Probability Prelim Exam for Actuarial Students
August 2015

. (10 points) Let X and Y be independent random variables. Let f,¢g: R — R be Borel-
measurable functions. Show that the random variables f(X) and ¢g(Y") are independent.

. (20 points) Let (2,.#, P) be a probability space. Let A, € % for n = 1,2,.... Show
that

(a) (10 points) If Y~ | P(A,) < oo, then

n

P <lim sup An) =0.
(b) (10 points) If > P(A,) = oo and A;, Ay, ... are independent, then

P (hm sup An) =1

n

. (10 points) Let X be a non-negative random variable on a probability space (2, %, P).

Show that for all a > 0,

P(X >a)< %.

. (10 points) Let X, Xy, Xy ..., Y}, Y5, ... be random variables on a defined probability
space. Show that if X, 4 X and Y, LN ¢, for some constant ¢, then

X, +Y, 5 X+,

d e
where — means convergence in distribution.

. (10 points) Let X and Y be two random variable in a probability space (), %, P).
Suppose that X and Y are independent. Show that

EY|X)=EY), a.s.

. (10 points) Let {X,} be a submartingale. Let 74 and 75 be stopping times. Suppose
that 0 < 7 <1 < M almost surely for some positive integer M. Show that

E(X,,) > B(X,).
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