. If we can choose δ independent of which function f in F , then
the collection is equicontinuous. The way the definition reads is that a collection F is
equicontinuous if given ε > 0 there exists δ > 0 such that |f(z) − f(z0)| < ε whenever
|z − z0| < δ for all z, z0 and all f in the collection F .

The main result is the Ascoli-Arzelà theorem.

Theorem 29.1. Suppose F is an equicontinuous collection of functions mapping a com-

pact set E to C. Suppose also that {|f(z)| : f ∈ F} is bounded for each z ∈ E. Then

there exists a subsequence of functions fn in F such that fn converges uniformly on E.

Proof. Let {zi} be a dense subset of E. The collection of numbers {|f(z1)| : f ∈ F}
is a bounded collection of complex numbers, so there exists a sequence f11, f12, . . . such
that f1n(z1) converges. Now {|f1n(z2)| : n = 1, 2, . . .} is a bounded collection of complex
numbers, so there is a subsequence f21, f22, . . . of {f1n} such that f2n(z2) converges. Then
take a subsequence {f3n} of {f2n} such that f3n(z3) converges and so on. Finally, look
at {fnn}. For each n, except for a finite number of terms this sequence is a subsequence
of {fin}, and so fnn(zi) converges for each i. (This is called Cantor’s diagonalization
argument.)

Let ε > 0. There exists a δ such that if |z−zi| < δ, then |f(z)−f(zi)| < ε/3 for each
f ∈ F . The collection of open balls {B(zi, δ/2)} covers E, so there is a finite subcollection
B1, . . . , Bk that covers E; this is because E is compact. Let w1, . . . , wk be the centers;
each wj is some zi. There exists n0 such that if n,m ≥ n0, then |fnn(wj)−fmm(wj)| < ε/3
for each j = 1, 2, . . . , k. Now pick z ∈ E. It is in some Bj , and if m,n ≥ n0 we have

|fnn(z)− fmm(z)| ≤ |fnn(z)− fnn(zj)|+ |fnn(zj)− fmm(zj)|
+ |fmm(zj)− fmm(z)|

<
ε

3
+
ε

3
+
ε

3
= ε.
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Therefore the sequence fnn converges uniformly.

Here is a converse.

Theorem 29.2. Suppose F is a collection of continuous functions defined on a compact set

with the property that every sequence in F has a subsequence which converges uniformly.

Then F is equicontinuous.

Proof. If F is not equicontinuous, there exists ε > 0, points xn and yn in the compact
set, and functions fn in F such that |xn − yn| < 1/n and |fn(xn) − fn(yn)| > 3ε. Take
a subsequence {nj} such that fnj converges uniformly, say, to f . The uniform limit of
continuous functions is continuous, so f is continuous. Our set is compact, so f is uniformly
continuous. Hence there exists δ such that if |x − y| < δ, then |f(x) − f(y)| < ε. For nj
large, |xnj − ynj | ≤ 1/nj < δ and supx |fnj (x)− f(x)| < ε. But then

|fnj (xnj )− fnj (ynj )| ≤ |fnj (xnj )− f(xnj )|+ |f(xnj )− f(ynj )|
+ |f(ynj )− fnj (ynj )|

< 3ε,

a contradiction.

A collection of analytic functions F is called normal if every sequence in F has a
subsequence which converges uniformly on compact subsets.

Theorem 29.3. Let Ω be a region and suppose F is a collection of analytic functions

which is uniformly bounded on each compact subset of Ω. Then F is a normal family.

Saying F is uniformly bounded on a compact set E means that there exists M such
that |f(z)| ≤M for all z ∈ E and all f ∈ F .

Proof. Let En be the set of points in Ω∩{|z| ≤ n} whose distance from the boundary of Ω
is greater than or equal to 1/n. Then each En is closed and bounded, hence compact. If we
show that F has a convergent subsequence on each En, we can use Cantor’s diagonalization
argument to find a subsequence which converges uniformly on each En. Since any compact
subset of Ω is contained in En for n sufficiently large, that will prove the theorem.

So let En be one of these compact sets. Let ε > 0. Let z0 ∈ En and let C be the
boundary of a circle of radius r, where r is less than 1/n. So |z − z0| < r is contained in
Ω. By Cauchy’s integral formula

f(z)− f(z0) =
1

2πi

∫
C

( 1
ζ − z

− 1
ζ − z0

)
f(ζ) dζ

=
z − z0

2πi

∫
C

f(ζ) dζ
(ζ − z)(ζ − z0)

.
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Therefore if |z − z0| < r/2 and |f | is bounded by M on En, we have

|f(z)− f(z0)| ≤ 4M |z − z0|
r

.

So if we choose δ < r/2 and δ < εr/(4M), we have |f(z)− f(z0)| < ε for every f ∈ F and
z in |z − z0| < r/2. We can cover En by finitely many balls of radius r/2, so this proves
equicontinuity of F on En. We complete the proof by applying Theorem 29.1.

Traditionally, one says that F is a normal family if there is a subsequence which
converges uniformly on compact subsets or if there is a subsequence which converges uni-
formly to ∞ on compact subsets of Ω. A sequence fn converges uniformly to ∞ on a
compact set E if 1/fn converges uniformly to 0.

As an example, consider F = {f : f is analytic on Ω, |f(z)| > 1 for all z ∈ Ω}. We
claim F is a normal family. To see this, let g(z) = 1/z. Then {g ◦ f : f ∈ F} is uniformly
bounded by 1, so is a normal family. Therefore there exists a subsequence fn such that
g ◦ fn converges uniformly on compact subsets. If the limit F is everywhere nonzero, then
fn converges uniformly on compacts to g ◦ F , since g ◦ g is the identity. If F is identically
0, then fn converges uniformly on compacts to ∞. Each fn is complex-valued, so g ◦ fn is
never 0, and by Hurwitz’ theorem, either F is identically 0 or never 0.

30. Partial fractions.
The goal in this section is to represent meromorphic functions in the form∑

i

Pi(1/(z − bi)) + g(z),

where bi are the poles and Pi are polynomials. Such an expansion doesn’t always converge,
so we have to include convergence enhancing terms. The theorem, due to Mittage-Leffler,
is

Theorem 30.1. Suppose bi → ∞ and let Pi be polynomials without constant term.

Then there are functions which are meromorphic in the whole plane with poles at bi and

corresponding singular parts Pi(1/(z − bi)). Moreover, the most general meromorphic

function of this kind can be written

f(z) =
∑
i

[
Pi

( 1
z − bi

)
− pi(z)

]
+ g(z),

where the pi are polynomials and g(z) is analytic in the whole plane.

Proof. By a change of coordinate systems we may suppose no bi equals 0. The function
Pi(1/(z−bi)) is analytic for |z| < |bi|. Let pi(z) be a partial sum of degree ni of the Taylor
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series. Recall that the remainder term for Taylor series is fn(z)(z − a)n, where

fn(z) =
1

2πi

∫
C

f(ζ) dζ
(ζ − a)n(ζ − z)

,

and C is a circle centered at a. If the maximum of |Pi| on |z| ≤ |bi|/2 if Mi, then∣∣∣Pi( 1
z − bi

)
− pi(z)

∣∣∣ ≤ 2Mi

(2|z|
|bi|

)ni+1

for |z| ≤ |bi|/4. If we choose ni such that 2ni ≥Mi2i, then the sum of the remainder terms
will converge.

In any disk |z| ≤ R, provided we omit the terms with |bi| ≤ 4R, we get uniform
convergence. By Weierstrass’ theorem, the remaining series represents an analytic function
in |z| ≤ R. Hence the full series is meromorphic in the whole plane with the desired singular
parts.

Consider the example

f(z) =
π2

sin2(πz)
.

The function π
sinπz −

1
z is bounded near 0, so has a removable singularity there. The

singular part at the origin of f is thus 1/z2 and since f is periodic, its singular part at
z = n is 1/(z − n)2. The series

∞∑
n=−∞

1
(z − n)2

(30.1)

is convergent for z 6= n (compare to
∑

1/n2) and is uniformly convergent on any compact
set after omission of the terms which become infinite on this set. So

π2

sin2 πz
=

∞∑
n=−∞

1
(z − n)2

+ g(z),

where g is analytic in the whole plane. Since both f and the series have period 1, so does
g. If z = x+ iy, then

sinπz =
1
2i

(eiπx−πy − e−iπx+πy),

which tends to ∞ as y →∞ or y → −∞. The convergence of the series (30.1) is uniform
for |y| ≥ 1 and by taking the limit term by term, we see that (30.1) tends to 0 as |y| → ∞.
This implies that |g(z)| is bounded in the strip 0 ≤ x ≤ 1, and by periodicity, |g(z)| is
bounded in the whole plane. So g is constant. Since the limit as |y| → ∞ is 0, the constant
must be 0, or g is identically zero.
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Here is another example. Let

g(z) =
1
z

+
∑
n 6=0

( 1
z − n

+
1
n

)
.

We introduce the 1/n to get convergence: the nth term is z/(n(z − n)), and we compare
to
∑

1/n2. The convergence is uniform on every compact set if we omit the terms which
become infinite, so we can differentiate term by term and obtain

g′(z) = −
∑
n

1
(z − n)2

= − π2

sin2 πz
.

Therefore g(z) = π cotπz + c. If the terms corresponding to n and −n are bracketed
together, we have

π cotπz = c+ lim
m→∞

m∑
n=−m

1
z − n

=
1
z

+
∞∑
n=1

2z
z2 − n2

.

The left hand side is odd, and the right hand side is equal to c plus an odd function, hence
c = 0.

Consider

lim
m→∞

m∑
−m

(−1)n

z − n
=

1
z

+
∞∑
1

(−1)n
2z

z2 − n2
.

By splitting into terms with even n and with odd n, we can write this as the limit of
k∑

n=−k

1
z − 2n

−
k∑

n=−k−1

1
z − 1− 2n

,

which is
π

2
cot

πz

2
− π

2
cot

π(z − 1)
2

=
π

sinπz
.

31. Infinite products.
The infinite product p1p2 · · · pn · · · =

∏∞
n=1 is evaluated by looking at the limit

limN→∞ p1 · · · pN . The product is said to converge if all but a finite number of the the
pn’s are nonzero and the partial products formed from the nonvanishing factors tends to
a nonzero limit. If the product converges,

pn =
n∏

i=n0

pi/
n−1∏
i=n0

pi → 1.

So we write instead pi = 1 + ai.
Look at the sum

∞∑
n=1

log(1 + an). (31.1)

We use the principal branch for the logarithm. i
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Theorem 31.1. The partial sums of (31.1) converge if and only if the infinite product∏∞
n=1(1 + an) converges.

Proof. If the series (31.1) converge to S, then the partial products are given by
N∏
n=1

(1 + an) = exp
( N∑
n=1

log(1 + an)
)

and they converge to eS , which is nonzero. Therefore, if (31.1) does not converge, neither
does the infinite product.

Suppose PN =
∏N
n=1(1 + an) converges to P . We choose the principal branch of

logP and we determine argPn by the condition argP − π < argPn ≤ argP + π. So
logPn = log |Pn| + i argPn, and Sn = logPn + hn2πi, where hn is well defined. For two
consecutive terms,

(hn+1 − hn)2πi = log(1 + an+1) + logPn − logPn+1.

For n sufficiently large, | arg(1 + an+1)| < 2π/3, | argPn− argP | < 2π/3, and | argPn+1−
argP | < 2π/3. By looking at the imaginary parts, we conclude |hn+1−hn| < 1 for n large,
and hence hn is constant from some point on. Therefore Sn → logP + h2πi.

We say an infinite product converges absolutely if the series (31.1) converges abso-
lutely.

Theorem 31.2. The infinite product
∏
n(1 + an) converges absolutely if and only if the

infinite sum
∑
|an| converges.

Proof. If either
∑
|an| or (31.1) converges, then an → 0. For |an| sufficiently small we

have
1
2 |an| ≤ | log(1 + an)| ≤ 2|an|,

and the result follows.

32. Canonical products.
An entire function is one that is analytic in the whole plane. If g is entire, then

f = eg is entire, and is never zero. Conversely, if f is entire and never zero, then f ′/f is
entire and will be the derivative of an entire function g. Then fe−g has derivative zero,
hence is constant, so f = ceg. Absorbing the constant into g, we can write f = eg.

If f is entire and has zeros as 0 and at a1, . . . , an, then we can similarly write

f(z) = zmeg(z)
N∏
n=1

(
1− z

an

)
.

We would like a similar expression, but the corresponding infinite product may not con-
verge. Instead we have the following:
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Theorem 32.1. Suppose either there is a finite collection a1, . . . , aN or a sequence an →
∞. There exists an entire function with these and no other zeros. Every entire function

with these zeros can be written

f(z) = zmeg(z)
∞∏
n=1

(
1− z

an

)
e(z/an)+(z/an)2/2+···+(z/an)mn/mn ,

where the product is taken over all an 6= 0, the mn are certain integers, and g is an entire

function.

Proof. The difficulty is only in the convergence of the infinite product. Once we have that,
if f is any function with the given zeros, let F be an entire function of the desired form with
exactly the same zeros. Then the zeros of f and F will cancel when we form the ratio f/F ;
this function is analytic except at the zeros, where it has removable singularities. Morever,
f/F is never 0. So we can write f/F = eG for an entire function G, and consequently
f = FeG, which shows that f has the desired form.

Let sn(z) be the nth factor in the infinite product. We fix R > 0 and show that∏∞
n=1 sn(z) converges for |z| < R. In forming the product, we need only consider those

terms with |an| > 4R. If we can show
∑
{n:|an|>4R} log sn(z) converges absolutely and

uniformly on |z| < R, then the sum will be an analytic function. Since the infinite product
will be the exponential of this, the product will be analytic as well.

Expanding log(1 − z/an) in a Taylor series, we see that log sn(z) is the remainder
after n terms. So

log sn(z) =
1

mn + 1

( z
an

)mn+1

+
1

mn + 2

( z
an

)mn+2

+ · · · ,

and
| log sn(z)| ≤ 1

mn + 1

( R

|an|

)mn+1(
1− R

|an|

)−1

.

If the series
∞∑
n=1

1
mn + 1

( R

|an|

)mn+1

(32.1)

converges, then log sn(z) → 0, and hence Im log sn(z) ∈ (−π, π] for n large. Then∑
log sn(z) will be absolutely and uniformly convergent for |z| < R. (The uniform con-

vergence will not be affected by those terms where |an| ≤ R.) If we choose mn = n, the
series (32.1) converges, using, for example, the root test.

Corollary 32.2. Every function which is meromorphic in the plane is the ratio of two

entire functions.

Proof. If F is meromorphic, we can find an entire function g with the poles of F as zeros.
So f = Fg is entire, and F = f/g.
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If we can find a representation of the form in Theorem 32.1 with all the mn equal
to an integer h, then the product is called a canonical product and h is the genus of the
product. What one needs is that

∑
(R/|an|)h+1/(h+1) converges for all R, which happens

when
∑
|an|−(h+1) <∞.

As an example, let us find the product representation of sinπz.
∑

1/n diverges and∑
1/n2 converges, so we take h = 1, and look for a representation of the form

zeg(z)
∏
n 6=0

(
1− z

n

)
ez/n.

We take the logarithmic derivative, and obtain

π cotπz =
1
z

+ g′(z) +
∑
n 6=0

( 1
z − n

+
1
n

)
.

This is justified because we have uniform convergence on any compact set not containing
the points . . . ,−n, . . . ,−1, 0, 1, . . . , n, . . .. If we compare this with the partial fraction
expansion for π cotπz, g′ = 0, or g is a constant. Since limz→0 sinπz/z = π, then eg(z) = π,
and we obtain

sinπz = πz
∏
n 6=0

(
1− z

n

)
ez/n.

If we combine the n and −n terms together, we have

sinπz = πz
∞∏
n=1

(
1− z2

n2

)
.

33. Jensen’s formula.

Theorem 33.1. Suppose f is analytic on |z| ≤ ρ and has no zero at 0, no zeros on |z| = ρ,

and zeros at a1, . . . , an. Then

log |f(0)| = −
n∑
i=1

log(ρ/|ai|) +
1

2π

∫ 2π

0

log |f(ρeiθ)| dθ.

Proof. First suppose f has no zeros at all. log |f(z)| is harmonic except at the zeros of f
so

log |f(0)| = 1
2π

∫ 2π

0

log |f(ρeiθ)| dθ (33.1)

by the mean value property for harmonic functions.
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Now suppose f has zeros at a1, . . . , an. The function

F (z) = f(z)
n∏
i=1

ρ2 − aiz
ρ(z − ai)

has no zeros in the disk and |F (z)| = |f(z)| on |z| = ρ. Applying (33.1) to F ,

log |F (0)| = 1
2π

∫ 2π

0

log |f(ρeiθ)| dθ.

Our result follows by substituting for the value of F (0).

It turns out Jensen’s formula is still valid is f has zeros on |z| = ρ and there is
a variation in the case f has a zero at 0. The formula relates the modulus of f on the
boundary to the modulus of the zeros of f .

34. The Riemann mapping theorem.
The Riemann mapping theorem says that every simply connected region other than

C itself is conformally equivalent to the unit disk.

Theorem 34.1. Let Ω be simply connected and not equal to C, and let z0 ∈ Ω. There

exists a unique analytic function f on Ω such that f(z0) = 0, f ′(z0) > 0, and f is a

one-to-one mapping of Ω onto |w| < 1.

A one-to-one function is called univalent.

Proof. First we look at uniqueness. If f1, f2 are two such functions, then f1 ◦ f−1
2 maps

the unit disk one-to-one onto itself and f1 ◦ f−1
2 (0) = 0. So f1 ◦ f−1

2 is a linear fractional
transformation. Since this function maps the unit disk one-to-one onto itself, it is equal to
eiθz for some θ. Since the derivative is real and positive, then θ = 0 and the function is
the identity.

Now we begin the proof of existence. We first reduce to the case when Ω is bounded
as follows. Suppose a /∈ Ω. Without loss of generality we may suppose a = 0. Let
h(z) =

√
z; we can define a single-valued function since Ω is simply connected. Let

Ω′ = h(Ω). Suppose z1 ∈ Ω′; then there exists ε > 0 such that |z − z1| < ε is contained
in Ω′. We claim |z + z1| < ε, the ball of radius ε about −z1, is disjoint from Ω′. To see
this, if w is a point in Ω′ with |w+ z1| < ε, then −w is in the ball of radius ε about z1 and
hence is also in Ω′. But then (−w)2 = w2 ∈ Ω, a contradiction to h being one-to-one.

Now invert Ω′ through the circle |z + z1| = ε to get Ω′′. We have Ω′′ is bounded.
By a translation and dilation, we may suppose that Ω′′ is contained in the unit disk. Now
drop the primes.
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Our strategy is the following. Let F be the collection of univalent analytic functions
g on Ω that satisfy |g(z)| ≤ 1 on Ω, g(z0) = 0, and g′(z0) > 0. The function we want is
the element of F that maximizes f ′(z0).

We show that F is not empty. To see this, let g be a linear fractional transformation
mapping the unit disk into itself with g(z0) = 0. We can multiply g by a rotation to get
g′(z0) > 0. Such a g restricted to Ω will be in F .

Next we define f . Let B = supg∈F g′(z0). B is finite by Cauchy’s integral formula
for g′(z0) together with the fact that g is bounded. Take a sequence gn ∈ F such that
g′n(z0) ↑ B. The gn’s are bounded, so there exists a subsequence gnj which converges on
compacts. Call the limit f and observe that |f(z)| ≤ 1 on Ω, f(z0) = 0, and f ′(z0) = B.

We show f is one-to-one. f is not constant since f ′(z0) = B > 0. Choose z1 ∈ Ω. If
g ∈ F , then g1(z) = g(z)−g(z1) is never 0 in Ω−{z1} since functions in F are one-to-one.
f(z)−f(z1) is the limit of such g1’s. By Hurwitz’ theorem, f(z)−f(z1) is either identically
zero or never zero. It is not constant, so it is never 0, or f(z) 6= f(z1) if z 6= z1.

The hardest part is showing f is onto. The idea is this: suppose f(z) 6= w0 for some
w0 in the unit disk. Do a linear fractional transformation to send w0 to 0. Then

√
f will

have derivative at z0 greater than the derivative of f .
So suppose f(z) 6= w0 for some w0 in the unit disk. We are in a simply connected

domain; if ϕ is never 0, we can define logϕ =
∫
ϕ′/ϕ and

√
ϕ = exp( 1

2 logϕ). So we can
define

F (z) =

√
f(z)− w0

1− w0f(z)

as a single valued function. F is one-to-one and bounded in modulus by 1. Let

G(z) =
|F ′(z0)|
F ′(z0)

F (z)− F (z0)
1− F (z0)F (z)

.

Note G(z0) = 0 and G is bounded in modulus by 1. A calculation shows

G′(z0) =
|F ′(z0)|
F ′(z0)

(1− F (z0)F (z0))F ′(z0)− (F (z0)− F (z0))(−F (z0)F ′(z0))
(1− F (z0)F (z0))2

=
|F ′(z0)|
F ′(z0)

F ′(z0)
1− |F (z0)|2

=
|F ′(z0)|

1− |F (z0)|2
.

Also,

F ′(z) =
1

2F (z)
f ′(z)(1− w0f(z))− (f(z)− w0)(−w0f

′(z))
(1− w0f(z))2

.
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Observe F (z0) =
√
−w0 and

F ′(z0) =
B − |w0|2B

2
√
−w0

.

So

G′(z0) =
B(1− |w0|2)

2
√
|w0|(1− |w0|)

=
1 + |w0|
2
√
|w0|

B. (34.1)

Note that if w0 = ρeiθ, then

|
√
−w0| = |

√
ρieiθ/2| = √ρ =

√
|w0|.

Also, if r < 1, 0 < (1−r)2 = 1−2r+r2, so 1+r2 > 2r, or (1+r2)/(2r) > 1. We apply this
with r =

√
|w0| and see from (34.1) that G′(z0) is strictly larger than B, a contradiction.

Therefore f must be onto.

When can f be extended to be a map from the closure of Ω to the closed unit disk?
It turns out that it can when the boundary of Ω is a Jordan curve. However, it is not
always possible to extend f : the slit disk and Littlewood’s crocodile are tow examples.

35. Picard’s theorem.
If g is an entire function, then so is f = eg and f is never 0. But it turns out that

is the only value f does not take. The same is true of any nonconstant entire function: it
can omit at most one point. That is Picard’s theorem.

We start with

Lemma 35.1. Suppose f is analytic on |z| < 1, f(0) = 0, f ′(0) = 1, and |f(z)| is

bounded by M for |z| < 1. Then M ≥ 1 and the image of the unit disk under f contains

|z| < 1/(6M).

Proof. We write
f(z) = z + a2z

2 + · · · .

Let 0 < r < 1. We know
|an| = n!|f (n)(0)| ≤M/rn.

Letting r ↑ 1, we obtain |an| ≤M . In particular, M ≥ |a1| = 1.
Suppose |z| = 1/(4M). Then

|f(z)| ≥ |z| −
∞∑
n=2

|anzn| ≥
1

4M
−
∞∑
n=2

M
1

(4M)n

=
1

4M
− 1/(16M)

1− 1/(4M)
≥ 1

6M
.
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Now suppose |w| < 1/(6M). Let g(z) = f(z) − w and let C be the circle |z| =
1/(4M). On C,

|f(z)− g(z)| = |w| < 1
6M
≤ |f(z)|.

By Rouché’s theorem, f and g have the same number of zeros inside |z| < 1/(4M). f(0) =
0, so g has at least one zero, which proves that f takes the value w.

Lemma 35.2. Suppose g is analytic on |z| < R, g(0) = 0, g′(0) = µ > 0 and |g| is

bounded by M on this disk. Then the image of |z| < R under g contains the disk about

zero of radius R2µ2/(6M).

Proof. Apply Lemma 35.1 to f(z) = g(Rz)/(Rg′(0)).

Lemma 35.3. If f is analytic on |z − a| < r and

|f ′(z)− f ′(a)| < |f ′(a)|, |z − a| < r,

then f is one-to-one.

Proof. Let z1, z2 be distinct points in |z−a| < r and let γ be the line segment connecting
them. Then

|f(z1)− f(z2)| =
∣∣∣∫
γ

f ′(z) dz
∣∣∣ ≥ ∣∣∣ ∫

γ

f ′(a) dz
∣∣∣− ∣∣∣∫

γ

[f ′(z)− f ′(a)] dz
∣∣∣

≥ |f ′(a)| |z2 − z1| −
∫
γ

|f ′(z)− f ′(a)| |dz| > 0.

Therefore f(z2) 6= f(z1).

We now prove Bloch’s theorem. This is important in itself, as well as a key step in
proving Picard’s theorem.

Theorem 35.4. Suppose f is analytic on |z| ≤ 1, f(0) = 0, and f ′(0) = 1. Then there

exists a disk S contained in |z| < 1 on which f is one-to-one and f(S) contains a disk of

radius 1/72.

Proof. First we show how to define S. Let

K(r) = sup{|f ′(z)| : |z| = r}, h(r) = (1− r)K(r).

h is continuous on [0, 1], h(0) = 1, and h(1) = 0. Let r0 = sup{r : h(r) = 1}. So h(r0) = 1,
r0 < 1, and h(r) < 1 if r > r0. Let a be such that |a| = r0 and |f ′(a)| = K(r0). So
|f ′(a)| = 1/(1− r0). Let ρ0 = 1

2 (1− r0) and let S be the disk |z − a| < ρ0/3.
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Next we show f is one-to-one on S. The idea is that we picked a such that (1 −
|a|)|f ′(a)| = 1, and by bounds on f ′(z) we can get f ′(z)−f ′(a) small if |z−a| is small. Here
are the details. If |z−a| < ρ0, then |z−a| < 1

2 (1− r0), or |z| < 1
2 (1− r0) + r0 = 1

2 (1 + r0).
then

|f ′(z)| < K( 1
2 (1 + r0)) = h( 1

2 (1 + r0))
1

1− 1
2 (1 + r0)

<
1

1− 1
2 (1 + r0)

=
1
ρ0
.

We use here that 1
2 (1 + r0) > r0, which says that h evaluated at this value is strictly less

than one. Consequently, if |z − a| < ρ0 we have

|f ′(z)− f ′(a)| ≤ |f ′(z)|+ |f ′(a)| < 3
2ρ0

.

We now apply Schwarz’ lemma to (f ′(z)− f ′(a))/( 3
2ρ20

). This is 0 at a and bounded by ρ0

if |z − a| = ρ0. Therefore ∣∣∣f ′(z)− f ′(a)
3

2ρ20

∣∣∣ ≤ |z − a|,
or

|f ′(z)− f ′(a)| ≤ |z − a|
2ρ2

0

.

So if z is in S, |f ′(z) − f ′(a)| < 1/(2ρ0) = |f ′(a)|. Applying Lemma 35.3 shows f is
one-to-one on S.

Finally we show that the image of S under f contains a disk of radius 1/72. For
|z| < ρ0/3, let g(z) = f(z + a) − f(a). Then g(0) = 0 and |g′(0)| = |f ′(a)| = 1/(2ρ0).
For such z, the line segment γ connecting a to z + a is contained in S, which in turn is
contained in |z − a| < ρ0, so

|g(z)| =
∣∣∣∫
γ

f ′(w) dw
∣∣∣ ≤ 1

ρ0
|z| < 1

3
.

We now apply Lemma 35.2: the image of |z| < ρ0/3 under g contains the disk of radius s,
where

s =
(ρ0/3)2(1/(2ρ0)2

6( 1
3 )

=
1
72
.

If f is one-to-one on the unit disk, f(0) = 0, and |f ′(0)| = 1, then Koebe’s 1
4

theorem, also called the distortion theorem, says that the image of the unit disk under f
contains the ball of radius 1/4 centered at the origin, and

We now prove the (little) Picard theorem.

57



Theorem 35.5. If f is entire and omits 2 values, then it is constant.

Proof. If f(z) 6= a, b, then (f(z)− a)/(b− a) omits 0 and 1. So without loss of generality,
we may assume the two values it omits are 0 and 1.

Next we claim there exists g analytic such that

f(z) = − exp(iπ cosh(2g(z))).

To see this, since f never vanishes, by Corollary 18.2, log f can be defined. Let F (z) =
log f(z)/(2πi). If F (a) = n for some integer n, then f(n) = e2πin = 1, a contradiction. So
F is never equal to an integer. Since F 6= 0, 1, we can define

√
F (z) and

√
F (z)− 1. Let

H(z) =
√
F (z)−

√
F (z)− 1.

H is never 0, so let g = logH. We calculate

H +
1
H

=
H2 + 1
H

=
F + (F − 1)− 2

√
F
√
F − 1 + 1√

F
√
F − 1

=
F + (F − 1)− 2

√
F
√
F − 1 + 1√

F
√
F − 1

√
F +

√
F − 1√

F +
√
F − 1

= 2
√
F .

Then
cosh(2g) + 1 = 1

2 (e2g + e−2g) + 1 = 1
2 (eg + e−g)2

= 1
2 (H + 1

H )2 = 2F =
1
πi

log f.

So
f = elog f = eπi+πi cosh 2g = −eπi cosh(2g).

Third, we show g never takes the values

{± log(
√
n+
√
n− 1) + 1

2 imπ : n ≥ 1,m = 0,±1, . . .}.

We will do the case with the “+”; the case with “−” is similar. If g(a) = + log(
√
n +√

n− 1 + 1
2 imπ, then

2 cosh(2g(a)) = e2g(a) + e−2g(a)

= eimπ(
√
n+
√
n− 1)2 + e−imπ(

√
n+
√
n− 1)−2

= (−1)m[(
√
n+
√
n− 1)2 + (

√
n−
√
n− 1)2]

= (−1)m2[n+ n− 1] = 2(−1)m(2n− 1).

So
cosh(2g(a)) = (−1)m(2n− 1).
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But 2n− 1 is odd, so e(−1)m(2n−1)πi = −1, or f(a) = 1, a contradiction.
We now finish the proof. Which points are omitted by g? For a given n they differ

by πi/2, which is bounded in modulus by 3. For a given m they differ by

log(
√
n+ 1 +

√
n)− log(

√
n+
√
n− 1) = log

(√n+ 1 +
√
n

√
n+
√
n− 1

)
.

This is largest when n = 1, and the value is

log(1 +
√

2) < log e = 1.

Therefore the omitted points form the vertices of rectangles, and the diagonal of any
rectangle is at most

√
10. But by Bloch’s theorem, the image of |z − a| < R under g

contains a disk of radius R|g′(a)|/72. Pick a such that g′(a) 6= 0 and then pick R large so
that R|g′(a)|/72 > 4. This gives us a contradiction.
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