Algebré Preﬁminafy Examination Augus t 2000

1) Let 4,Bben >< 7 com;blex' matrices. If 4 = (a,j) then tr(é) =¥ a.

(i) Show that similar rnatrices have the same trace.

" We call fr(A) the trace of A.

(i) Show that tr(AB) = tr(BA).
(m)Show that & nilpoten’c'matr.ix has trace 0.

2) Let R be a commutaﬁlve ring with 1 and M a mght R—modhle Suppose

_ that f1 M -——> M is an R-module homommrphlsm Wmh the property uha,z-

f Show that M= Ker(‘)@f(M)

.3y (a) For which, values of n are all Abellan groups of order n cychc'?

(b) Show that a group of order 12 has a normal Sylow subg“roma _

4 Let Dbea pxmmpal 1deal domain.
“(a) Show that every prime ideal of D is méaximal.

(b) If D[z] is also & principal ideal domain, show l,-han D is a field. |

i



5) Let C be the center of the group G. if { has index n in G, show that
every conjugacy class in & has at most n elements. (If a € G, the conjugacy

class of ais {gag™ | g € G}.)

6) For each of the following, tell if it is true or false and give a reasom.

i) If ¢ is an onto homomorphxsm from the group Z to the mﬁmte group G,
then ¢ is an ispmorphism. '

(i) If M is a Q-module (Q is the rationals) and N is & NOU-ZEr0 submodule,
then N is a free Q-module. ' |

(iii) The subring of the ra‘,%.;iona}s given by {m/n | m,n € Z, n odd} has a
unique maximal 1&&&1 | ' '

(W) Suppose G4 and G are finité groups and that H; is a , normal subgroup
of Gy, for i=1,2. If Hl H, and G/ Hy ~ GofHy, then 01 Go.




