Math 116 Final Exam Review Packet Solutions

1. True of False:

(a) If the power series ZC’n(x +1)" diverges at * = 1 a converges at x = —3 then the
radius of convergence must be equal to 2.

Solution: True. We have that the given series can be rewritten as Z Cp(x — (=1))",
which indicates that it is centered at x = —1. Recall that the radius of convergence is
anumber R > 0 (possibly infinite), such that the series converges if |z—(—1)| < R, di-
verges when |z —(—1)| > R, and may either converge or diverge when |z —(—1)| = R.
Since the series converges when x = —3, we have that R is nonzero, and R > 2. Since
the series diverges when x = 1 we have that R is finite, and R < 2. Thus, R = 2.
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(b) The Taylor series E (—1)""1=2™ converges to e* for all z.
n
i=1

Solution: False. When = = 0 this series converges to 0. We have that

e '=e"=1+#£0

(c) The sequence a, = (1 + %)2” converges to e.

Solution: False. Recall that (1+2)" — e as n — oo. Since (1+ 1) = ((1+1)m)2,
we have that the sequence will tend to e?. To see this directly, let f(z) = (1+ 1)2*.
We have that limg (1 + 2)?® has the indeterminate form 1°°. To proceed further,
we write

f(IE) — (1 + 7)22? _ 6ln((l—i—%)%) _ 62mln(1+%).

We have that .
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This limit is of indeterminate form %, to which we can directly apply L’Hospital:
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Since €* is continuous at x = 2, we have that

lim e2rm(1+3) — o2
T—00 )

Since f(n) = a,, we have that a, — e* as n — oo.




(d) If f(z) is a bounded continuous function with the properties that f(z) > 1 for 1 <o <

50, f(50) = 50, and f(x) < 1 for z > 100, then [ f(z) dz diverges.

Solution: False. We have that

o0 100 o)
/1 f(z)dz = . f(z) dz + f(z) dz

100

Since f is bounded and continuous on [1,100] we have that [ 100 ¢ () dz is finite.

Since f(x) < 2, we have that

o
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f(x)da:</ — dx < cc.
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Since the given integral is the sum of two finite numbers, it is also finite. Thus, it

converges.

Solution: True. We have that |2| = 2 < 1, and so the geometric series
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We have that

Thus,

2. Suppose f(3) =4, f'(3) =5, f"(3) = =2, f"(3) = 12 and all derivatives of f are continuous.
Write down the third degree Taylor polynomial Ps(z) for f(x) about x = 3.

Solution: Recall that the nth degree Taylor polynomial of f about x = a is given by
D

Thus we have that
—2 12
Py(z) =44 5(x —3) + 7(9& -3)% + E(m —3)3




=445z —3)— (x—3)%+2(z-3)3

which can be rewritten, if you choose, as

Ps(x) = 22% — 192% 4 652 — 74.

3. Convert the polar coordinates (6,77 /3) into Cartesian coordinates.

Solution: We have that x = rcosf =6-5 =3 and y = rsinf =6 - %2 = = 3/3. Thus,
the answer is (3,3v/3).

4. Set up an integral that represents the length of the curve z = t* — 3, y = 3sint + ¢ when
2<t<3.

Solution: Recall that if = z(¢) and y = y(¢) then

= (Y ()

We have that % = 4¢3 and % = 3cost + 2t. Thus,

3
= / \/(3 cost + 2t)% + (413)? dt.
2
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5. Use separation of variables to solve the initial value problem d—y =Y " with 4y(In2) =
x
—In(2).

Solution: We have that

% =¥V =¢glVe™®
x
giving us that
dy
eV—=e"d
dx




y(x) = —In(e™* 4+ C).
We have that

4y(In2) = —4In(e" ™2 + C) = —41In (; + c> = —In(2)

giving us that

In < + C> = iln(2) =1n(V2).

Thus, C = V2 — 5 and y(z) = —In(e™ + V2 - 3).

6. The walls of a storage tank are obtained by rotating the curve y = 22:3/2 (for 0 < x < 4)
around the y-axis. (Units are in feet.) The tank is filled to the top with water.

(a) Write an integral (do not evaluate) giving the volume of water contained in the tank
when it is full.

Solution: Method of disks: Imagine slicing the tank perpendicular to the y-axis.

The cross sections are disks. At some height y, the radius of the disk is given by the

value of z such that y = 223/2. This gives us that z = (%)2/ ® The cross-sectional

area, then, is
o (1)
Aly) =rmx* == (2) .

When z =0, y = 0 and when x = 0, y = 16 giving us that the desired integral is

[ )"
0

Alternatively, one could use method of shells: We have that the height of the shells,
at some value z is given as 16 — 22%/2. Thus, the desired integral is

4
/ 2mx(16 — 22°/2) du.
0

768
Both of these methods yield the same answer: 0nor

(b) Water is pumped out over the top of the tank at the rate of 8 — 0.25¢ ft3/min, after
pumping for ¢ minutes. Write an integral (do not evaluate) that gives the work done in
pumping all the water from the tank.

Solution: Slicing the tank perpendicular to the y axis, we get that for slices with
thickness Ay, the volume of the slice is given as

V, =n(@®)Ay =7 (%)4/3 A




Since the units are in feet, we have that the weight density of the water is given by
§ = 65 Ib/ft3. Thus, the weight of the slice at level y is given by

()" 3

and the work done in pumping the water at this level to the top of the tank is given
by

om (%)4/3 Ay - (16 —y).

Adding up the work contributions from each slice, and letting Ay — 0 we have that

the total work done is
16 y 4/3
/ om (7> (16 — y) dy.
0 2

Notice that this quantity is independent of the rate at which the water is pumped
from the tank.
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7. Find the interval of convergence of the power series Z g—n(a: —3)".

n=1

Solution: As with each power series, to find the interval of convergence we first apply
the ratio test. We have that

3
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We have that the series absolutely converges (and thus converges) when i 5 | <1l. In
this case,
r—3
-1<——x<1
< 5 <
—2<r—-3<2
1<z <5
When x = 1, the series becomes
REATEL ey
n=1 n=1

which diverges by the test for divergence. When x = 5, the series becomes

9] n} 0
D 5@ =)0
n=1 n=1

which also diverges by the test for divergence. Thus, the interval of convergence for the
given power series is (1,5).




8. Construct the Taylor Polynomial of degree 3 for f(z) = arctan(x) about x = 0.

Solution: We have that f(0) = 0. We have that

1
f(z) = T 22 giving us that f(0)=1.
We have that
I 2 .. 1 _
i zx) = 7(1 22 giving us that f7(0) =0.
x

We have that

(1+22)%(=2) - (~22) (2(1 + 2?)(22))
(1 +a7)!

f”’(x) _ giving us that f”/(o) = —2.

Recalling that

we have that about a = 0:

9. Find the value of the following improper integrals, or, if an integral does not converge, say so
explicitly and show this.

3 1
(a) /0 7@ - 1)2/3 dz.

Solution: We have that the integrand is undefined exactly when z = 1, so we
express this improper integral in the following way:

3 1 ) 1—r 1 ' 3 1
ey [ aom e+ |, aom e

. [3(3:—1)1/3);_T] 4 lim [3(m—1)1/3‘j’+r]

r—0+ r—0t

= Tim [3(=)" = 3(-1)2] + 1im_[3(2)"/% - 3()/?]

r—0t r—0

=3+3V2.




Solution: We have that this integral simplifies to

/°° In(z) d.
1 x

Letting u = In(x) we have that du = % dz giving us that this integral becomes

o) ) R ) u2 R . RQ
udu = lim udu= lim —| = lim — = oco.
0 R—o0 0 R—o0 0 R—o0

Thus, this improper integral diverges.

10. A diligent student has a slow leak in her bike tire, but has been too busy studying for exams
to fix it. Assume that the pressure in the tire decreases at a rate proportional to the difference
between the atmospheric pressure (15 1bs) and the tire pressure. On Monday at 6:00 PM she
pumped the tire to a pressure of 85 lbs. By 6:00 PM Tuesday it was down to 75 lbs. Let P(t)
denote the tire pressure ¢t days from Monday at 6:00 PM.

(a) Write down the initial value problem whose solution is P(t).

Solution:
P

(b) Solve the differential equation and use the given initial conditions to find an expression
for P(t).

Solution: We proceed using separation of variables:

dpr

— =k(P-15

i ( )
L dp_

P—15 dt

1 dpP 1
/P—lSdtdt_/P—de_/kdt

In|P—-15|=kt+C
|P — 15| = FHC = hteC — gt
When ¢t = 0 we have that P =85 andso P—15=85—-15=70 > 0. If P — 15 were
to become negative at some point, there must be a time when P — 15 = 0 (this is

true because P — 15 is continuous, i.e., it can’t go from positive to negative without
crossing the z-axis). At this point, we would have that |P — 15| = 0 = Ae* for some




value of t. Since Ae** is never zero, this cannot happen. This means that P — 15
will stay positive for all values of ¢, and we have that [P — 15| = P — 15. Thus we
have that

P —15= Aet

P(t) = 15+ AeM.
Using the initial condition of P(0) = 85 we have that

8 =154+ A giving us that A=70.

Using the condition that P(1) = 75 we have that

75 = 15 + 70e"
60
770—6

Thus

6
k=In(_).
(5)
6

t
P(t) = 15 + 70e™6/M = 15 4+ 70 (7> .




11. (a) Sketch the graph of r = 14 +/2cos and give the coordinates of the points at which the
curve crosses the coordinate axes.

Solution: The graph looks like the following image:

r 0 x Yy
1+v2 0 1+v2| 0
1 /2 0 1
0 37 /4 and 57 /4 0 0
1-v2 ™ V2-110
1 3m/2 0 -1

(b) Write a definite integral (do not evaluate) that represents the area of the region inside
the inner loop of the limacon r = 1 + v/2 cos 6.

Solution: Recall that the formula for the area contained within a curve defined by
the equation r = f(6) between 6, and 65 is given by

_ ("o
A_/e 5 dé.

1

We have that in this case, f(f) = 1 + v/2cosf. The inner loop of the limacon is
traversed as 6 varies from 37/4 through 57/4. Thus, the desired integral is

5m/4 2
A= / Wﬂ d6.
3

/4 2




12.

(a) Write down the Taylor series for f(x) =

about x = 0.

1+=x

Solution: We have that

= f0 (@) — a)"

f(x)about r=a — nl
n=0

First, make a table to attempt to find a pattern describing f(™(0) in terms of n:

n J™ (@) 7™ (0)

1
14z 1

—1
(14x)? -1

2(14x) 2
(1+x)?
(1+2)%(2)—2(1+2)(4(1+2)3)
(1+x)8
(14+2)%(8(1+x)* —32(1+x)3)—((142)* (2) —2(14=) (4(1+x)3)) (8(1+=)") 24
(14+x)16

=W N| =] O

It appears that f(")(0) = (—1)"n!. This gives us that the Taylor series for the given
[e.e]

function is Z(—l)”x”. This series should look familiar. Recall that
n=0

1 1 .
1tz 1—(—x) :Z(—x)

n=0

is just a geometric series. (In this case, going through the whole process of calculating
the Taylor coefficients is unnecessary if one remembers that this function has an

).

expansion similar to that of

Use your result from part (a) to write down the Taylor series about = 0 for In(z +1).

Solution: Since we have that

1
=In(1
/1+xdx n(l+z)+C

we have that
(_ l)nxn+1

] 1) =
n(z+1) C+n§ o

Since In(1) = 0 we have that C' = 0 giving us that
o0
(_1)nxn+1
1 1) = —_—
n(z+1) nz% n+1

is the desired expansion (recall the theorem in section 11.9 of the text).




13. A solid figure P has a base region {(z, y|z? +3? < 4)} in the zy-plane. Every cross section of
P by a plane perpendicular to the x-axis is an equilateral triangle. Find the volume of P.

Solution: The base of P is a circle of radius 2 lying within the xy-plane, and cross sec-
tions of P are equilateral triangles:

We will integrate with respect to x. In this case, the volume of the figure can be expressed
as

V:/abA(a:)dx

where A(x) is the cross sectional area of a slice made perpendicular to the z-axis, going
through point x. We have that this cross section is an equilateral triangle, and the base
of this triangle is twice the value of the function:

b=2v4— 22,

and that the height of this triangle is given as

h = (2 4—:E2> sin(7/3) = (2 4—:U2) (?) .

Thus, we have that




14. The graph of a function f(z) is shown below. Which of the following could be the Taylor
polynomial approximating f(z) for x near 0?7 More than one answer is possible. Justify your

answer.
y
1(x)
X
(a) Py(z) = 2+ 22 + 222 (b) Py(z) =2 — 22 + 222 (c) Py(z) =2 + 22 — 222
(d) Py(x) =2 — 20 — 22 (e) Py(x) = —2 + 2x + 222 (f) Py(z) = —2 — 2z + 222
(h) Py(z) = —2 — 2x + 5a? (i) P(z) = —2 — 22 — 222 () Py(z) = —2 + 2z — 222

Solution: We have that

Pyfz) == 1! 2! 2

Since the function is negative at © = 0 we have that f(0) < 0. This eliminates equations
(a), (b), (c) and (d) from the realm of possibility. Since the f(z) is decreasing at =z = 0
we have that f/(0) < 0. This further eliminates (e) and (j). Since f(z) is concave-up at
x = 0, we have that f”(0) > 0, eliminating (i). Only (f) and (h) remain. Both of these
choices could be the the Taylor polynomial approximating f(x) near x = 0.

15. Determine whether each of the following series converges absolutely, converges conditionally
or diverges and then briefly explain WHY for each series.

(a) Y (~1)"ne™.

n=1

Solution: First, we apply the ratio test to test for absolute convergence:

an+41
an

B (_1)n+1(n+ 1)67(n+1)2 B n+1 efn272n71
(—1)mne—n* n e

n+1 _, _
62n1
n

—0 as n — 00.

Thus, this series converges absolutely.




(b) S (1Y

2n3 — 7

Solution: If you attempt to use the ratio test for investigating absolute convergence,
you will obtain no information (the ratio will tend to 1). To investigate absolute

convergence, consider the series Z 5 directly. When n > 2 the terms in

n
3 _
n=2 7

the series are all positive. Denote the terms in this series by a,. Consider the series

n
Z 2\/; Denote the terms in this series by b,,. This second series is in fact a p-series:
n

1 1 71\
Zgns:z n5/2_22(n)

which is convergent since 5/2 > 1. Now we apply the limit comparison test:

AD 93
(07 m3—7 n
— = =53 — 1 as n — oo.
by, Vn 2n3 —7

2n3

converges by the limit comparison test. Since

o0
Thus, the series 7;2 2n\3/7z -

oo
— 2n3 - 7‘ Z 2n3
oo
we have that ngz(— 5,8 7 converges absolutely.
oo
) > (=17 (1 - nlg)

n=1

Solution: We have that this series is alternating. Let b, = (1 + %) We have that

1
lim b, = lim (1—{—2):1750
n

n—o0 n—oo

thus, this series diverges, by the alternating series test.




