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GAUSSIAN PROPERTIES OF TOTAL RINGS OF QUOTIENTS

SILVANA BAZZONI AND SARAH GLAZ

Abstract. In this paper we consider ve possible extensions of the Pne fer
domain notion to the case of commutative rings with zero divi  sors and relate
the corresponding properties on a ring with the property of i ts total ring of
quotients. We show that a Puefer ring R satis es one of the ve conditions if
and only if the total ring of quotients  Q(R) of R satis es that same condition.
We focus in particular on the Gaussian property of a ring.

1. Introduction

Pneafer domains are domains in which every non zero nitely generated ideal
is invertible. There are a great number of equivalent charaterizations of Prafer
domains, of which many have been extended to the case of ringgth zero divisors,
giving rise to di erent classes of rings. It is commonly acceted to de ne Pnsfer
rings as the rings in which every nitely generated regular ideal is invertible. In the
present article we consider ve possible extensions of the i#fer domain notion to
the case of commutative rings with zero divisors. More predely, we consider the
following Prsfer-like properties on a commutative ring R:

(1) R is semihereditary.

(2) The weak global dimension ofR is at most one.
(3) R is an arithmetical ring.

(4) R is a Gaussian ring.

(5) R is a Pnsafer ring.

In [8] and [9] it is proved that each one of the above conditios implies the next
one, and examples are given to show that in general the implations cannot be
reversed. Moreover, an investigation is carried out to see tich conditions may be
added to some of the preceding properties in order to reversie implications.

In this article we push further the analysis of the ve Pnsafe r-like conditions listed
above through relating the property of a ring with the property of its total ring of
quotients. In particular, in Section 3 we show that a Pnsfer ring R satis es one of
the ve conditions if and only if the total ring of quotients Q(R) of R satis es that
same condition. This implies, that for a Pmafer ring with vo n Neumann total ring
of quotients the ve conditions are all equivalent. This is as far as one can go in
requiring the equivalence of all the ve conditions, whenQ(R) is not a eld.
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In Section 4 we generalize some results obtained by Tsang [1®y giving other
characterizations of a local Gaussian ringR; and illustrating some properties of the
annihilators of the elements ofR.

In [9] the interest is primarily on the homological properties of the class of
Gausssian rings. In particular, it is shown that if R is a coherent Gaussian ring,
then the small nitistic dimension of R is at most one. In Section 5 we generalize
this result by proving that it holds for any Gaussian ring.

In Section 6 we consider the problem of determining the posble values for the
weak global dimension of a Gaussian ring. In [9] it is shown tht for a coherent
Gaussian ring the possible values for the weak global dimeifm of R are 0, 1, or
1 . We conjecture that the same is true for every Gaussian ringand prove the
conjecture in certain cases.We note that it follows from Osésky [18] that arith-
metical rings have weak global dimension at most one ol : We prove that the
same holds for every Gaussian rindR which admits a maximal ideal m such that
the localization R, has nilpotent radical.

Throughout the paper R will always denote a commutative ring with identity
and Q(R) will denote the total ring of quotients of R.

2. Preliminaries
We recall the de nitions of the ve classes of rings mentional in the introduction.

De®nition 1. Aring R is called semihereditary if every nitely generated ideal of
R is projective.

Since, a nitely generated ideal over a domain is invertibleif and only if it is
projective, the class of semihereditary rings provides anxension of the class of
Prafer domains to rings with zero divisors.

De®nition 2. Denote by w:gl:dimR the weak (or at) global dimension of a ring
R:Then w:gl:dimR 1 if and only if every ideal of R is at, or equivalently, if and
only if every nitely generated ideal of R is at.

Semihereditary rings have weak global dimension at most oneln fact, they are
exactly the rings R with w:gl:dimR 1, which are coherent (see [7]).

The class of rings of weak global dimension at most one can ase considered
to be an extension of the class of Prafer domains to rings wih zero divisors. To
see this, recall that for a ring R, w:gl:dimR 1 if and only if every localization of
R at a maximal ideal is a valuation domain (see [7]).

At this point it is worth mentioning the characterization of semihereditary rings
given by Endo in [3].

Theorem 2.1. [3] A ring R is semihereditary if an only if w:gl:dimR 1 and
Q(R) is von Neumann regular.

L. Fuchs [4] introduced the class of arithmetical rings. Arithmetical rings were
also studied in [13], [14].

De®nition 3. Aring R is arithmetical if the lattice of the ideals of R is distributive.

Arithmetical rings can be characterized by the property that in every localization
at a prime (maximal) ideal, the lattice of the ideals is linearly ordered. Therefore
the class of arithmetical rings provides another extensionof the class of Prfer
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domains. Moreover, by the previous remarks, ifw:gl:dimR 1, then R is an
arithmetical ring.

The focus of this article is on Gaussian rings introduced by Bang in [19], which
provide another class of rings extending the class of Pnafedomains to rings with
zero divisors.

De®nition 4. If R is a ring, and x is an indeterminate over R, the content c(f )
of a polynomial f 2 R][x] is the ideal of R generated by the coe cients of f. A
polynomial f 2 R[x] is called a Gaussian polynomial ifc(fg) = c¢(f )c(g) for every
polynomial g 2 R[x]; and a ring R is called a Gaussian ring if every polynomial
f 2 R[x] is Gaussian.

Tsang proved, among many other results, that if the content deal of a polynomial
f with coe cients in R is invertible, or more generally locally principal, then f is
a Gaussian polynomial. Thus any arithmetical ring is a Gausgan ring. Tsang [19],
and independently Gilmer [6] proved that a domainR is Gaussian if and only if it
is Prafer.

The Gaussian property is a local property, namely a ringR is Gaussian if and
only if every localization of R at a prime (maximal) ideal is Gaussian. We will
make frequent use of several equivalent characterizationsf a local Gaussian ring,
which we summarize in Theorem 2.2. The basic ideas behind thproofs go back to
Tsang's unpublished Ph.D. Thesis [19]. We sketch some of thproofs here for the
reader convenience.

Theorem 2.2. [19]Let (R; m) be a local ring with maximal idealm. The following
conditions are equivalent.

(@) R is a Gaussian ring.

(b) If I is a ®nitely generated ideal oR and (0: |) is the annihilator of I, then
I=I \ (0:1) is a cyclic R-module.

(b)) Condition (b) for two generated ideals.

(c) For any two elementsa; b in R, there existsd in the annihilator of (a;b)
such that (a;b) = (a;d) or (a;b) = (b;d. Moreover, d can be chosen so
that b2 d+ aR, or a2 d+ bR, respectively .

(d) For any two elementsa, bin R, the following two properties hold:

() (a;b? = (&%) or (),
(i) If (a;b?=(a?) andab=0, thenk? =0

Proof. Tsang proves the equivalence (a) (b) and (a), (b).

Condition (c) is easily seen to be just a reformulation of cowlition (b").

The implication (a)) (d) appears in Tsang's thesis and the equivalence (a) (d)
has been noted by Lucas in [16].

As a consequence of this theorem we obtain that if R; m) is a Noetherian ring,
then R is Gaussian if and only if R=(0 : m) is an arithmetical ring. Tsang also
showed that the prime ideals of a local Gaussian ringR; m) are totally ordered by
inclusion, thus the nilradical is the unique minimal prime ideal of R. It follows that
a local Gaussian ring modulo its nilradical is a valuation damain. In particular a
reduced local Gaussian ring is a valuation domain.

De®nition 5. R is a Prifer ring if and only if every nitely generated regular
ideal of R is invertible.
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From the remarks following De nition 4 we conclude that Gaussian rings are
Prafer rings.

Gaussian rings were also considered in [1] and [2].

In summary (see also [8], [9]), we have the following implickons among the ve
Prufer-like conditions considered in the introduction: (1) ) (2)) (3)) 4))

(5).
3. The total ring of quotients

In this section we prove that if the total ring of quotients of a Pnsfer ring R
is Gaussian or arithmetical, then the same holds forR. As a Corollary we obtain
necessary and su cient conditions on Q(R) for reversing all the implications of the
ve Prsfer-like conditions considered in the introductio n.

We proceed by developing several notions that will be used imour proofs, and
recalling some de nitions found in [10], [11], [12] or [15].

De®nition 6 ([10], [11]). Let P be a prime ideal ofR. The large quotient ring of
R with respect to P; denoted by Rjp;; consists of the elementsx 2 Q(R) such that
xs 2 R for some elements 2 RnP.

For every ideall 2 R, | denotes the set of elementx 2 Q(R) such that xs 2 |
for some elements 2 RnP.

Clearly R Rp; Q(R) and Q(Rppj) = Q(R). We also have,| IR[p; and
if P is a prime ideal ofR, then P is a prime ideal of Rp;.

Moreover, in [11, page 415] it is proved that the operation is a one-to-one
inclusion preserving correspondence between prime ideatd R contained in P and
prime ideals of Rp; contained in P :

De®nition 7 ([10], [15]). Let P be a prime ideal ofR. The core C(P) of P is the
set of all elementsb 2 R with the property that for each regular element r 2 R
there exists an elements 2 R nP such that bs=r2 R. Thus

C(P)= fb2 Rjb=r2 Ryp, for every regular elementr 2 Rg.

Let P be a prime ideal ofR, using ideas of [10] and [15] we show:

Lemma 3.1. If P consists of zero divisors, thenC(P) = R. If P is a regular prime
ideal, then C(P) is an ideal of R contained in P; and it consists of zero divisors.

Proof. If P consists of zero divisors, then every regular element of R is not in

P; hence for everyb2 R, b= br=r 2 R implies b2 C(P). If P is a regular ideal
and b2 C(P), pick a regular elementr 2 P. Then bs=r2 R for somes2 RnP

implies bs2 rR P, henceb2 P. To prove that C(P) consists of zero divisors,
assume that a regular elementr 2 C(P). Then, r? is regular andrs=r? 2 R for

somes2 RnP impliess2 rR P, a contradiction.

Another important notion when dealing with Pafer rings is the notion of a
Manis valuation recalled below.

De®nition 8 ([10], [12], [15], [17]) Let K be a commutative ring. A (Manis)
valuation on K is a pair (v; ) where is a totally ordered abelian group and v is
amap fromK onto [1 satisfying the following properties:

(1) v(xy) = v(x) + v(y):

(2) v(x+y) minfv(x);v(y)o:
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(3) v(l)=0and v(0)= 1.
If (v; )is avaluationon K,thenR, = fx 2 K jv(x) O0gis a subring ofK; and
P, = fx 2 K jv(x) > Ogis a prime ideal ofR,.. Moreover,A = fx 2 K jv(x) = 1g
is a prime ideal both of R and K:

De®nition 9. Let R be a ring with total ring of quotients Q(R). If P is a prime
ideal of R such that R = R, and P = P, for some valuation (v; ) on Q(R), then
the pair (R; P) is called a Manis valuation ring.

It is known that ( R;P) is a Manis valuation ring if and only if for every x 2
Q(R) nR there existsy 2 P such that xy 2 RnP. It follows that if ( R;P) is
a Manis valuation ring and r is a regular element ofR, then v(r) 6 1 . In fact,
v(r Y= v(r).

Lemma 3.2. Let P be a proper prime ideal ofR and assume(Rp;; P ) is a Manis
valuation ring with valuation (v; ) . The following hold:

(1) If the prime ideal P consists of zero divisors, therRp; coincides with Q(R)
and (v; ) is a trivial valuation, namely v(x) = 0 for every x 2 Rp;nP
andv(y)= 1 foreveryy2 P ;

(2) If P is a regular prime ideal, thenC(P) = fb2 R j v(x) = 1g ; hence
C(P)=v (1)\ R is a prime ideal of R.

Proof. (1) Let x 2 Q(R), x = a=r for some elementsa;r 2 R with r regular. Then
r 2 P, hencexr 2 R implies x 2 Rppj. It remains to show that v(y) = 1 for
everyy 2 P . Assumev(y) = 2 . Since v is a surjective map, there exists
X 2 Q(R) = Rpj such that v(x) = . But v(x) 0O for everyx 2 Rp}, implies

= 0 contradicting y 2 P .

(2) If r is a regular element of P, then r is a regular element ofP . Thus
0<v(r) 6 1; namely is not the trivial group. Let b2 C(P); then for every
regular elementr 2 R, b=r2 Rjp;. Sov(b) v(r) for every regular elementr 2 R.
We show now that for every element 0< 2 there is a regular elementr 2 R
such that v(r) , and conclude thatv(b) = 1. Let0 < 2 ; since vis a
surjective map, there exists an elemenix 2 Q(R) such that v(x) = . Sincex is
of the form a=r° for some elementa 2 R and some regular element®2 R, we have
v(r9 = v(a) +
Conversely, assumé 2 R is such that v(b) = 1 . Then, for every regular element
r2R,v(b=r)=1 andv(r) 8 1. Sob=r2 Rjp}, namely b2 C(P).

In [10, Theorem 13] Gri n characterizes Pafer rings by means of fteen equiv-
alent conditions which are the generalizations of analogosi conditions on Pnsafer
domains. We will use Gri n's condition stating that a ring R is Pnsfer if and only
if (Rpy; P ) is @ Manis valuation ring.

We are now in a position to prove our main result concerning tle Gaussian
property of a total ring of quotients.

Theorem 3.3. Let R be a Prifer ring. ThenR is Gaussian if and only if Q(R)
is Gaussian.

Proof. If R is a Gaussian ring, so iQ(R) since it is a localization of R. To prove
su ciency it su ces to show that every localization of R at a maximal ideal P of R
is Gaussian. IfP is not regular, then PQ(R) is a proper prime ideal of Q(R); and
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it is immediate to check that Rp is the localization of Q(R) at P Q(R). It follows
that Rp is Gaussian, since by hypothesi®Q(R) is Gaussian.

Let P be a regular maximal ideal ofR. By Tsang's characterization of a local
Gaussian ring, Theorem 2.2, we have to prove that given two @mentsa;b 2 R,
the ideal (a;b)Rp is of the form (a;d)Rp or (b;ddRp, for some elementd which
annihilates (a;b)Rp. Now R is a Pmfer ring, so by [10, Theorem 13] Rjp}; P )
is a Manis valuation ring. If a;bare not both in the core of P, we can apply [10,
Lemma 5] to conclude that (@; hRp is a principal ideal of Rp, so it is generated by
a or band we are done. Thus, assuma; bare both in the coreC of P. By Lemmas
3.2 and 3.1,C is a prime ideal of R and it consists of zero divisors. ThusR¢ is
Gaussian, since it is the localization ofQ(R) at the prime ideal CQ(R): Therefore,
by Tsang's Theorem 2.2 (c) we can assume thatg;)Rc = (a;d)Rc, whered is
an element of R which annihilates (a; Rc; moreover, we can choose such that
b2 d+ aRc.

Claim (a). Every element of R in the annihilator of (a;bRc, belongs to the
annihilator of (a;Rp in Rp .

In fact, let d 2 R be in the annihilator of (a;)Rc. Then, there existst®2 RnC
sucht%®a = 0= t%h Sincev(t% 6 1 , we can choose 2 Q(R) such that v(z) =

v(t9. Then v(zt% = 0, hence there existss 2 R nP such that szt°2 RnP. So,
sztda = 0= sztYdbimplies d(a;H)Rp =0 in Rp.

We can write b= (r=t)a+ d, for somer 2 R andt2 RnC.

We consider two cases:

First case: v(r) v(t). Arguing as above there arez 2 Q(R) and s 2 RnP such
that szt 2 RnP. Moreover, v(zr) 0; so there iss®2 R nP such that s%r 2 R.
Then s = s%zt 2 RnP and we havespb = (s%r)sa+ s%ztd. This shows that
b2 (a;d)Rp and alsod 2 (a;b)Rp. So we conclude that @;Rp = (a;d)Rp with
d(a;pRp = 0.

Second case:v(r) < v(t). Let y 2 Q(R) be such that v(y) = v(r); then
v(yr) = 0 and v(yt) > 0. So there exists;s’2 R nP such that syr 2 RnP and
st 2 R. Then, sp = s%yr 2 RnP and spa = (s%t)sb (s%t)sd. This shows that
a2 (b;cdRp, wherec= s%ts 2 Randcd?2 (a;b)Rp. Hence, @;bHRp = (b;cdRp.
Clearly cd belongs to the annihilator of (a;b)Rc in Rc, hence, by Claim (a) cd
annihilates (a;b)Rp .

So we have shown that given two elements; b2 R, the ideal (a;b)Rp is of the
form (a;d)Rp or (b; dRp, for some elementd which annihilates (a;bRp .

We consider now the case of arithmetical rings. The following easy lemma will
be useful.

Lemma 3.4. Let P be a prime ideal of a ringR. Then, the total ring of quotients
of the localization of Rp at the prime ideal P, is a localization of Q(R) with respect
to a multiplicative subset ofR.

Proof. Let T be the multiplicative set of the regular elements ofR and let S be the
multiplicative set RnP. Let

U=fa2 Rja=lis aregular element ofRp g:

U is a multiplicative subset of R and it is immediate to check that U T.

Consider the subsetURp = fa=sja?2 U;s2 Sgof Rp. URp is the set of regular
elements ofRp. In fact, r=s is a regular element ofRp if and only if r=1 = (r=s)s
is a regular element ofRp, sinces is invertible in Rp.
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The ring of quotients Q(Rp ) of Rp is the localization of Rp at the multiplicative
set URp. Thus Q(Rp) is the localization of R rst at S and then at URp. So
Q(Rp) is also the localization of R at the multiplicative set US. As noted aboveU
contains the set of regular elements oR; thus Ry is a localization of Rt = Q(R).
We conclude that Q(Rp) is a localization of Q(R)

More precisely,Ry = (Rt)wur;) andQ(Rp) = Rus) = (Ru)(sry) = (RT)usR1):

Proposition 3.5. Let R be a Gaussian ring. ThenR is arithmetical if and only
if the total ring of quotients Q(R) of R is arithmetical.

Proof. Necessity is obvious, sinc&®(R) is a localization of R. To prove su ciency,
it is enough to show that for every maximal ideal P of R, Rp is an arithmetical ring.
Rp is a Gaussian ring and by Lemma 3.4Q(Rp ) is a localization of the arithmetical
ring Q(R), hence it is arithmetical, too. Thus, without loss of genemlity, we can
assume thatR is a local ring. As noted by Tsang [19], the lattice of the prime
ideals of a local Gaussian ring is linearly ordered; theref@ the set of zero divisors
Z(R) of R is a prime ideal L and the total ring of quotients of R is R_. Given
two elementsa; b2 R we will prove that the ideal (a;b) is principal, and therefore
conclude that R is arithmetical, as desired. If one of the two elements is regar,
then the ideal (a;b) is principal, since R is a local Gaussian ring, hence a local
Prafer ring. Assume a;b are both zero divisors and consider the ideald; bR, of
R.. Since, by hypothesis,R. = Q(R) is arithmetical, we have, say,b = a(r%r)
wherer is a regular element ofR. Consider the ideals @;r) and (b;r) in R. They
are regular ideals, hence, by the previous remark they are jmcipal. We conclude
that (a;r) = (b;r) = (r). Thus, a = rc;b = rd for some elementsc;d in R. We
haverb = r2d, ar®= r%c and, usingrb = ar® we conclude thatr?d = r%c. The
regularity of r implies that b= rd = r%. Hence @;b) = (rc;r%) = ¢(r;r 9. Again
by the regularity of r and by the fact that R is a local Prafer ring, the ideal (r;r 9
is principal. We conclude that (a;b) is also principal.

Theorem 3.6. Let R be a Prifer ring. ThenR is arithmetical if and only if the
total ring of quotients Q(R) of R is arithmetical.

Proof. The necessary condition follows by the fact thatQ(R) is a localization of
R. For the converse, note that if Q(R) is arithmetical, then it is also Gaussian. By
Theorem 3.3R is Gaussian. Thus, to conclude it is enough to appeal to Propsition
3.5.

We remark that Theorem 3.6 can also be deduced from a result oBrin [10,
Theorem 19].

We now make use of the results found so far to clarify the exactelation between
each of the Puafer-like conditions on the ring R, and the corresponding condition
on its total ring of quotients Q(R): The implication in one direction is summarized
in the result below:

Theorem 3.7. If R is a ring satisfying any of the ®ve Prifer-like conditions men
tioned in the introduction, then Q(R), the total ring of quotients of R; satis®es the
same Prifer-like condition.
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Proof. Conditions (1), (2), (3) and (4) are inherited by localizati ons, hence ifR
satis es one of them, the same holds forQ(R), since it is a localization of R.
Moreover, any total ring of quotients is a Pnsfer ring.

Concerning the converse of Theorem 3.7, we note that none ohe ve Prsfer-
like conditions on the total ring of quotients of a ring R implies the same condition
on the ring R. In fact, for condition (5), note that any total ring of quoti ents is
a Puafer ring while there are non Pusfer rings, even Noetheaian ones. In [8] it is
shown that if R is a local noetherian reduced ring which is not a domain, therQ(R)
is Von Neuman regular. By Endo's Theorem 2.1,Q(R) is semihereditary, hence it
satis es all the ve conditions above, while R is not a Prafer ring, so its doesn't
satisfy any of the ve conditions.

In the examples below we show that the implications (1)) (2)) (3)) (4))
(5) cannot be reversed, without additional conditions, even if all rings involved are
total rings of quotients.

Example 3.8. A non Gaussian total ring of quotients.

Let R = K[X;Y]=(X;Y)® wherek is a eld, X;Y are indeterminates overk.
R coincides with its total ring of quotients, so it is a Pmfer ring, but it is not
Gaussian. In fact, the maximal ideal ofR is nitely generated, but its square is not
principal.

Example 3.9. A Gaussian total ring of quotients which is not arithmetical .

Let R = k[X;Y ]=(X;Y )? wherek is a eld, X;Y are indeterminates overk. R
coincides with its total ring of quotients; R is Gaussian, since it is local and the
maximal ideal has square zero, but is is clearly not arithmeical.

Example 3.10. An arithmetical total ring of quotients with w:gl:dim > 1.
It is immediate to see that R = k[X]=(X)? wherek is a eld and X is an
indeterminate over k satis es the desired conditions.

Note that the rings considered in the preceding examples arall Noetherian. To
nd an example of a non semihereditary total quotient ring with w:gl:dim 1 we
need to leave the class of Noetherian rings, since any cohetering with

w:gl:dim 1 is semihereditary.

Example 3.11. A non semihereditary total ring of quotients with w:gl:dim 1.

Consider an example of a non semihereditary rindR with w:gl:dimR 1, as for
instance the example produced in [8]. The total ring of quotents of R, Q(R); has
w:gl:dimQ(R) 1 and cannot be semihereditary, otherwise by Endo's charaetri-
zation of semihereditary rings (Theorem 2.1),Q(R) would be von Neumann regular
and thus the ring R would be semihereditary.

At this point, using the results proved so far in this section, and other known
results, we have a complete understanding of the e ect that he assumption of one
of the Prnafer-like conditions on the total ring of quotient s of a ring R has on the
ring itself.

Theorem 3.12. Let R be a ring with total ring of quotients Q(R). The following
conditions hold:
() R is a semihereditary ring if and only if R is a Prifer ring and Q(R) is a
semihereditary ring.
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(i) R has weak global dimension at most one if and only R is a Prifer ring
and Q(R) has weak global dimension at most one.

(i) R is an arithmetical ring if and only if R is a Prifer ring and Q(R) is an
arithmetical ring.

(iv) R is a Gaussian ring if and only if R is a Prifer ring and Q(R) is a
Gaussian ring.

(v) Let (n)= (1), (2),(3) or (4). Then R satis®es condition condition (n) if
and only if R satis®es condition (n+1) and Q(R) satis®es condition (n).

Moreover, if the total ring of quotients of R is von Neumann regular, then all

the ®ve conditions above are equivalent oR.

Proof. (i) The necessary condition has been proved in Theorem 3.7. df the con-
verse, note that, if a total ring of quotients is semiheriditary, then it is von Neumann
regular by Endo’'s Theorem 2.1. Moreover, by [10, Theorem 20Ja ring R is semi-
hereditary if and only if R is Prafer and Q(R) is von Neumann regular.

(i) By Theorem 3.7 only the suciency has to be proved. Recall that in [9,
Theorem 2.2] it is proved that a ring has weak dimension lessraequal 1 if and only
if it is a reduced Gaussian ring. Assume thatw:gl:dimQ(R) 1; then Q(R) is
Gaussian and reduced, s® is reduced, too. By Theorem 3.3R is Gaussian, thus
it has weak dimension less or equal 1. So (ii) follows.

(i) Follows from Theorem 3.6 and (iv) is Theorem 3.3.

(v) Let (n)= (1), (2), (3) or (4). If R satis es condition (n+1), then R is a Pnsfer
ring, so (v) follows by the previous conditions (i)-(iv).

By [10, Theorem 20] a total ring of quotients is von Neumann rgular if and only
if it is semihereditary. So the last statement follows by the implications (1) ) (2)
) (3)) (4) and part (v).

As a consequence of Theorem 3.12 we note that the total ring afuotients of
any ring R satisfying condition (n+1) but not condition (n), for every n=1,2,3,4,
cannot be von Neumannn regular.

Example 3.13. The simplest example of a Puafer ring R such that the total ring
of quotients of R is not von Neumann is the ringk[X ]=(X ?), where k is a eld and
X is an indeterminate overk. In fact, R is even an arithmetical ring, it coincides
with its total ring of quotients and it has in nite weak globa | dimension.

4. Local Gaussian rings

In this section we give another characterization of a local Gussian ring, besides
the ones obtained by Tsang in [19], and recalled in Section 2Moreover, we consider
the case of a local Gaussian ringR; m) in which m is the nilradical of R and we
nd properties of the annihilators of the elements of R.

Given two ideals|;J of R, let (1:J)=fx2RjxJ Ig:

Theorem 4.1. Let (R;m) be a local ring and letD = fx 2 R j x?> = 0g: Consider
the following conditions:

(1) D is an ideal of R, D? = 0; and R=D is an arithmetical ring.
(2) Foreverya2 R, aD a(Ra\ D).
(3) Foreverya?2 R, (0: a) and D are comparable andD Ra+ (0: a).

Then R is Gaussian if and only if R satis®es (1) and (2) or (1) and (3).
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Proof. First note that (3) ) (2). Infact,if D (0: a), then aD =0, hence (2) is
trivially satis ed. Otherwise we have (0: a) ( D. Letd2 D; by (3) d= ya+ cfor
somey2 Randc?2 (0: a). Thus ya2 D and ad= a(ya) 2 a(Ra\ D).

We prove that a Gaussian ring satis es (1), (2), and (3).

(1) Given two elementsx;y 2 D, then (x;y)? = 0 by Theorem 2.2 (d); soD is
an ideal whose square is zero. Consider a two generated ide@ + D;b + D) of
R=D. By Theorem 2.2 (c), we may assumed; b) = ( a;d) with d in the annihilator
of (a;b) = (a;d); henceda= 0= d?. It follows that (a+ D;b+ D)= (a)+ D and
R=D is arithmetical.

(2) Let a2 R. If aD =0, then condition (2) is clearly satis ed. Assume ad 6 0
for somed 2 D. Then by (1) a 2 D and by Theorem 2.2 (c), @;d) = (a;c) or
(a;d) = (d;c) for somec in the annihilator of (a;d); in particular ¢ =0 = ac. It
cannot be (@; d) = ( d;c) otherwisea2 D. So by Theorem 2.2 (c) we havel = a +¢;
thenad= a> +ac=a(a )anda =d cyieldsad2 a(D\ aR).

(3) Let a2 R;if a®> =0, then aD =0, henceD (0:a). If a2 60, let c2 (0: a).
By Theorem 2.2 (d), ac = 0 implies a> =0or ¢ =0;soc®>=0and (0: a) D:
For the second part, letd2 D. If ad=0, then d2 (0: a). Assumead 6 0; by (2)
ad = a(ay) with y2 Randay 2 D. Sod ay2 (0: a) and thus d2 Ra+(0: a).

Conversely, assume that the local ringR satis es (1) and (2). Let a;b2 R. By
condition (1) (a;b) is principal modulo D. Recalling that over a local ring a nitely

the a;'s, we may assume g; b) = ( a;d) for somed 2 D. By (2) ad = a(ay) for some
y 2 R such that ay 2 D. Then, a({d ay)=0and (d ay)>= 2ayd=0, since
D? =0. Letting c= d ay we clearly have @;d) = ( a;c) and c annihilates (a; d).
So Tsang characterization in Theorem 2.2 (c) is veri ed andR is Gaussian.

If R satis es (1) and (3), then R satis es also (1) and (2) soR is Gaussian.

Example 4.2. This example shows that condition (1) is not enough to conclde
that R is Gaussian.
Let k be a eld X;Y two indeterminates overk. Let

R = K[X;Y =X 3 Y% X2Y)
and denote by x;y the images ofX;Y in R. It is immediate to check that D =
(x?;y), so D? = 0 and R=D = k[X ]=(X ?) is arithmetical. But R is not Gaussian,
since the annihilator of the maximal ideal (x;y) of R is (x;y)? and R=(x;y)? is not

arithmetical. So by Tsang's characterization of local noeherian Gaussian rings we
conclude that R is not Gaussian.

In all what follows we let D =fx2 Rjx?=0g.

Lemma 4.3. Assume that(R; m) is a local Gaussian ring. The following hold:
(1) f a2 mnD, then (0:a) D.
(2) If mis a nil ideal, then, for every elementa2 mnD, we have(D:a)) D:
(3) If mis a nil ideal and Dm=0, then m* =0

Proof. (1) Let ab= 0. Since a® 6 0, we conclude by Theorem 2.2 (d) thatk? = 0,
henceb2 D.

(2) Let a2 mnD. Sincem is a nil ideal there exists a minimum integern > 1
suchthat06 a” 2 D. Thena" *2 (D:a)anda” ' 2D.

(3) We rst note that the condition Dm = 0 implies that for every a2 mnD,
(0: a) = D. In fact, by hypothesis Da = 0 and by (1), (0: a) D. Let n be the
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minimum integer such that 0 6 a" 2 D, then n > 1 and (0:a") = m, because
am Dm=0. Sincea" ! 2D we have (0:a" ') = D. Hencem= (0: a") =
((0: a" Y:a) = (D:a). Thus foreverya2 m,am D, som? D and we
conclude that m* = 0.

Lemma 4.4. Assume that(R; m) is a local Gaussian ring with nil radical m. If m
is not nilpotent, then m= m? + D and m? = m°.

Proof. Consider the ring R=D. By Theorem 4.1, R=D is arithmetical and its max-
imal ideal m=D is not nilpotent. In fact, if ( m=D)" =0, for somen, then m" D
and som?" = 0 contrary to our hypothesis. Thus, by [5, X, 6 pag.357], m=D is
idempotent, namely m?> + D = m. Multiplying this equality by m and by D we
obtain m?> = m®*+ mD and mD = m?D. SomD m? and m® + mD = m?® implies
m? = m3.

Lemma 4.5. Assume that(R; m) is a local Gaussian ring with nil radical m. If m
is not nilpotent, then there exists an elementd 2 D such thatD ( (0:d) ( m.

Proof. By Lemma 4.3 (3), there existsd; 2 D such that (0: d;) ( m. Let a2 m,
az(0:dy);then06 ad; 2 D anda2D. Now, (0: ad;) =((0: di): a) (D: a).
Then by Lemma 4.3 (2), (0:ad;) ) D. Assume, by way of contradiction, that
(0: ady) = m, for everya2 m, a 2 (0: d;). Consider the local ring R = R=(0 : di)
with maximal ideal m= m=(0: d;). R is such that the annihilator of every 06 a2
mis m; hencem? = 0, thatis m?+ (0: d;) (0: dy). Thus m*+ D  (0: d;) and
by Lemma 4.4 we conclude thatm (0: d;), a contradiction.

5. The finitistic projective dimension of a Gaussian ring

Denote by modR the class ofR-modules with a projective resolution consisting
of nitely generated projective modules and by p:dr M the projective dimension of
the R-module M . Recall that the small nitistic dimension of R is de ned by

fP:dimR =supfp:drM jp:drM < 1 ;M 2 modRg

In [9, Theorem 3.2] it is proved that if R is a coherent Gaussian ring, then
fP:dimR 1. In the proof of that theorem the coherence ofR is used only in
quoting [7, Corollary 3.1.4] which is formulated for a coheent ring. We show how
to adapt the proof of [9, Theorem 3.2] without assuming the cterence ofR.

The following lemma generalizes [7, Theorem 3.1.2].

Lemma 5.1. Let R be aring and letl be an ideal contained in the Jacobson radical
of R. If M 2 modR and Tor"?(R:I; M)=0 for everyp 1, then:

p:drM = p:dgy (M=IM ):

Proof. The proof of [7, Theorem 3.1.2] is by induction and relies on lte fact that
the syzygies of a nitely presented module over a coherent rig are again nitely
presented. If a moduleM 2 modR, then its syzygies modules are again in mo®;
thus the same proof of [7, Theorem 3.1.2] carries out in our hyotheses.

Lemma5.2. Let R be aring and letl be an ideal contained in the Jacobson radical
of R. Then

fP:dimR  fP:dimR=I + w:.dimrR=l:
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Proof. The proof is exactly the same as the proof of [7, Theorem 3.1]3 In fact,
assumingM 2 modR instead of M nitely presented the proof goes on without
the hypothesis of coherence of the ring.

Proposition 5.3. Let R be a Gaussian ring, thenfP:dimR  1:

Proof. First we assume thatR is local with maximal ideal m. In casem consists of
zero divisors, then the proof of [9, Theorem 3.2, Case 1] shathat fP:dimR = 0.
If m contains a regular elementa, the proof of Case 2 in [9, Theorem 3.2] shows
that fP:dim (R=aR) = 0. So by Lemma 5.2, fP:dimR w:dimg R=aR and, since
a is a regular element, we havev.dimgrR=aR p:drR=aR 1.

AssumeR is not local. For every R-module M and every maximal idealm of R
we havep:dr, M, p:drM ; moreover, ifM 2 modR, then clearly My, 2 modRy,.
Thus if M 2 modR has nite projective dimension it follows that p:dr, Mm
fP:dimR ,, 1. Since for every moduleM 2 modR the weak and the projective
dimension coincide andw:dimg M = supfw:dimg,_ My j m2 Max Rgl, we conclude
that fP:dimR 1 as desired.

6. The weak global dimension of a Gaussian ring.

In [9] it is proved that the weak global dimension of a coherehGaussian ring is
either in nite or at most one. We rst note that the same concl usion holds in the
more general case of a Prafer coherent ring.

Proposition 6.1. Let R be a coherent Prifer ring. Thenw:gl:dimR =0;1or 1 .

Proof. Assume thatw:gl:dimR = n< 1 . Then, every nitely generated ideal of R
has nite projective dimension, that is R is a regular ring. By [7, Corollary 6.2.4],
Q(R) is von Neumann regular, thus by Theorem 3.12 the ve Puafer-like conditions
are equivalent onR. We conclude that w:gl:dimR 1.

We would like to extend the above result to an arbitrary Gaussan ring.

Sincew:gl:dimR = supfw:gl:dimR, j m 2 Max Rg, it is enough to prove that
a local Gaussian ring hasw:gl:dim = 0;1 or 1 . Moreover, by [9, Theorem 2.2],
every reduced Gaussian ring has weak global dimension at mosne. Thus, we can
consider only non reduced local Gaussian rings. Furtherma, recalling that the
prime ideals in a local Gaussian ringR are linearly ordered, the nilradical n of R
is a prime ideal andw:gl:dimR  w:gl:dimR . So we can restrict our investigation
to the case of a local Gaussian ringR; m) such that the non zero maximal idealm
coincides with the nilradical of R.

We consider rst the case in which the maximal ideal is nilpotent.

Lemma 6.2. Let (R;m) be a local ring which is not a ®eld.
Then w:dimg (R=m) = w:dimgm+1.

Proof. Consider the exactsequenceD m! R! R=m! 0. Thenw:dimg(R=m) =
w:dimgm+1or R=mis at. Assume by way of contradiction that R=m s at; then
m is pure in R. Henceam = aR\ m = aR, for every a 2 m. By Nakayama's
Lemma, am = aR implies a = 0, a contradiction.

Proposition 6.3.  Let (R; m) be a local ring with non zero nilpotent maximal ideal.
Then w:dimgm= 1 .
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Proof. Let n be the nilpotency index of m. We prove that for every 1  k <n,
widimgm® ¥ = w:dimgm+1. Sofork=n 1 we getw:dimgm= w:dimgm+1
which yields w:dimgm = 1. Letk = 1. Then m" Im=0s006 m" ! is
isomorphic to a direct sum of copies ofR=m. By Lemma 6.2, we conclude that
w:dimgm" ! = w:dimgm+1. Let1 h<n be the maximum integer such that
w:dimgm® X = w:dimgm+1 for every k  h and assume, by way of contradiction,
that h<n 1. Consider the exact sequence

N (h+1)
() ot m Pyt o ey M7y
mnh

The term m” ("D =m" " s a non-zero semi-simple, thus its weak dimension is
equal to w:dimgm+ 1. By assumption w:dimgm” " = w:dimgm+ 1. Thus, from
the long exact sequence associated to ) by tensoring with an arbitrary module
X, we infer that w:dimgm” ("D = w:dimgm+ 1; contradicting the maximality

of h.

Theorem 6.4. Let R be a Gaussian ring admitting a maximal ideaim such that the
nilradical of the localization Ry, is a non-zero nilpotent ideal. Thenw:gl:dimR = 1

Proof. Let m be a maximal ideal of R such that R, has a non-zero nilpotent
nilradical. Since R, is a Gaussian ring, the nilradical of Ry, is a prime ideal, hence
of the form nRy, for some prime idealn of R. Thus, the maximal ideal of the
localization of R at n is non-zero and nilpotent. By Proposition 6.3, w:gl:dimR , =

1. Since w:gl:dimR w:gl:dimR s for every localization Rs of R we get the
desired conclusion.

We were not able to prove that in general the weak global dimegion of any
Gaussian ring is either 0, 2 or 1 . This is true for every arithmetical ring; in fact,
Osofsky in [18] proved that an arithmetical local ring with zero divisors has in nite
weak global dimension. Thus ifR is an arithmetical ring such that every localization
of R at a maximal ideal is a domain, then by [7]w:gl:dimR  1; otherwise there is
a localization of R with in nite weak global dimension and the same holds true far
R. With this evidence we formulate the following conjecture.

Conjecture The weak global dimension of a Gaussian rindR is 0, 1, or 1 .
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Manuscript

Changes made in "Gaussian Properties of Total Rings of Quotients" by S.
Bazzoni and S. Glaz, after considering the referee's comments

We made all the changes and corrections as suggested by the referedpexuept
first comment which reads:

"Page 3: In the proof of the "Moreover" statement of Theorem 2.2 (c), itis only
shown that there existsdan the annihilator ofa,b) such thata,b) = (a,d)and

d = ra — bfor somer in R. What | believe is needed here (and certainly true, in any
case) is to show that for adyin the annihilator ofa,b) such thata,b) = (a,d)there
exists arr in R such thatl = ra — hThis is how the part ( ¢ ) is used in the proof of
Theorem 3.3."

Our comment :

We slightly modified condition ( ¢ ) of Theorem 2.2, because the original foromilati
was misleading. In the proof of Theorem 3.3 we made a slight change that clarifies
the fact that we are using only the existence of one such eldment



